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ABSTRACT

Elastic scattering and inelastic scattering of conduction
electrons by oscillating ionized impurities in semiconductors
have been analyzed on the assumption that the scattering poten-
tial is the Coulomb potential between the conduction electrons
and the excess charge of the impurity ions and that the electrons
are non-degenerate and have a simple spherical energy bands.

Two possible cases for impurity oscillations by thermal agitation
are considered; (i) ionized impurities oscillating with a local-
ized oscillating frequency,wo, widely separated from the normal
acoustic and optical modes of the crystal, and (ii) ionized
impurities oscillating with frequencies common to those of host
lattice.

The analysis shows that the effect of impurity oscillation
tends to increase the effective deformation potential coupling
constant, and hence to decrease the effective electron-phonon
relaxation time. But the change of those parameters due to
this effect is very small in most extrinsic semiconductors
even at temperatures up to their melting point and with impurity
concentrations reaching the degenerate condition. The computed
results including the effect of impurity oscillation are
practically similar to those of Conwell and Weisskopf, and
Brooks and Herring. This effect can not explain the deviation

3/2

from the T law experimentary observed in several semiconductors

such as Ge and Si.
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INTRODUCTION



INTRODUCTION

In valence semiconductors it is well-known that the formula
of Conwell and Weisskopf (1950) accounts reasonably well for mobility
arising from the scattering of electrons from ijonized impurities.
In this model the impurities are assumed to be stationary and the electron
(n-type semiconductors) or the hole (p-type semiconductors) are scattered
elastically from a fixed Coulomb field. This formula leads to a T3/2
temperature dependence of the electric mobility. There are, however, many
examples of semiconductors with mobility dominated by ionized impurity

3/2 Taw has been observed (see, e.g.,

scattering, where deviation from the T
Debye and Conwell (1954); Morin and Maita (1954); Ludwing and Watters (1956)).
These experimental evidences show that a temperature dependence of the
mobility generally follows i the form T with % <n <25

Many investigators have considered the effects to be expected in
a medium containing a number of impurities. Brooks (1951) replaced the
Coulomb potential by a potential screened by the conduction electrons
and obtained essentially the same result as obtained by Conwell and Weisskopf
(1950), who used a simple Rutherford scattering law, as for an unscreened
ionized impurity, but cut off the scattering at small angles. Dingle (1955)
considered these problems in detail. Horie (1950) took into account

the local dilatation of the lattice in the neighbourhood of the impurity

center.



It is actually not easy to account for the departures of the

3/2 law. These theories are affected in

impurity mobility from the T
only the cut-off effect in the scattering cross section and this
quantity enters logarithmically into the expression for the mobility,
so that this effect is rather weak. .In most circumstances it does not
seriously modify the temperature dependence from that given by Conwell
and Weisskopf (1950). Another possible correction is that for electron-
electron collisions which act to equalize the distributions, and hence
reduce the mobility (Spitzer and Harm (1955)).

To explain the observed temperature dependence of the properties
of a semiconductor, we shall consider more closely some of the mechanisms
that scatter electrons in crystals. The two most significant modes are
scattering by ionized impurities and scattering by thermal oscillations
of a crystal. These scattering mechanisms occur simultaneously in real
crystals. We shall consider the effects of elastic scattering by ionized
oscillating impurities in Parts I and II, and the effects of inelastic
scattering by ionized oscillating impurities in Part III, where we shall
derive the effective deformation potential (the electron-phonon coupling)
constant, Ceff(T,né+)),by comparison with the ordinary lattice-electron
scattering result for a pure crystal (kitte] (1963)) to see the effects of
the temperature, T, and the jonized oscillating impurity density, n6+).

We shall derive the relaxation time from which we can deduce the various

transport coefficients.



We introduce in this thesis a model in which the impurity atom
oscillates around a fixed equilibrium position. This kind of model
was first introduced by Koshino (1960, 1963) to understand departures
of the resitivity of dilute alloys from Matthiessen's rule. Similar
investigation was made by Taylor (1962, 1964). That impurity atoms
are oscillating around their equilibrium positions is self-evident
and the conduction electrons are scattered by not only host atoms but
impurity atoms. Hence the scattering from localized ionized oscilat-
ing impurity atoms or from ionized oscillating impurity atoms incorpo-
rated with the host atoms may contribute the electronic conduction
significantly. We therefore consider the following two possible cases.

In Part I, we consider the impurity to have a localized oscillating
frequency, wy s widely separated from the normal acoustic and optical
modes of the crystal. This model implies that the frequency, w is larger
than kBo/h where 0 is the Debye temperature of the crystal. For simplicity
we treat the ionized impurity atom as a simple harmonic oscillator which
scatters the conduction electron through an oscillating Coulomb force field.
We introduce a cut-off equal to the half distance between impurity centres
to avoid the divergence of the Coulomb type cross section.

In Parts II and III, we consider a more developed model in which the
jonized impurity atoms oscillate with frequencies common to those of the
host atoms. We assume here that the thermal motion of jonized impurity

atoms is identical with that of the host atoms.



This assumption may be valid particularly at low acoustic frequencies
since for long wave lengths many atoms are moving in the same direction
and will carry the impurities with them when the mass and the valence of
the impurity atoms are not much different from those of the host atoms.

The problem here is thus one of normal modes and we consider the
phonon absorption or emission process due to the thermal motion of ionized
impurity atoms interacting with the conduction electron through an oscil-
lating, screened Coulomb force field, where electron-lattice interaction
involves the absorption or emission of one or more acoustic phonons and
hence such processes are inelastic. However, the cross section for an
electron scattering from ionized oscillating impurity atoms has also an
elastic part in which no acoustical phonons are absorbed or emittted.

We thus consider the full elastic scattering processes as well as the
inelastic scattering process for the cross section of the oscillating,
screened Coulomb field.

The relaxation time due to the full elastic part is obtained by the
theory mathematically identical with that for the recoil-free y-ray emission
by nuclei bound in solids (Mossbauer (1958)) or that of newtron capture by
crystals (Lamb (1939)) and also with that of X-ray scattering from a crystal;
the well-known Debye—Waller effect (see, e.g., Ziman (1972)).

The relaxation time due to the inelastic part is derived by solving the

Boltzmann transport equation (see, e.g., Wil son (1965)).



PART I



Electron Scattering from Localized Oscillating Impurities

1. Model Hamiltonian

To determine the relaxation time due to scattering of conducton
electrons by ionized impurity atoms in semiconductors, we first
postulate a model in which the ionized impurity atoms oscillate with
a natural frequency, s widely separated from the normal modes of lattice
vibration in the host crystal. Since the acoustic modes pass through zero
frequency this model implies that W, is much larger than the Debye
cut-off frequency, oy = kBo/ﬁ, where 0 is the Debye temperature of
the bulk material, and also smaller than the optical frequency.

th ionized oscillating

Therefore it is sufficient to consider the i
impurity atom as an isotropic harmonic oscillator with a position
coordinate, R, = R;(X;1s X;p» X;3), measured from its equilibrium

position which may be taken(without loss of generality) to be the origin.

The conduction electron is then at r, = r (x,;» Xg? Xa3) and the

Hamiltonian of the system is:

2 .2 2 2 2
_ ) 2.2 h 9 e
H= - — + 4 Mwogi - - (1-1)

2 * 2
2M  oR, 2m org Eolne - 51'

where M and m* are the mass of an impurity atom and the band-model

effective mass of a conduction electron, €, is the dielectric constant



of the bulk material and Z is the excess charge of the impurity atom.

We treat the last term in (1-1) as a perturbation;

Hint T T e [r =R (1-1:a)
~ o'ne i

for which the unperturbed Hamiltonian is:

2 2 2 2
H® = - f 9 + % Mo 2]%.2 _ - 3 (1-1:b)
M 2 o ~Nj 2
agi 2m age
and the corresponding wave function is:
1ok >= % (Re) * ¥ lre) (1-2)

where the wave function of the ionized oscillating impurity atom is

that of an isotropic harmonic oscillator; viz.,

R) =1 x T )R ’x.2
W (R) =T x. (X,.) =1 (/me™¥2 In. 1) ¢ BX._.)exp{—l/,_ﬁX..} (1-2:a)
L S L R R J PR A i

Mw 4

where B = G—-ﬁf——ﬁ and Hn is the Hermite function, and we take the
J
wave function for the conduction electron to be a plane wave normalized

to the volume VO of the crystal.

21 ike
wk(ge) = & e1h,£e (1-2:b)

(0]



The energy of the unperturbed system is:

122
=t (n + 3/2) + T (1-3)
R o 2m

o]

E

where p is the vector with components,.nj (3j=1,2,3) characterizing the

state of the oscillator.

2. Scattering Matrix

For the Born approximation the matrix element for transition from a

state,(p,k), to another, (p',k'), is given by:

*
2 X 4 (R:)x_(R.) ‘i(k-k')—x
o _ Ze p' it g v e 03, 3
<Qk|Hmthw>_' e V [r - R.[ € dR;dLe
00 x:e Vg
R. r (2-1)
vl e

To solve (2-1), we introduce new coordinates; centre-of-mass

coordinate and relative coordinate; viz.,

R = Ry +mr,) (2-2:a)

R = Le - 51 (2-2:b)

*
where m = M + m . The inverses of (2-2) are:
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*
Ri =R - o % (2-3:a)
(e = B + —%— R (2-3!b)
hence (2-1) can be written in terms of the new coordinates as:
* m* * M

m .
el (ks - 22 [ [Xa B R R ) KR+ )

<Rk int'an 7T T e V - o e

0 0%
x|9] dR? dg’ (2-4)

where |J| is a Jacobian:

ane a}Ce

IJI _ la({‘,e,ﬁ1) '= BQ, s 35 -1
g R) R R
¢ ? aR

and K = k - k' is the change of the wave-vectors of a conduction electron.

We now introduce the shift operator:
SR) =e (2-5)
which has the property that for any function, F(g)

S(R) F(R) = F(R -%) (2-6)
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i.e., S operates to shift the argument of F from R to R - a. By use

f (2-6), we find:

*

Q.

* *

( -%-g) XQ(B'%'Q) - e

3=

*

ml

X Q‘azfx (R)x,(R)} (2-7)

REMR

Using (2-7), the matrix element (2-4), may now be written:

2 1 m 5& - .rﬂ ..c.i._
- _ Ze e m RdR oTK-Ryp3( 4. 3
<,Q 5 IH.'nt'%) - - eovo/ b ;‘/; '\’{Xn (B B d,% dQl

(2-8)

where the integral over R may be evaluated by expanding the shift oprator

and ignoring higher order terms, i.e.,

* 4 |
/e "R {xn.(ls)x,Q(g)}e‘:‘ﬁ'}3 dR>

§|s

I
—~~
—
1
1=
*
°
Q.
B
+
r-H
><
~~
c’:e
><
A
xJ
\.,.l
[¢)]
-—r
87(
.?xl
a.
xJ

n
P
—

+
-
|
e
0
-+
>
o3
~
o
-
>
oS
—~
X
S
4]

—
xR
X

(=X
o0
w
~
]
(Vo)

Hence substituting (2-9) into (2-8), we find:

.M
2 e] n £ m * iK-R .3
<n'k 1ntl%) % - y ][ (1 + 1 —-5 p)de J(xn.(g)xn(g)e15 R
e p N

(2-10)
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The integral over p breaks up into two parts:

M
L I 2
e 3_4n . m -11:
f p do s ( n ) (2-11:a)
R
and
M
l—K'g
mv
KRe god = i 87 (3 (2-11:b)
f P R @Ehm o
R

Hence (2-10) becomes, using (2-11),

R

2 .
1 4 *\ 2 * * ‘ -R 3
K el > = - L0 0702 )[Xn'(ﬁ)xn(ﬁ) 'R ag
v v

e VK

o o R
~

2 * iK-
« - ﬁéﬁ—[xg.(g)xn(g) e ap? (2-12)

since I <<l , where K = k-k' and xy(R) is given by (1-2:a).

The first factor in (2-12) leads to the ordinary Coulomb scattering
from a stationary nucleys but the integral modifies the matrix element
through the oscillations of the impurity centre. We note that when
statistical averages are taken, both p and K will depend on the
temperature and hence the integral indicates the possibility of a

modification in the temperature dependence for ionized impurity
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scattering from that given by the Conwell-Weisskopf formula.

2-1 Scattering from the Zero-point Oscillations

It is instructive to examine the effect of the zero-point oscillation
of the ionized impurity atom; at the absolute zero temperature, T = 0°K,
the ionized oscillating impurity atom is in the ground state, i.e.,

p' =n=0. In this case the integral in (2-12) may be written:

3ai 3 [ KX,
[ osn [Soox xp) e 39 ax, (2-13)
j=1%0 j=1 0" J' "0 ] J

X5

where the ground state wave function is:

-1
2

xo (k) = (/is7h)  exp(-8%%,°) J= 12,3, (2-14)
Hence: o
K 2
Jj 2 iK 2
, > "y - = J -8°(X;- —5)
* 1K; X g\ 4g° I 26°
E =fxo(Xj)xo(Xj) e dX; = (=)e e dX,
-K.%/88° .
= e \]
so that (2-13) becomes:
. 2,,.2
3 = 3 -K;7/48 3
il I =1 e Y = exp{— b Kj2/482} = exp{-Kz/%z}
j:l 0 j:l j:l
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The matrix element for the ground state is thus:

2 2,52
_ 4rnle e"K /43 (2_15)

Ok g0k > = - = =2
€, oK

1
W 4
Mo, %

We note that (2-15) becomes the matrix element for pure Coulomb
scattering from a stationary impurity nucleys only when g -~ =; i.e.,

M~ «orw > . The exponential factor in (2-15) can be written as 1

. 20 2
e {- ﬁ_‘_‘;’g__)_} o |- 3 " (JSM £ hea )

- {_g_( Recoil energy of the impurity nucleus )} (2-16)
P1s Zero-point energy of the impurity nucleus

This shows that when the recoil energy of the impurity nucleus is very

small compared to the zero-point energy of the oscillating impurity,
the Conwell - Weisskopf result is exactly recovered. For larger
recoil, the matrix element may be reduced and may lead to an enhanced

mobility of the conduction electrons.

2-2 Elastic Scattering at Finite Temperatures

When T > 0°K, we must consider the integral in (2-12) for an

arbitrary excitation; i.e., n and Q"are not zero. The case, p = n'
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leads to the elastic scattering, but p* Q' involves the emission or
absorption of one or more phonons and leads to inelastic scattering.

Here we consider only the elastic scattering case, i.e., n= Q'.

For finite n; i.e., n. # 0 (j=1,2,3), we must calculate the

J
integral:
J g iK. X
- * J 7 _
In_ /XH(XJ) Xn(XJ) e dXJ (2_17)
J J J
where xn.(xj), the normalized simple harmonic oscillator wave function,
J
is given by:
_1 nj "li '1’282)(2
xg (X:) = (vig™ 29 ) T Ho(x) e Y (2-18)
j J J nj J
Letting n = BXJ, there results:
J n. - _ 2 i(Ki/B)n
[ = tmn bt fem e 902 (n) an (2-19)

- 00

To evaluate (2-19), we introduce the generating function and for

the Hermite polynomials ( e.g.,see Margenau and Murphy (1956)):

2 =
2t -t F— () (2-20)
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In our case, t = in/ZB and x = n, so that:

. 2,,.2
iK.n/8 -K;7/487 ©  x Koo oA
J - J 1 -

Substituting (2-21) into (2-19), the integral (2-17) is:

[ee]

A Koo 2

() [ e 1 (K ) d

0 - 8 J

n. Je X

i ™ 8

- (2-22)

Since Hﬁ? (n) is an even function of n, in order to calculate the

J
non-zero solution, A must be an even integer. Letting x = 2p

(p = 0,1,2,7 - --- ), (2-22) becomes:
: 2 2 2
J n. _1 'K- /48 @ (_1)[) K‘
=(/m23nl) e d L i ()’ (2-23)
Irﬁ J p=0 (2P)1 " 442 Ip,nj
where lp,n- is
J
-n2 2
lp’”j =[e Hzp(n)Hnj (n) dn i=1,2,3. (2-23)

- 0O

To evaluate the integral, (2-24), we now make use of the identity:

2 2

-n _ d
e Hn(n) = = dn

_1(n)) (2-25)



..;l/_

so that:

o]

2
Ip,n = ‘/Hzp(n)Hn(n)"%n_(e—n Hn_l(n)) dn (2_26)

- 00

and by partial integration, (2-26) becomes:

(o o]

2
Ip,n =[e‘n Hn—l(“)_gn—(HZp(“)Hn(”)) d

- 00

Again by use of (2-25) and partial integration,

[o0]

o 42
lon - f g Mg )y (n))

- OO

so that repeating in this manner, we finally obtain the result:

©

, / -n2 : "
= fe " H(n)
Ip,n o dn”

- 00

(Hyp (n)H (n)) dn

2p

But since Ho(n) = 1, we have the final expression of 'p n

2
Io.n fe“ -—j?,— (Hyp(n)H, (1) dn (2-27)

It is now easy to evaluate (2-27) for small values of n;

(i)n=0

=]

|p n f (n)H (n) dn = V& 5.0

-0
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where use has been made of the orthogonal result; viz.,

o]

J/Qe'”sz(n)Hn(n)an = /m 2% als, (2-28)
(ii) n =1
lo.1 =./f;in2 gn {HZp(”)Hl(n)‘>d” ‘;/rz-”z {Hzp(n)Hi(n)
#Hy (n)Hy (n) | dn

By use of the recurrence formula, viz.,
Ho(n) = 2nH_;(n) (2-29)

and of (2-28), we obtain:

[oo]
[oe]

2 2
- =N =N
o1 = 2 f & gl (adan + 4p [ (s ()

-0 -00

=2/¥'6p + 8/1p §

,0 p,1
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= fe G gy () + Hy )y ()] n

3 -n- d
'v/&; dn {4H2pH1 * 4P”2p_1H2} dn (By use of (2-29))

=N

1]
[¢]
P N

B ] + AHjH) + 4pHy Hy + ApH3 Hy Ldn

2
- -n -
sze {8H2pHo +16pH, H) + 16pHyp 1My * 8p(2p 1)H2p_2H2}‘dn
(By use of (2-29))

+ 64/ ps + 64v/7p(2p-1) 8p,2

p,1
(By use of (2-28))

+ 576/ & + 192/7 p(2p-1) &

48/ 85 0 p,1

IP,3 p,3/2

+ 384/ p(2p-1) sp o * 1536V p(p-1)(2p-1) dp 3
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|p g = 3BAT S o 15367 (3p+1) s | + 3072/7 (2p-1)(5p+l) 6

pso P>1 p’2

+49152/n p(p-1)(2p-1) §_ . + 24576v/7 p(p-1)(2p-1)(2p-3) &

p,3 p,4

From these results we deduce that:

K. 2 -K-2/482

J J
LJ Fa —g_ J (2-30)

'U)

J
wherePn is a polynomial of degree n. with argument, KJ-Z/BZ, and may

J
J
be expressed as:

i K.2 [ 1 fgr Kj << B (2-31:a)
F)ng' ; ) > n n 2
J B J (-1) J Kj n.
) ( )y J for K. >> 8 (2-31:b)
n.=0 | 82 J
SN 29 n.!
J
(j = 1,2,3)

By use of (2-30), the matrix element, (2-12), for scattering due
to the ionized oscillating impurity with a lTocalized frequency widely

separated from the normal modes of the host atoms is:

-K- /48
k' IHye k> = - aze’ P]( g (2-32)
€ V K J—



. Jj . . , 2 12
where the po]ynom1a1,‘:> , is given by (2-31:a,b) and K, =|§--5-| .
nj J J

We note here that the factor,
2,,.2
3 . -K.“/48
i Pl
Jj=1 nj
is due to the impurity oscillation and that if 8 > », (2-32) becomes
the ordinary pure "Coulomb" scattering matrix element for electron

scattering from a fixed scattering centre, and leads to the Conwell-

Weisskopf formula.

3. Mean-Free-Time and Relaxation Time for Momentum Transfer

3-1 Mean-Free-Time

The matrix element for the elastic scattering of a conduction
electron from a state, k, to another, 5‘, by interaction with a localized
oscillating ionized impurity atom in the state, n, is given by (2-32);
viz.,

. 2 2,,.2
<k [Hipglnk> = - ‘i% g Per.( _K%— )-e—Kj /% (3-1)
eOVOK J=1 J B

1
2

J
where K = k - k', 8 = (My /f) and Pn is given by (2-31). We may
J

now calculate the mean-free-time of a conduction electron by use of

’
a2

the microscopic transition probability per second based on Ferni s

Golden rule, vizZ.,



- -

vy

Pnk—>nk' ='h2—1,<n'!\(JllHint[%>|2 6(EK%' '.Enk) (3-2)

where the initial and the final energies of the system are:

( )+ Bk (3-3:a)
E-, = T%o (n+ 3/2) + 3-3:a
ﬂ=k o 2m*

ﬁzk.z
En,k'= ﬁwo(Q + 3/2) + —5 (3-3:b)
YRV 2m

Since for elastic processes the oscillata states do not change,
the s-function in (3-2) ensures the energy conservation of the

system , This implies :
k = k' (3-4)

To find the mean-free-time of the conduction electrons, we must
appeal to the electronic distribution function, f(&,t), such that:
Vo 3
5.3 flkat) dk (3-5)

ki
is the number of conduction electrons with wave numbers between 5
and 5+d5. Here f(g,t) is a dimensionless quantity. The rate of
change of f(%) due to scattering of electrons from a state, k> to

another state, g', by the interaction with all the localized oscillating
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ionized impurity atoms in various states, n, may be given by:

af (k

__J*,l] = -1 3 f(k) {1-F(k") (3-6)
3t | Loss n k' FIe P%*QK' i { v }

where 3 = 3 iR and F_ is the number of localized oscillating
M fl2 M3

jonized impurity atoms in a state, n.

Similarly, the rate of change of f(k) due to the inverse scattering
processes of conduction electrons from a state, 5', to another, k,
by the interaction with the localized oscillating tonized impurity atoms

may be given by:

ai_us,l] R f ] 1) (3-7)
ot gain n k:' FQ P%._>% "(' { J‘('}

We note that, in (3-6) and (3-7), we have introduced the Fermi
statistics to the electrons and employed the probabilities of un-
occupancy of electron; l-f(g') and 1-f(k), which make sure the electrons
to be scattered into either the k'~ or k- states. We assume that
the impurity atoms are in good thermal contact with the host atoms,
so that at temperature, T, FQ is determined by its equilibrium value;
viz.,

+)

(
N
|:JQ = DO exp{—(n +3/2) 'ﬁwo/kBT} (3-8)
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(+)
D

impurity atoms and o is the partition function of a three dimensional

where N is the total number of the localized oscillating ionized

isotropic oscillator.

By adding (3-6) and (3-7) we have the net rate of change of f(h,t):

)] afgk)] X af(k)]
3t |net ot gain 3t Jloss

TR, P 1D - £l (3-9)

where we have used the property of microreversibility, i.e.,

Poen = P

We may write (3-9) as follows:

2E) < (k) - B(K)- F(K) (3-10)
where
A(k) =1 = f(k') (3-10:a)
nok Fn Pn)e*n,t'

™
™

B(k) = (3-10:b)
; k' F!J nkonk’

3
2l
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If we assume that f(k) is not too far from its equilibrium valuc,

we may regard A(k) as a slowly varying function of time and (3-10) may be then

integrated to give:

. _géi% +(;é'3(5)t (3-11)

As t » =, the distribution function, f(K), must attain its

equilibrium value; viz.,

£(k) = {exp E(K) - w)/kgT + 1} -1 (3-12)
so that A(k) /B(k) = f°(k) and we obtain:
f(k) = (k) +f; Bk (3-13)

Clearly we see that B(k) acts as a reciprocal relaxation time for
the distribution function to approach equilibrium. It is, in fact,

the mean-free-time of a conduction electron, viz.,

—

t F Py\]k—rnk' S

From (3-10, 11, 13, 14), we have:

-
87v

) - _p(y) (; 0Bkt

ot
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il

-B(k) { F(k) - ()}

f(k) - f°
- - ( (3-15)

%
and (3-15) is the usual form of the collision term employed in the
Boltzmann's equation, Using (3-1),(3-2), (3-3:a,b) and (3-8) in (3-14) we
may obtain the explicit form of the mean-free-time of a conduction electron.
But of greater interest for mobility calculation is the relaxation time

for momentum transfer considered in detail in the next section.

3-2 Relaxation Time for Momentum Transfer

A conduction electron being scattered from a state, k, to another
state, k', by a localized oscillating ionized impurity suffers a

momentum loss:

ap(k) =1 (k - k') (3-16)

Therefore, the total rate,at which linear momentum is being transfered
from all the electrons with wave numbers between k and k + dk to all

of the localized oscillating ionized impurity centres,is:

at’b ]1oss=_§§}.hjﬁkFP lf(lﬁ)}

(3-17)
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Similarly, the total rate,at which linear momentum is being gained
by all the conduction electrons with wave numbers between k and 5+dk

through interaction with all the impurities,is:
aw] hi(k-k') F(K) 1-FY  (3-18)
— i =L I -k! ‘ -f 3-18
at gain WL P i { v }
nok F!J PJQJ&"*%

Consequenfly the net rate at which linear momentum is being gained
by all the conduction electrons with wave numbers between k and 5+d5

through interaction with all the impurities is:

am(p] _ am(p] + aw)]
ot Jnet ot gain ot loss

=3 1t Th(k-k') f(k') - f(k) (3-19)
e Fop o Ao - )

where use has been made of the property of microreversibility;

Pnk+n ' =|an'+nk

AV AVERAVAY [AVAVERA VAV

Since the total linear momentum of all the conduction electrons with

wave numbers between K and h+d5 is:

M(k) = Bk f(k) (3-20)
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(3-19) becomes :

ng —2Hk) o 'h(,_t-,lg')Fn Pmm' {F(k') - F(K)}
or
28D = ag) - Bk)-F(K) (3-21)
where:
WL SR, P e
WL U SETF, Py R

Clearly B(k) acts like a reciprocal relaxation Time for Momentum

transfer to the localized oscillating ionized impurity centres; i.e.,

1 _ k - k'
B rxe E{l_%k—z_%—} Fn, Pw,%' e

where and , are given by (3-8) and by (3-2) with (3-1)
F o Py
and with (3-3:a,b), respectively. Employing (3-1) and (3-2) becomes:

k « k'
2 1 - —sp—
2 3 . K. 2 2
1 - 2m ( 4rle )22 5 { I ( ] )} k
T ﬁ eOVO Q kl Fnl ,j=1 Pn]_ 8 (l\(""k')ll
1 2 2
x o (kK28 o (3-23)
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It is now convenient to replace the summation over the final state,

k', by the integral as a usual manner; viz.,

v
o (seereesd) = 0 (CEERERERE : dk'3 (3-24)
)é. ;TTJ ) d
so that using (3-24), (3-23) becomes:
4 3 A A
1 47% V5 k
. Fi» P(—7) g
i he Voo f ¥ U=l s B (k-k*)
Nl a2
x e koK')"/28 § (Egyer ~Epy) dk'> (3-25)

where £ = ¢ I ¢
RNy NNy

To evaluate (3-25), we establish k along the x3-axis in the Cartesian

coordinates, and let 5' make angles, 6 and ¢, in the polar coordinates.

From (3-3:a,b) wefhave:

2
_ h 2 2
En Vo Enk - * (5 - k)
vy 2m
from which:
k' 2dk' = m*g' d(E_., - E_,) (3-26)
h Rkt Rk
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so that (3-25) becomes:

kl
1=4Ze H P( 1 - =5 cose
Y J 1 " gl k2+k'2-2kk‘cose)2
*k'

X {exp k +k' 2kk'cose)/28 G(E -E,) -2

nk® 42
x d(E_,., - E_.) sinededs (3-27)

Rk' Rk

Noting that the integral over the energy contributes only when

k' = k, we have:

; 2
1 2nzlen” 5 F{ g p]( Kj )}2 sing_
Ti ﬁ3€ 2V k3 n R\l j=1 nj 8 2 k'=k 1-cos6
k2
x expi-(1 - cose) ——5—} de (3-28)
B

We note here that the above integral diverges at 6=0. This is
the usual "Coulomb cross section divergency" which may be eliminated by
introducing the fact that small angle scattering has to do with
electrons whose distance of closest approach to the scattering centre
is very large, or by introducing the screening factor of electrons
which screen the scattering centre and cut off the long range effect of
Coulomb field at a certain distance. There is thus a 1imit to the
smallness of the scattering angle possible since for great enough

distances the electron will see not only the scattering centre in question



-31-

but also the next-nearest-neighbour scattering centre. The lower limit

on 6 in the integral in (3-28) is thus given by the scattering of

electrons whose impact parameters are approximately half the mean distance,
L, say, between nearest neighbour scattering centres. We now note that

the greatest contribution to the integral in (3-28) comes from small

angle scattering. Hence we may take the polynomial being approximately
unity. We may then perform the sum over n easily to give the total

number of impurity atoms; i.e.,

T ': =N =n v
R0 | ’ i

(+)

where "y is the impurity concentration given in terms of impurity
spacing, L; né+) = L'3. We, therefore, have (3-28) as:
T k2
* - p—— -
2n22e4m n(+) . 2(1 coso)
L. 33 b -i—f’l—"—@—g—e B de (3-29)
RN
9=Omin

We note that (3-29) leads to the Conwell-Weisskopf result if 8

goes to«.

3-3 Determination of Small Scattering Angle

Before proceeding the calculation of (3-29), we must determine,emin,

the small scattering angle. From the dynamics of collisions (Goldstein,

(1950)), the relative velocity of the electron, v, its impact parameter,
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b, and the scattering angle, 6, are connected by the Rutherford scattering

formula; viz.,

8 _ _Ze myv -
tan 5 eob / 5 (3-30)

As mentioned in the previous section, the limitation on impact

parameter is equivalent to the Timitation on 6. For the largest
impact parameter, b = L/2, i.e., half the mean distance between

neighbouring impurities, we have:

T e . 2 * 2
min _ 27e my
tan > = €oL / (3-31)

This gives the Tower 1imit on the angular integration in (3-29).
’ . *
Here v is just the electron velocity because the electron mass, m ,

is much smaller than the impurity mass, M. From (3-30), we see that

o = 0 corresponds to b = », and which is not allowed when the impurity
concentration is finite (Recall L'3 & né+)), and that 6 = 7 corresponds

to b = O(back scattering), we see the limitation on 6 =6 . £0
necessarily. Letting Pe = 22e2/eoL for potential energy at the half

*
spacing of impurities and Ee = m*v2/2 = ﬁ2k2/2m for kinetic energy of

an incident conduction electron, (3-31) gives:

o .

o . sin? L p 2

tan —y - = —% or & - —&
1 2 “min E
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Hence:

o . E |
sin ——"2111‘-,:{1 (7 )2} =% (1 - cosd_ . ) (3-32)

From (3-32), coSO . = 1 for Ee >> Pe gives 6 . 2 0 (small angle
scattering) but coso = -1 for Ee << Pe gives 6

min =~ m (back

min
scattering), so that small angle scattering will be predominant mainly

at fairly high electron temperatures and low impurity concentrations.

3-4 General Form for Relaxation Time and Deduction of the Conwell-

Weisskopf Result

From the small scattering angle, emin’ we can calculate the
reciprocal relaxation time, (3-29),=dué to the scattering from localized
oscillating impurity atoms by use of (3-32). Before obtaining the
general form we first obtain the Conwell-Weisskopf result by taking

g - =, Then (3-29) becomes:

2 4 * (+) m
1 2rl”e'm ny sine__ 4o
c-W zh3k3 1 - cosé
T. € —
'n22e4n6+) ( E;‘ ) (3-33)
= Tn (1 + -
2., %%  3/2 2
€, (2m )2Ee Pe

which is the exactly the result obtained by Conwell and Weisskopf

assuming fixed scattering centres. To calculate (3-29),generally
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we introduce a new variable, X = ( 1 - cose)kz/Bz. The upper and the

lower 1imits of the integral in (3-29) are, respectively,

k2
Xu = 2 —2— ;(3-34:&)
8 ,

and

2
k™ . B .
. ) 5 = . (3-34:b)

>
—
n
—
—
I
(2]
(@]
%]
<D
3

so that the integral in (3-29) becomes:

m -(1-cose)-&5 Xu -X
/ 1—_%1—208—56‘—"— e g2 de E[ eX dX (3-35)
e=emin X]

We may evaluate (3-35) from tables of the exponential integral (see

e.g., Arfken, (1970)); viz.,.
E;(x) =[—t—dt (3-36)

(3-35) may be given in terms of E;s viz.,

Xu oo oo
e~ X et et
)/de —[Tdt-{Tdt—Ei(X1)-Ei(Xu) (3-37)
1 1 u

but it is difficult to extract the functional dependence unless the
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argument is very small or large.

Now consider the quantity, kZ/BZ; viz.,

2 2 E *
k“ _ Rk® _ e m
2 Me 2 hw ( M ) (3-38)
B o}
where Eo = h2k2/2m* is the energy of an incident electron. From (3-38)
we see that, unless W is unusually small (assume 0, = 10135ec'1) or

-14 -13

Eo is particularly large (usually E, = 10 . 10 erg), the quantity

e
kz/ez, will be much less than unity since the ratio of an electron mass

and an impurity mass is of the order of 10'5. Hence in such a case we may
expand the exponential term in the integral (3-35) to give:

X

U _x X
e - u 2 2
{/ﬂ =~ dX =1n X, - (X, - X)) B (X - X T) - e
1
- Ee2 2k2 EeZ/Pe2
=1n (1 + 5 ) - > ( 5 5 F eerecnens (3-39)
Po BY 1+ E /Pq
where use has been made of (3-34:a,b), and 82 = Mwo/h.

From (3-29) and (3-39), the reciprocal of relaxation time for

momentum transfer becomes:

_ n22e4né+)

1 e 2k e’ e
= n (1+—5) - ( ) + e
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*
where Ee = ﬁ2k2/2m is the energy of the incident electron and Pe
1/3
= 2ze/e | = ZZezné+) /e, is the potential at half spacing of
impurities. We see from (3-40) that if g goes to infinity, (3-40)

leads to the Conwell-Weisskopf result.

(i) Fairly Low Temperatures and High Impurity Concentrations

In this case the condition, Ee << Pe, is satisfied, so that we can

expand the logarithmic term in (3-40) to give:

1 n22e4né+) Eel/2 4Ee
~ . 1 - + rectieetians
T e f(2n')" x M i
m
We, therefore, have the relaxation time as:
-y
Ty  AES® (14 BE + coveeens ) (3-41:a)
where:
* 1
L 2 (om™yep 2 T
R S €)) R €0 ) VA
nl"e nD ™ nD
_ 4
B" M,ﬁ
- —-—*w
m

If we assume the phonon temperature, Tp = hwo/kB = 200°K, electron

temperature, T, of the order of IO‘Zwe have BE, = 1. Otherwise,BE, is

negligibly small.
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(ii) Fairly High Temperatures and Low Impurity Concentration

In this case Ee >> Pe holds and the reciprocal of the relaxation

time, (3-40), is expressed by:

2178 (+) E 2F
o~ 2 *DL’ 3/2 1n ( Pe ) - M e 4+ ce v
Yioe S(em )E , e —Fw
e} e m o]

This leads to:

. 3/2 )
; “CESC (14 DE + coenenns ) (3-41:b)
where:
2.5 %5
FC B} Eo (2m ) -
2w22e4nD(4)1n(Ee/Pe)
_ 2
| D=
—m;'hwoln(Ee/Pe)

and the logarithmic term, Tn(Ee/Pe), is slowly varying with Ee s KTe

(Te:

unity if other than a T

the electron temperature). Clearly DEe must be comparable to
3/2 yependence of mobility is to be observed,
but this is unlikely since for all reasonable values of W, not in the

spectrum of .the lattice vibration it is clear that:
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11

where T ﬁmo/kB is the phonon temperature of the impurities. Assuming

P

Tp = 200°K, as before, we find that for all temperatures Te << 108 K,

DEe << 1.
We conclude from these results that an impurity with a localized
mode widely separated from the normal lattice modes will not modify the

Conwell-Weisskopf result appreciably.



PART I1
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Electron Scattering from Impurities Oscillating with Fregquencies

Common to Solvent Atoms

In semiconductors it is anticipated that most impurities will have
masses and a force constant not widely different from those of the solvent
atoms which make up the lattice, and consequently, in first approximation,
they will oscillate with natural frequencies common to those of the solvent
atoms. This means that we may not treat the impurity atoms as isolated
harmonic oscillators as in Part I, but must include their dynamical

properties with those of all the other crystal atoms.

To consider the scattering properties of such impurities, it is
necessary, first, to establish the nature of the lattice vibration in
the host crystal and in this section we therefore establish the form
of the acoustic modes in a pure crystal and treat it as an isotropic,
compressible medium. As is well known, such a formulation is valid at
long wavelengths and should be adequate to give the order-of-magnitude

of the effects we are considering.

4. The Lagrangian Formulation of a Lattice Field

In this chapter, we investigate the low frequency acoustical motion
of the crystal and for this purpose we treat the lattice as a homogeneous,

isotropic, elastic continuous medium characterized by a certain sound
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velocity and macroscopic density. The procedure is to set up the
classical field of an isotropic continuum. The equations of motion
are then formed from the Lagrangian density and lead to the normal
coordinates of the medium. These coordinates are collective in nature
and in terms of them the total lattice Hamiltonian is a sum of squares;
i.e., diagonal. Quantization is then straightforward and for this
purpose we introduce field variables which are themselves creation and

destruction operators for acoustic phonons.

To illustrate the Lagrangian procedure for handling the motion of
continuous mechanical system, we shall seek the equations of motion for

the longitudinal vibrations of a medium.

To this end, let Q(Bgt) be the small displacement of the medium at the
point R = (X,Y,Z) at a time t. If p, is the undisturbed density of
the médium, the kinetic energy density is:

72 (4-1)

To obtain the potential energy density, let the mass of the medium
be M, then the equilibrium volume is V= M/o, and if V is the potential
energy density then VVO represents the potential energy of the medium.
As a result of a compressional disturbance, the volume changes from V,
to V, + aV. Now during a change in volume, dV, the work performed on

the system, i.e., the increase in the potential energy is -PdV. Hence
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the potential energy corresponding to a volume change from v, to
V + aVis:
o}
V_+AV
o}

W= - deV (4-2)

v

o}
To evaluate (4-2), we expand the pressure, P, in a Taylor series

about Vo and restrict ourselves to small changes in volume. Then we

have:
P v e
P=P + ( v )v_v AV +
so that (4-2) becomes:
= AV 9P AV 2 _
ve=-P ( v - kY, (_SV_)V=V (“V——J SRR (4-3)
(o] [o] (0]
Since the compressibility of a medium is defined by:
_ 1,29V _ 1 , 3 -
Ko =Ty ( aP )o I ( oP )p (4-4)
[0} (o] o
which is assumed known, (4-3) may be expressed in terms of the
compressibility, (4-4):
4 Av 1 Av 2 ........ -
V= - PO( V ) + K ( V )" - (4-5)
(0] (¢} (o]
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It is now convenient to eliminate AV in favour of the associated

density change, Ap. Thus let:
p(Rst) = o {1 + a(R,t)}

where o(g,t) is the fractional change in the density of the medium.

Since V = M/p the change in V is given by:

AV = A (p) 5 bo v, o(R,t)

o

so that (4-5) becomes:
(4-6)

Finally we require to express ¢ in terms of the displacement, n-
To do this, we employ the conservation of mass. Consider a closed
surface, A, of any finite volume,V, in the medium. The mass flowing
out of this volume due to a small disturbance from equilibrium is

given by:

=0, [y db
A

which is converted to the volume integral by use of Gauss' theorem:;
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s =o [y-ndv (4-7)
)
éM is also given by:
6M=-f(?-po)dv=—pofodv (4-8)
v V!

Since the equality holds for any arbitrary volume we must have

from (4-7) and (4-8):
o(Rst) = -y - n (Rst) (4-9)

It is now seen that the term, Poa =- PV - ., can not contribute
to the total potential energy of the medium since JZX-Q dV = 0 over
a volume, VO, being considered. Using this fact together with (4-9),
the final form of the potential energy density, (4-6), for small

disturbances is thus:

1

V= —ZK_O ( ZQ)Z (4-10)
Using (4-1) and (4-10), the Lagrangian and the Hamiltonian
densities are, respectively,

L=T-V="%p_ {ﬁz - SOZ(X-Q)Z} (4-11:a)
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vn)é) (4-11:b)

2 1
% X (4-12)
0 0
The equations of motion follow from the Lagrangian density
(Goldstein, (1950)):
_g_( 9 ) + g d 3L _ oL = O (4 13)
dt * 9f; o aX. o “an. -
j=1 Jj i i
2 (5 )
J
From (4-11:a) and (4-13) we find:
. 2
0 7S, e () (4-14:a)
which may be combined into one vector equation as:
w2 .
Rn=S, ¥ -(yn (4-14:b)

Taking the divergence of both sides of (4-14:b) and using (4-9),

we find:

§=5°vo (4-15)
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2
where v = V.v is the Laplacian operator. (4-15) is the three

dimensional acoustic wave equation with sound speed, So. We now note

that a plane wave solution:
n(R>t) = exp{ifut + g - R)}

leads to the well-known dispersion formula for the longitudinal acoustic

waves; viz.,

We note here that 9 is a symmetric function of q and that,

following Debye, q < q is assumed to give the correct number of

max

modes, q. Here q is the Debye cut-off wave number chosen so that

max
the total number of acoustic modes equals three times the total

number of particles in the crystal.

4-1 Normal Modes of Lattice

The Hamiltonian density and the total Hamiltonian of the system;

viz.,

vl (4-11:b)
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and

B 3
Hlattice - J.H dR (4-17)
R

By
are not a sum of squares of the generalized coordinates; h and n-
To make the total energy diagonal we express them in terms of a new
coordinates, i.e., the normal coordinates, which follow from the

equations of motion; viz.,

(Rst) = —— = £ q (t) '3 (4-18)
A g9

R

where %q is the polalization vector parallel to n for acoustic waves.
v

The inverse of (4-18) is:

0 (t) = —— [ ®.t) 79K gp° (4-19)

R
where use has been made of the orthogonality result:

(4-20)

As defined by (4-18) the Qq are complex quantities and they have to
q .

satisfy the relations:
Q, =1Q (4-21)

in order that Q(g,t) is real.
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The leare the normal coordinates of the system and are essentially
the Fourier amplitudes of the}]attice displacement vector. From (4-19)
they are seen to be co]]ectivé in nature in that they depend;oﬁ the
sum of displacements at all points in the medium. We now see that the

Hamiltonian is a sum of squares in terms of the Q_: From (4-17), we find

3:
the total kinetic energy as:

T =fT d}s3 =4 pofﬁzdﬁg' =% EI% El_q (4-22)

b
L R 9

~

and the total potential energy as:

3_, 2 2 03 2. 2
=,}[;dR =%0p S J{.(V'n) dR” =% p S “ £ q°Q Q (4-23)
Er\, 200—3%% N zoo% 8-%

where use has been made of (4-18), (4-20) and (4-21). Hence from (4-22)

and (4-23), we have the total Hamiltonian for lattice as:

Hattice ~ TtV =20, g (bg»b-g + quQg Q-g) (4-24)

where use has been made of the dispersion relation (4-16).

Using (4-18) in (4-14:b), the equation of motion for the Qq are
N
seen to be:

gqﬁé +s % (5g 0 =0

Y
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or, scalar multiplying with g:

20 (t) = 0

Qg(t) R

(4-25)

We see that the Qq(t) oscillate harmonically in time and that the

Y

crystal is thus equivalent to 3NO independent harmonic oscillators.

4-?2 Quantization of Lattice Field

Since the Q% are complex quantities it is necessary to define real

amplitudes to quantize properly. Thus let

= 1 3
Q (u_ + 1vg)

9 (2% 9

so that we have:

1%(‘1%’“’):()*

g 9’ T g

| (2

By use of (4-26) and (4-27), (4-24) becomes:

. 2 2 - 2 2 2
H . =4 b { u o+ + + }
lattice 2P, %>0 ( q wq ug ) (Vg wq V% )

where the sum is taken over positive wave numbers, g.

We now define momenta canonically conjugate to uq and
N

I=7o MM

(4-26)

(4-27)

(4-28)
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T = EElEEEiEQ =5 U K = aﬁ]attice —o v

q | A o'g

o
giving:
n? K 2
2 2 2.2 -

H s = E{“'g'*l/zp w. u }'+ Z{—g‘—'l'"/zprw v 4_29

lattice g0 290 o q°g g0 Zpo 0q g } ( )

which corresponds two sets of oscillators since the Q_ are complex.
Ny

Since n_ and u_, and K_ and v_ are canonically conjugate variables,
9 ! 9 9

the system is quantized by requiring:

u,tT 1= ull -n1u = ih
ugmgl = g’ ~ Mg |
(4-30)
v ,.1= vK -Kv =ih
A I
In a Schordinger representation, (4-30) imp]ies the momenta:
D )
mIo=-4ifh == ; K = - ih = (4-31)
au oV
3 9 3 9

and substituting (4-31) into (4-29), the total lattice Hamiltonian

becomes :
2 2 2 2
i 2 2 # 3 2 2
H .= z (- +a-u ")+ om E(e—+ 0o v )
Tattice 2p0 @0 au 2 wq q Zpo >0 av%? wq q
2
i { 9
= T (e + a u_)( +a Uu) +a }
200 9’0 aug wq q auq wq q q
+ 22 { ~gT,-_——, © v )( gv + aw v ) +aw} (4-32)
o 9}>0 q q 9 q q 9 q
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where a = powq/h
q
It is now desirable to make one final transformation from the real
amplitudes, ua and vg, of the normal coordinates to the field operators,
B_ and B+, which act as destruction and creation operators for the

R

field quanta (phonons). This transformation has been defined by Frohlich,

(1956) as:
1 1 d
B, = (Vo Q, + 5
2 1(2);é 0qu S /EQ aQ-g
q
(4-33)
+ 1 1 3
By = ——= (- Q  + ——— )
Vi@ e e,
q
and since Bg X B_g we have:
1 1 d
B_ = . i (‘/a Q_ + . 3 )
1 i@* Y99 qu %
(4-34)

+ 1 1
B = — -/a +—
| i(2)% ( qua G g

From these results the inverses are given by:
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=y
‘/'M

From (4-26) and (4-27) we find the inverses:

1

u =—(Q +0Q )
8 »2 8 -9

so that from (4-35) we have (4-37) as:

= B +B - B -
q z/a Byt Bg BBy

3 2/ 9 -9

Again , from (4-26) and (4-27) we find:

(4-35)

(4-36)

(4-37)

(4-38)
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2Q 30
_i__ - _______g_ + 3 i -C‘|l _ 1 ( 9 + ] )
3 3 P) ) P) 3
g g Mg gy vz Yy 0y
» (4-39)
9 _ 9 BQ + J 30—% - 1 ( 3 _ 3 )
av{(\:1 an av{(\:l 80_% v /7 BQ8 aQ_%
so that from (4-36), we have (4-39) as
3 _ i + +
ﬁg—i@ (B%+BN+B%+B_%)
(4-40)

The results, (4-38) and (4-40), are now to be used in (4-32).

To express (4-32) in terms of the operators; Bﬂ’ B, Qg and 8:9,

we first note that:

(4-41)

d
oV

+av=\/07m (B -B_)
o' TV, g 7 P

Hence by use of (4-41) ,(4-32) becomes :
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Hiattice = T—f—o- gfoga‘”q (B; + Bfa)(B% *B )+ quf
= »zgfomqg(sg + B )(B, + B+ 1%
¥y o mq%(ag -8 (B - BQ) + 12
i qfO "o 38588 ' 1/2§ ' %fo e §B+ B"% ' %g
= g hog %B;B% + 14; (4-42)

This is the usual form for the energy arising from the field of

3NO independent single harmonic oscillators.

4-3 Displacement Vector

We will express in this section a displacement vector of a lattice
in terms of the operators; B8 and Bg. For this purpose we shall use
the results obtained in the previous sections. For each point in the
medium we have introduced the displacement vector, Q(g,t), that
characterizes the displacement of the medium from its equilibrium

position.

The displacement of the lattice at R may be expressed by (4-18); viz.,
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=— (3 -8"); -1 @ -8
% /za, By = By 0 (Bq -8By
q q

Hence we can express Q(g,t) in terms .of the operators:

‘ __ 1 i + 4y _ig-R
H(R:t) = z 3 (B - B )e LM z
A (v )l/2 90 %w /?E; % 9

q
1 i + -iq'Rs
—~ B - WAV
+ z 'é'%,z ( Bg)e

(v)? o Alvza 4
q
-1 &; B '3k + gte 3Ry - B e 19R 4 gt o10R
zaw Vo g>0 8 ( ae ge ) ’%8 ( -’(\]/e -'g/ ¢ f\l)
q

where use has been made of the property of the polarization vector,

é-g = - %g'

On reversing q in the second term in the square bracket and noting

= - s we have:
g T T Ry

= R + -ig-R
n(R,t) = ! ) (B '8 + g7} N)
B e g0 q
w o} v
q
b Dogo (B ek 4+ gre19°R)
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Hence the displacement vector of the lattice at 5 may be expressed by

(4-43)

a(Ret) = ——— 3
R vea V@
wq (6] N

where amq = powq/ﬁ =0.S.,a/h.

4-4 Commutation Rules for Bgl and Bg

[t is important to obtain the main properties of the field operators;

Bq and B;. The first of these follows from the basic commutation
n ny

results, (4-30). Using (4-33),we find:

B',B+]-[1 Ge Q '—'f‘—).l Eoq = 8)]
[3 q T\/—q\/a 8;—77(\/%-3\/07;’(} an

t

ol [Qﬂ' 0’8]+2°w [aQ ’aQ-a] 2[3’309,] 2[0'3’30-8]

but [Qg , Q_g] = 0 since Qq* -0

that: i
3u 3V
5 _ .9 5 Vg _ 1 8 >
sq; " au a0 et v Ca )
IR TR e i % )
BV
R S 9o _g .1 3 d
LI aQ:g+3v 308‘/? ('a'ﬁg"”a_\g)



Hence we have:

ERER
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9_) 7%~( 9 ._é_ﬂ
ov_"? V2 Y au oV
9 9 q
_Qh] [~§__ _é_]
ou av_ 7 v
| 9 9
3 3
] 'i[av > 3u ] }= .
g g

From (4-26) and (4-44) we find:

[o - £§] < [y Vo) - 7 %38 1‘33%)]
/{ [“a’a"ﬁg] " [Va’ng]""[“s’

= -1

Similarly, from (4-27) and (4-44), we find:

Q_ 9"‘8_]='1
[ q aQ_%

Hence we find the commutation rule for Bq and-Bz as:

+
B , B = B
[% 0]

+

Q0

- B

+

<

%

o

1

av

v

(4-45)
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Simi]ar]y;, we may show that:

[ B Bg] =0 for g' % g (4-46)
[Bg , Bq.] = [Bg , B;] = 0 (4-47)

4-5 Property of B_ and B+
9 9

The property of the operators, Bq and B:, which make them particularly
Y A\
useful is that they are respectively destruction and creation operators.
To see this, let us examine the eigenstates and the eigenvalues of the

following engenvalue equation:

+
B_B ‘x > = ey Jx
g Ny N8>

e

Using the commutation relation, (4-45), on

+ s
By (B Bg) lXN%> N BglxN8>
we get:
(B+ B +1)B IXN)= ey B |XN>
99 O ¥

or
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s |
but:

+ -

B thna-l) T ey -I‘XN8>

so that we have:

e
20

+ -k 2
xy |B. B_Ix =C; (; Y RO l(; Xy _1l%N -
(NgggN? <NgllN81> <N%1,Nal>
= N o iy
g Vighng
but the states are orthonormalized so that we have
g°

9

Hence c; @ﬂ‘ x (Arbitrary phase factor). We, therefore, have the
e

[[]
=

i
-

following equation:

B%lquj> = /ﬁé |qu_1:> (4-48)
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It follows then that:

+

+
B_ B |x =N |xy 2> = /N_ B |x ‘
V] N ’g

and therefore:

Be 'XN 7y = Mg+ I'XN8+1> (4-49)

We see from (4-48) and (4-49) that the Bg's act to destroy a phonon

with mode, 9> and that the B;'s act to create a phonon with mode, g.
Y

It follows that BP destroys p phonons and B;p creates p phonons:

9 9
Bg o> = P Ix,>
(4-50)
tp
By 1,2 = AT D

Using these results, the energy and the state vector of the lattice

Hamiltonian, (4-42), are:
E =1z ﬁmq (N +%) (4-51)
lxN Y, (4-52)

respectively. Here vq = Soq,and R with its components, Nq',(J = 1,2,
vJ

---»3N,), represents the state of all 3NO phonons comprising the medium.
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5. The Model Hamiltonian of the System

In the 1ight of the previous section, we now return to the problem
of electron scattering from jonized impurities aésuming these to oscillate
at frequencies common with those of the pure, host crystal. Here we

consider only acoustic modes.

If the equilibrium position of the ionized impurity centre is 51

and its displacement at time t is n.(gi,t), the Hamiltonian of the

4

system (electron + ionized impurity + lattice)is:

H= Hattice * He]ectron * Hing (5-1)
where:
H = Ite (BB + ) (5-2:a)
lattice q g - ’
3
2 2
h d
H S I (5-2:b)
electron 2m* 3£2
Zeze‘kn|£‘5i'ﬂl
H. , = - _ 5-2:c
int e, L-Rinl ( )

where €, is the dielectric constant of the bulk material and y and
R; are the position vectors of a conduction electron and the ith ionized

oscillating impurity atom, respectively. In (5-2:c) we have introduced

the screened Coulomb potential where:
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2 4ﬂn092 ( )
kn = —p—=— 5-3
D sOkBTe
is the Debye screening wave number , n, being the average number

density of conduction electrons. n, is replaced by Zn§+) when all the
impurities are ionized (in semiconductors at room temperature, this

replacement is generally valid.).

As is well known, and as will be shown below, use of the screened
potential (5-2:c) prevents the divergency in electron scattering at
small angles discussed in Part I, 3. It is thus not necessary in this
and subsequent sections to introduce any cut-off in the range of the

interaction between the electron and ionized impurity.

6. Matrix Elements for Elastic Scattering

The matrix element for the scattering of a conduction electron from
a state, k, to another, k', due to the potential caused by the ith
ionized oscillating impurity whose vibrational state remains unchanged

will be discussed by use of the Born approximation.

From (5-2:c), the matrix element for elastic scattering due to the

h

potential caused by the it ionized oscillating impurity is:

_Zeze‘knfifﬁi‘Ql JUek) T
€oVo | X-Ri-Rl

(o' Hynelnk > = <l

r
N

d(B(xJ? (6-1)
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where IQ 5’)>is the state vector of the unperturbed Hamiltonian;

H » and is given by:

lattice ¥ Helectron

In k> = [pAk> (6-2)
where:
oD =lx, > = g Ixy 2 (6-2:a)

for the lattice and
. : .
lJé) = 5 exp (1&-,(") (6-2:b)
for the conduction electron.
Letting K = k - k' be the change in the wave number of the conduction

electron on scattering, and Ri =X - 51 - 0 its relative coordinate with

respect to the jth impurity centre, the matrix element, (6-1), is re-

written as:
knps 1Ko .
2 pPi 18R iK-(R.+n
. _ le e e 3 AT IV
nk' [Hipelnkd = - = S dg;” L xple Ix,>
o0 1 v v
1?
K
4rle 5'\:1 15
= —r e X,.[€ X (6'3)
€ VO(KZ‘H(DZ) { < 'Q' , ’Q’>}
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where, from(4-43), the displacement of the ith impurity centre may be

expressed by:

. ig-R. -ig-R.
1 VY | + avh|
n(R,) = ——=——=— = B e + B e (6-4)
T e g W q
q
with awq = powq/'ﬁ =posoq/ﬂ.
By use of (6-4), we obtain:
. ig-R. -ig-R.
ik = —— 1 iK'E |Be ' +Ble © (6-5)
v/Za v ,(3 '(\1 Ly 8
w (0]
q
In the above expression iK-n must be pure imaginary. It is, thus,
convenient to include the factor i =‘f:1 with the phase factor; i = ™2
Introducing g-gi = 9'51 + n/2, we obtain (6-5) as:
K- ig-R. -ig-R,
1'5-&=1'2—"“—%3—— Be "™ +pe VN (6-6)
q Y2 V. 8 9
q
Si +
ince Bq and Bq operate only the lattice state, 'XN:” we find, using
N N g
(6-6), that the lattice part of the matrix element, (6-3), becomes:
> ' .iq'R- ‘iq'Rc
iK-n _ . VRV | + VG |
<xgle N m‘X,Q> = n{ <XN | exp wa (Bge + B%e ) lXN >}
9 9 q
(6-7)

where we have dropped the "bar" notation and
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=
]

K-£q _‘/ K8
’q VZ(X g ) 2pOVOSQq (éjé . ,%’g;) (6-8)

b ©
with éﬁ being the unit vector in the recoil direction K=k - 5'.

The quantity, wq, is a measure of the "recoilessness" of the scattering.
When wg goes to zerg as when m = povo (total mass of the bulk material)

is large, the scattering is purclly coulombic as from a stationary impurity.

Since wq can be made arbitrarily small, we may expand the exponential in

n
(6-7), as:
. . n, 2n
) 19-R4 + T19°Ry = (-1)" W 2n

exp 'lW8 (B%e + Bge ) = nzo WQ‘— Ae-last_ic (6-9)
where:

2n _ ig-R. , o+ -ig-R.\2n

Aolastic = (Bge %5 + Bge 2°%4) (6-10)

We have restricted the sum in (6-9) to be taken over only even
powers since odd powers lead to a net creation or destruction of acoustic

phonons and hence to inelastic scattering which is of no interest here.

We now have to find the general form for the expectation values of

‘ oy . 2n Lo
the transition matrix of Ae]astic :j.e.,
2n ig-Ry 4 -ig-Ry 2n - +.2n
. = (B.e + B e ) = (B +B)
elastic 9 9 q g

This final expression is valid for elastic cases because of the even
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power of the bracket, but Only terms that have equal numbers of

operators of the B_'s and the B+' s need be taken into account for

q !
elastic scattering. The general form for the expectation value of
2?astic (see Appendix A ) is:
2n n (2n) 12" Ng |
Xy A .| x = x > . —— (6-11)
<: N8 elastic Ng:> =0 2n(r!)2(n-r)! (Ng r) !
where n = 0,1,2------- . It is significant to note that the coefficient -
of the highest power of NQ is given by:
~i@)—2!—— (6-11:a)
(n})
while the constant term is given by:
L : (6-11:b)
2" n |

If we appeal to the assumption that wq is small (recall that the

Y]
crystal mass is essentially infinite), we may restrict our interest to

small values of n in (6-9), From (6-11), we have:

(i) forn=0

0
<XN lAe]astichN ) =1
g 9
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(ii) For n =1

2 -
<XN 'Aelastic|XN ) - ZNQ t1
9 g
(iii) For n = 2
R 4 . _ 2
<:XN lAe]asticlxN Y- GNg * GNQ t3
9 q
(iv) For n = 3
L | = 20N 3+ 3082 + 40N+ 15
XNS{; elastic XNQ> q q q

etc., so that from (6-9) we may have the following form for the full

elastic scattering processes; viz.,

ig-R; . B+e'18'5
9

<xNglexp { 1'wgl (Bge

i)}’lXNg;>

2n
= (-1)W 2n
) nzo <2n§ | <1qu'AelastichN8:>
n
e’ Wt oo e 3.2
=1 - -+ (2N + 1) + (6N _“+6N _+3) - (20N_“+30N_S+40N +15)+
(2N + 1)+ y (BN 3) - g (20N 430, eaoNy

(6-12)

Reordering the powers of N_, (6-12) may be written as:

g’

ooooooo



-+

i
<:XN 'exp 1w 8 B‘ Bg
2 2
W We
[1-(—5—“ ()% -
we wh
4 2 0 °
%wgng [1-~§—+
3 6, 3
100 Mg Mg [1-

where:

Vol

2 VSq S q

0 00

(G - ) With K= k - k'

6-1 Absolute Zero Temperature

At the absolutely zero of temperature, T = 0°K, N_ is zero.

q

N

(6-13)

(6-13) reduces to the first set of square brackets and may be expressed

by:

(6-14)
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6-2 Low Temperatures

At very low temperatures, Nq << 1. Hence the matrix, {6-13), reduces
V]

approximately to the first two terms of (6-12) and may be written as:’

. ig-
<:qu|exp {1wq (qu

v N

R. -ig-R.
V| + VW 2 .
+Be )}Iqu?= exp {-Ng (MN%)/Z}

o0

(6-15)

which leads to (6-14) when T = 0°K (i.e., Ny = 0).

We note here that the Gaussian expressions, (6-14) and (6-15),
represent the well-known Debye-Waller factor for the reduction in the
cross section for the scattering of a plane wave from a crystal - the
excess momentum being taken up by the whole lattice. For y-ray emission
from a radioactive impurity in a crystal, (6-14) and (6-15) lead to the
Mossbaur effect. It represents the fraction of events which occur
without recoil (if W_ = 0 there is no recoil), and hence leads to

9

extremely narrow line widths when wg is small. In X-ray diffraction,
(6-14) and (6-15) lead to the fraction of such recoilless scatterings,
and in neutron diffraction to the fraction of recoilless scatterings

or capture possible for a given neutron energy.

In our problem the Debye-Waller factor will lead to the fraction

of conduction electrons which scatter from ionized oscillating impurity
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centres without recoil; the recoil being taken up by the acoustic phonons.
The Conwell-Weisskopf (1950) and the Brooks-Herring formulae (un-
published) are based on a model in which this factor is assumed to be

unity (i.e., infinitely massive scattering centres lead to fully recoilless
scattering). What we do here is to estimate what reduction from unity

is to be expected in the practical case.

6-3 High Temperatures

At high temperatures, Nq >> 1 holds. Hence each of the matrix elements
n
will be characterized essentially by the terms with the highest power

of N 3 viz.,
9

2 )|
<:XN | e]ast1chN 2 - <:XN | By + B )% N, >- 2?)2 Ny (66

Hence the matrix, (6-12), may be expressed by:

. 2n
ig-R; -ig 1 (-1)"W
xn Jexp {iW_-(B e v + X z '—————Ja——— N "
< Nq' { 3 9 3 ‘ N > (nl) 9
q .
(6-17)
We note here that the series expansion for the zero-order Bessel
function is:
® n
9 (x) =z b (6-18)

n=0 (n])2
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Hence (6-17) may be written:

19Ry 4 -1g0R; 9
xy' Jexp { iW_-(B_e +Be My > =J (W N2 (6-19)
{ Ngl { q '°q q H Ng:’ ° 39

v

From the results, (6-14), (6-15), (6-19) and (6-7), the scattering

matrix, (6-3), may be expressed in the following form ; viz.,

4r7e? eiﬁ'ﬁi -
2 2 (6-20)
eV, (K+kp©) g 4

<%"lH1nt(% >=-

where the Debye-Waller factor, Dq, is defined by:

N

exp {-qu(l + 2Nq)/2} for very low temperatures (6-21:a)
Y N
D_ = (N, << 1)
3

oie]

L :
J (24 N 3) for high temperatures (6-21:b)
"9’y
(N >> 1)
9

and wg 1s_given by (6-8) and Jo is the zero-order Bessel function

given by (6-18)

7. Relaxation Time for Momentum Transfer (Elastic Case)

We have obtained the scattering matrix in the previous chapter. The
probability of a transition per unit time can be obtained by use of it.

Since the perturbation theory gives for the transition rate from i to f:



-72-

Pus = Zr<ein il stk - £) (7-1)

the transition probability rate that a conduction electron will be
scattered from a state, k, to another, k', due to the potential caused
by the ith ionized impurity, but the lattice state remains unchanged is
given from (6-20) and (7-1):
LAV 2
F%k»g&' = 5 Kok lHint|Q5;>‘ 5(EQ5' - Epy)

VAV

32n32284

O(K+k

D

| ,' ,
7z 0 0 Sl - Fy! (7-2)

D
Assuming that the ali scattering events by oscillating ionized
impurities are independent we then find the total transition probability

rate by summing (7-2) over all impurities, viz.,

, (+) 2.4 (+
Pl - P. .- 3228"‘3) (1 0 8(Epyr - Ey)
onk' e ekt g Ozv (K2+k 2)2 q 9 QK Rk
(7-3)

where K = k - k' is the momentum change that the conduction electron
suffers on scattering and né+) = Né+)/ VO is the ijonized impurity density.

The initial and the final energy of the system are, respectively:

72K° ( )
E, = + 3w (N + 3 (7-4:a)
% 2m* ,c\l q 'g ?
2,2
E e = e+ sty (N + %) (7-4:b)
Ay 2m 8 q 8
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k = k' (7-5)

We must now sum (7-3) over all final electronic states to find the
relaxation time, keeping in mind the distribution function of the
conduction electrons for semiconductors follews the Boltzmann statistics.

‘We take the electronic distribution function, f(g), to be a pure

number such that:

Vo 3
—3 f(k) dk (7-6)

8n
is the number of electrons having wave numbers between k and £+d5.

Now the linear momentum of the conduction electron in this range is:
M(k) = mk f(k) (7-7)

Since in a simple scattering event, an electron in a state, Ks
initially will change its momentum by an amount, AB(K) = h(k-k'),
the total rate of loss of momentum by the electrons in the state, k,
through interaction with one or another of the ionized oscillating

impurities is given by:
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g%‘&]loss - E' hlk-k') f(k) {1 - f(&')} PK‘);'*K’)&' (7-8)

where 1 - f(k') is the probability that the final state, k', is un-
occupied. In a similar way we may find the total rate of gain of
momentum by electrons in the state, k, through scattering from all

possible states, k', by the processes in question to be:

aM(k) ] -
3 gain

From (7-8) and (7-9) the net rate of gain of momentum by electrons

Al ) #4041 - 700} P (7-9)

between k and k+dk may be given by:

ng X ]net - gM% : ]gain * ‘SMTE(k J'loss

= ; Rk-k') { k') - FR)} Pnk+nk' (7-10)

where we have used the principle of microscopic reversibility; viz.,

F:%;f = F%L*i (I:’is a transition probability rate).

From (7-7) and (7-10) the rate of change of the distribution for
the conduction electrons relevant to momentum transfer by the elastic

scattering processes is, thus:

28K < agg) - BLK)-F(K) (7-11)

ot
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where:
AR = (1 - £ B 760 (7-12:a)
B(K) = E'(l - Kk P@Tp%' (7-12:b)

As in chapter 3, the standard technique for formulating the concept
of the relaxation time is to treat A(k) as a slowly varying function of
time since B(k) is time-independent. Then (7-10) may be integrated to

give:
F(g) = () +C BT (7-13)

where fo(k) is the equilibrium distribution function, and B(k) is the

reciprocal of the relaxation time; viz.,

1 2 T
=3 (1 - Kk'-k/k%) . (7-14)
T,i k' 5 N P%—)-%
where we may replace the sum over all the final states, k', by an integral

using the density of states function, viz.,

v 3
(covvses ) = 03 j[ (coovene ) dk' (7-15)
kl

We, therefore, have (7-14) as:

v
1 . o o2y D 3
T 3/(1'16'16/")Fnk+»-df'6

i 8n J, LV
k
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or employing (7-3), the reciprocal of the relaxation time is given by:

1 422 ) (+) 1- k' k/kz 3
- = i - ( ) §(E - E_ )'dh' (7-16)
N — K

where the Debye-Waller factor, Dq, is given by (6-21:a,b).
]

We first evaluate (7-16) by integrating over the magnitude of 5' to
get rid of the s-function. Since from (7-4:a,b)

2,.,2 2,2 2
h k' ik h
d(E . - E ) = d( - ) = k'-dk'
QK Qk Zm Zm* m*
we have:
2 *
k'“dk' = k'd(E (7-17)
2 nk' - n)é

Without Toss of generality we can let k 1ie along the Z-axis so that
k' makes an angle, 65., with k. Since dt‘3 = k'zdk'dab., using
(7-17), (7-16) becomes:

2.4 * (+)
472"e'm n 2
1 D 4§ 1-k'- k/kA (10 )2 k' §(E. . - E )
& ﬁ3e02 I(Jé -k") ZF q 8 Rk Rk
3
Xd(EQK' - EQK) dﬂk| (7-18)

where dszk = sme}6 dek.d¢5. is the differential solid angle and here
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(65" ¢5') are the polar and the azimuthal angle of k'. We first integrate
(7-18) about -the energy part. Keeping in mind that, due to the s-function,
only k' = k contributes to the integral, the general form for the reciprocal

of relaxation time, (7-18), is given by:

1 - cose,

2
so—s—— (D )7, _, dQ (7-19)
{l—cose,+kD2/2k2 }2 “q K=k K
o k
k
where the Debye-Waller factor, Dg, must be evaluated for k' = k at which

wq is given by:

N
W =‘/ ﬁkz (cose - cose, ) (7-20:a)
g_ 2povosoq . % Jé’g
with cose = €0$6,€056 _+ sino,sine _cos(e - ¢ ) (7-20:b)
ksg kK9 kg 9 9
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7-1 The Conwellfweisskqpf Formula

From the general form for the reciprocal relaxation time due to the
Mossbauer type scattering, we can deduce the Conwell-Weisskopf (1950)
formula. To show this, we aséume that Dg = 1 for all g, i.e., we assume
that all scattering events take place without recoil or - what amounts
to the same thing - that the phonons remove the excess momentum completely
and distribute if.over the whole lattice so that the solvent atoms and
the impurity atoms remain fixed. Taking kD = 0, which corresponds to
no screening by conduction electrons, (7-19), after integrating over

¢, s becomes:
k

1 2n22e4m*né+) sinek
W T T 7T 33 T T cose.— 98 (7-21)
T]- Eoﬁk k Y

which exhibits the divergency at a lower limit, eJé = 0; the well-known
"Coulomb divergency". In a plasma of jonized impurity atoms and
conduction electrons at finite concentration, it is clear that scattering
angle, 6}6 = 0, can not exist since it corresponds to scattering events
which take place at infinite distances from the impurity centre and

such can not occur at finite concentrations because of interference from
the next-nearest neighbour impurity. Hence in practice 6)6 has a lower
limit, 6

min® determined by the impact parameter, b, which is of the order

L
of half the average distance between scattering centres; 2b = L =‘(né+)) 3.
Determination of the lower limit of the integral was given in chapter 3.

Letting 6}6 =0 in for the Tower 1imit of the integral in (7-21),and using
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the result of (3-32), we have the Conwell-Weisskopf formula:

1 w22e4né+) ( 1 Ee2 ) ( )
= — ~— In( 1+ —5— 7-22
Tg-w 502(2m*);§Ee3/2 Pe

* .
where Ee = h2k2/2m and Pe = ZZez/eoL are the kinetic energy of an
incident electron and the potential energy at a half distance of

impurity spacing, L/2, respectively.

7-2 The Brooks-Herrjng Formula

The Brooks-Herring formula is essentially the same as the Conwell-
Weisskopf formula. Here one takes account of the screening effect of
electrons: The result follows from (7-19) assuming that Dq =1 for

NS
all g. For this case we can readily integrate (7-19) over the solid

angle Qk to give the Brooks-Herring result:
v
™
2n22e4m*n(+) 1 - coso
é_H = 3 3D 2 2 2 Sine dev
T3 eozﬁ k {l-cosegkD /2k } Kk
8, =0
2 4 (+ g
WACH N ) [ ( : b : )
= In(l + b) - ———— 7-23
e “(an’ )5, I/ LD
o K
2 E
where b = 4k2 =4]§§' (7-24)
kD D

* *
and ;k = h2k2/2m is the energy of an incident electron and ED = ﬁszZ/Zm

is the Debye energy of an incident electron with wavenumber equal to

the Debye wave number. The Debye wave number, kD’ is given by (5-3).
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7-3 Relaxation Time for Mossbaur Type Scattering

To evaluate relaxation time due to the Mossbaur type impurity
scattering, (7-19), we have to calculate the Debye-Waller factor at

k' = k.

(i) Low Temperatures (Ng << 1)

For very low temperatures, the Debye-Waller factor is given by
(6-21:a), from which we have:

(m)q)2 = exp { 7 w%2 (1+ 2Nq)} (7-25)
q X

8’\;

We may replace the summation over all phonon modes, g

by an integral introducing the density of lattice states, p(g), via.,

(evemnnnn ) =./r( ....... )o(g) dQB (7-26)

(7-27)

which implies that the medium is isotropic so that one longitudinal

mode and two transverse acoustic modes are taken into account. According
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to the Debye theory, the maximum wave number that the medium can propagate
is found by the condition that the total number of modes equals three

times the number of lattice atoms, NO, in the medium; viz.,

Imax W Imax y ;
3No =’/r p(g) dg3 = ——%— dgs = —9§-qmax
8w 2n
0 0
Hence:
6n” No \1/3 2 \1/3 (7-28)
Imax = (h__Vr_—"'J = (6mn)

o

Employing (7-26) and (7-27) to calculate the power of the exponential

in (7-25) and from (7-20:a), we have:

s W2 (142N ) = Mo [y2 (142N ) dg®
q g xR 8‘!T3 8 '% ®

gé

3k 2
= 9Nk (cose _ - cose, _)° da (1+2N_)aqdq
167r3p S ./ 9 j‘(”g 3 d
oo ‘Q q
9

(7-29)

where do_ = sine_ de_ d¢_.
q g9 9 9

Since the average number of acoustic phonons, Nq, is independent
N

of angles, eq and ¢_, we can integrate (7-29) over the angular part by use of
N

o0

(7-20 :b)
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. 2 8r -
./r(cose - cose, )-da = (1 - cose,) (7-30)
2 9 k.g” g 3 k

Hence from (7-30), (7-29) becomes:

q
» : ) ﬁkz(l-cosgk) Tax 5 )
W 1+2N ) = - 1+ . q dq
q 9 9 2ﬂ20 S eﬁsoq/kBI -1
N o 0
0

where use has been made of the Planck distribution function for phonon

number; viz.,

- -1
N, - [exp(ﬁsoq/kBT)- 1 ] (7-31)
Letting u = ﬁsoq/kBT and introducing the Debye temperature, o, of

the bulk material by the relation, fiS q = kB@, we have:

o ‘max
) of/T
2 T
th 2 (2N ) = —BK (1-cose )(—%—)2/ (1+ —2—)u du
q 9 1 2rp S k 0 / e -1
o o 0
= Eﬁitfﬂﬂ__. 1+2:21520 (1 cose,) (7-32)
2o )0 3" Ve - COSPy
4V
3 _ .2
where use has been made of Anax = 6™ N7V, and

The approximation to the uppér limit is valid since for very 16w

temperatures T << 0. Defining:
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3E *
K n 2
6 (M/NO) { 1+ 3"

2%} (7-33)
(7-32) can be written in terms of gk and then’(7-25) can be written as:

2 : , ,
(mD_)yi_, = exp {as (1 - coss )} (7-34)
q g k'=k h 5

Substitution of (7-34) into (7-19) gives the reciprocal of relaxation
time for the Mossbauer type ionized impurity scattering at very Tow

temperatures:

2n22e4m*né+) 1 - cosek -ek(l—cosek)

= 4 e ~ v sind, dé
T eozﬁ3k3 - {1-cose,§+k02/2k2 }2 kk
ek -

(7-35)
4V
It is important to note that (7-35) differs from the Brooks-Herring

result (see(7-23))only through the exponential factor exp {-B(l-cosek)}
n

in the integral.

(ii) High Temperatures (Ng >> 1)

For high temperatures, the Debye-Waller factor is given by (6-21:b)

and for phonon number, Nq, we can use the high temperature approximation;
Y

viz.,

kKo T
N = [exp(ﬁsoq/kBT) -1 }-1 x> _'ﬁ—gT (7-36)

q 0

Since series expansion of the zero-order Bessel function is:
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Jo(x) =1 - (%)2 + _iﬁ{%94 - _éi_(§)6 Feerreennnn
we have:
2 _ 12 3 4 5 .6
JO (X) =1 - ?X + —§§-X - §7g-x Freeecenane

On the other hand;

2
e'X /2 =1 - %‘X + %‘X e oo X Areecccrans

Hence for small value of the argument of Jo we may approximate
2 .
JO (x) as:

2
JOZ(X) < e’X /2

and there results:

2
T WEN ‘} (7-37)
g9 g 8 8.

We note here that this approximation can be made as precise as desired

by choosing the volume V_  sufficiently large. Comparing (7-37) with
(7-25) we see that at very low temperatures (T < 1°K) one phonon process
is very signigicant. For semiconductors,except for very low temperatures,

we can use (7-36) as the phonon distribution and we may, therefore,
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neglect unity compared with 2Nq in the round bracket in (7-25). This

v
leads to the expression, (7-37). To calculate (7-37) we introduce the

density of lattice states and employ the phonon distribution, (7-36).

We then have the power of the exponential in (7-37) as
3V
2 0 2 3
T W = W"N_ d
g 8 9 83/88%

3k k T
cose - c0s6 ) dq dQ (7-38)
161rp$ k9

where use has been made of (7 -20:a). The angular part of the integral in

(7-38) is exactly the same as (7-30). Hence (7-38) can be written as:

5 Kok Ymax
IW" N = (1 - cose,)
2 \
9, g fg.- 2"20050 J\(A
3MKkN, .
= __Eigé—_—'(éa (1 - coseh) (7-39)

= 3 _¢2
where we have used the relation, RS 4 kBe and Umax 6 NO/Vo

max
Defining:

*
'=12 : m T

JS' -v
8,,‘} kgo (M/No) ) (7-40)

(7-38) can be written in terms of Bi and then (7-37) can be written as:
n

(nug)lf,:k = exp {'st (1- cosek)} (7-41)
!
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Substituting (7-41) into (7-19), we have the reciprocal of relaxation

time for the Mossbauer type ionized impurity scattering at high

temperatures:
2nZ e m n(+) 1- oS0, - Jé(l-cosek)
= 7 e v
e S {1 - cose, + ky2/2k? }2
' Y
sine, do, 8 (7-42)
N N ~

where now BL is given by (7-40).

uv

7-4 Change in Relaxation Time for Elastic Recoilless Scattering

To obtain the explicit forms of (7-35) and (7-42), we have to

calculate the following integral:
2 -cX
A (7-43)
0 (X + a)

where X =1 - cosé , a = k2/2k2 and ¢ = Bk for lTow temperatures
V] V]

and Bk for high temperatures are given by (7-33) and (7-40), respectively.

The lower and the upper limits of the integral, (7-43), take 0 and 2,

corresponding to eJé = 0 and m, respectively.
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This integral, (7-43), may be evaluated exactly from tables of the
exponential integral for any given c. However, for our purposes c¢ is,

practically, bound to be small for both BE and Bk . Since T < @, it is

5

clear, because of the small ratio, m*/(M/NO) = 1077, that Ek >> kBe for
v

both B and Bk to be comparable to unity. This indicates a need for hot
N

electrons in media of low Debye temperature for significant recoil scatter-

1

ing to occur., Setting Ek = 3kBTe/2 and.Te/e = 10° ~ 102, we see both BK
v

sk ~107% ~ 1073 and, accordingly, we may expand the exponential in (7-43)
to give:

2 -CX 2

—te o= (1

o (X +a) o (X +a)
= {In(1 + %) _——2la yoaciin(l + %)_ 2+ 2/a4,...
1 +2/a 2 + a
(7-44)

where ¢ = 3}6 for low temperatures and Bk for high temperatures are given

by (7-33) and (7-40), respectively and a = kg/2k2.

(i) Low Temperatures (NQ << 1)

For very low temperatures, from (7-35) and (7-44) we have the reciprocal

of relaxation time for the Mossbauer type ionized impurity scattering as:



1 T 22 e4 né+) : L+ b2
= ’ﬁ1n(1+b) - }+4_§;{1n(1+b) S S 7 28 A
Ty e‘§(2m.k)l/2 EE/Z 1+b 1+ 1/b ]

(7-45)

where b and ¢ are given by (7-24) and (7-33), respectively. We note here
that the first term on the R. H. S. of (7-45) expresses the reciprocal of
the Brooks-Herring relaxation time, (7-23).

It follows from (7-23) and (7-45) that the ratio of Ty and r?’H is:

T

;-H =1- 4(Bk/b){1n(1+b) - (1+b/2)b/(14b)}/{In(14b) - b/(1+b)} + ****
T. v
i

(7-46)

We can see from (7-46) that the relaxation time due to the oscillating
ionized impurities is slightly greater than that due to the fixed impurities.
Physcally this means that the acoustic phonons induced by oscillating ionized
impurities carry away the recoil momentum slightly less effectively.

For example when EK = Eps i.e., when b = 4, the ratio of r, and T?-H is 1+

6

9.4 x 107" , and in this case there is about 0.001 % increase in the relax-

ation time.
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(ii) High Temperatures (Ng >> 1)

For high temperatures, from (7-42) and (7-44) we have the reciprocal

of relaxation time for the Mossbauer type ionized impurity scattering as:

- 22 e4 n‘(+)
L = 2 * 1 D3/2 [{]T\(l"'b) - b }+4’—E—{]n(1+b) - u_%}.p cses
e (em)F g 1+b 1+ 1/b
(7-47)

where b and c are given be (7-24) and (7-40), respectively.

From (7-23) and (7-47), the ratio of <, and TE‘” is:

T.

—F=1- 4(B£/b){1n(1+b) - (1+b/2)b/ (1+b)}/{1n(1+b) - b/(1+b)} + ----
1

T.

(7-48)

where BE and b are given by (7-40) and (7-24), respectively.

We now note that, since Bé > Bk,‘ri at high temperatures may be
somewhat greater than T at Tow temperatures. Physically this means
that the acoustic phonons induced by oscillating ionized impurities
are more active at high temperatures than at low so that these acoustic
phonons carry away the recoil momentum slightly less effectively at

high temperatures than at low.
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For example when Ek = ED’ i.e., when b = 4, the ratio of T
N

and r?'H is 1+ 9.4 x 10'5, and in this case there is about 0.01 %

increase in the relaxation time.

We conclude from these results obtained in (i) and (ii) that,
even under these conditions of fairly hot electrons, the relaxation
time-increase is only about 0.001 ~ 0.01 %. Our model, taking account
of the impurity oscillation frequency common to lattice,does not modify

the Brooks-Herring result appreciably.



PART III
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8. Matrix Element for Inelastic Scattering

In Part II we considered the elastic scattering processes (i.e.,
the lattice state is unchanged), taking account of all the terms in
the expansion of the exponential in powers of n- In this part, we shall
consider only first-order processes for inelastic scattering.

From (5-2:C), the matrix element for the inelastic scattering is :

2 e-knhc-lsrnl Uk

l -Ze
e VolX - Ry -l

3

<n'k'[Hypeln k> = <x 4|y

n]l

s

(8-1)

where |pk)> is the state vector of the unperturbed Hamiltonian; H

H

lattice *

electron® and is given by (6-2), the states |n) for the lattice and k>

for the conduction electron are given by (6-2:a) and (6-2:b), respectively.
(8-1) shows that a lattice state goes from p to p' and a conduction electron

goes from k to k', respectively, due to the interaction potential caused by

th

the i~ ionized oscillating impurity.

As in Part II, letting p=r-R:-pn and K k-k" s (8-1) becomes :

N

2 . .
1t _ 4n Ze TR*K. 1K
X'k’ Hypelnk> = - it KRl 176 R1x 0] (82
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The exponential, exp(iK-p), may be expanded in power series with respect

to p, and the last factor in (8-2) 1is reduced to:
<xQ.le15'ﬂle>= s(n's p) + iKp' IKplpd + veeee (8-3)

The first term on the R.H.S. of (8-3) corresponds to the elastic part
while the second term corresponds to the first-order (one-phonon) processes
for inelastic scattering, which is our main interest here. We may neglect
the one-phonon processes arising from the higher order terms which are much
smaller than the first-order term in p.

From (6-6), the second term in (8-3) is:
<n'lK-nlo= §<Q' [wg(B%eiﬂV%i + Bge'i%'gi)lrp
— ig-R. 1/2 ' -i ‘R, 35 \
—ng{e1% YN -1 + e ig GIUREY a(N%,N%ﬂ)}
9

(8-4)

where H& is given by (6-8) and use has been made of (4-48) and (4-49).

From (8-2) and (8-4), the matrix elements of the first-order processes

are reduced to:

2 .
] - : 4 Ze ;ﬁ 1( + )'R- .
<N8-1"I\(‘ |H'|ntIN,C\|’,"\(/>_ -1 m N%N‘% e 5 'g vl (8-5&)
oo D )

2 N
' - A ' ] ( - )’ . .
CHGELE iqeINg > - 1 E g g TETR - (o5
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where (8-5:a) and (8-5:b) correspond to the phonon absorption and the
phonon emission processes, respectively. This interaction changes the
state of the semiconductor by scaftering the conduction electron from
k to 51; and either absorbing or emitﬁing a phonon with mode q. Hence
we can write:

K -k3g=0 (8-6)

8-1 Transition Probability

From (8-5:a,b), we have the squares of the matrix element for

a phonon absorption and emission as:

2 2 4
2 I6m 7 e 2
KN -1,k [Hs [N Lk = A W-N (8-7:a)
g v intiTgy eV (K+ k) 8 8
[e XN o]
and
9 16 2 Z2 L 5
N +1,k'|H. . IN k) =20 _£E W (N +1 8-7:b
eOVO(K + kD)

respectively. Substituting (8-7:a) and (8-7:b) into (7-1) , the

corresponding Born approximation for the transition probability is:

y

2 2
2m 161 Z e 2
= &1 . : W NS(E .- E -he) (8-8:a)
Fi:k' B eV (K+k) 98 k'K q

LY 0 o0 D



-95-

when a phonon with mode q is absorbed and

2 24
P 2n 167 Z e 2 '
= = —W (N +1)s( E,,- E, + fw_ ) (8-8:b)
k-k' 2 2 .2 272 q

when a phonon with mode q is emitted. Collecting the results (8-8:a,b),

the transition probability rate for all phonon modes g9 is:

2 2
_2n 1617 e wz{
q

NgG(E!\S.-Eb

;"IA‘—*K% ] z-:z Vi(K + k )

0o
'\1

e )
wq)

¢ (N8+1)a(sjs.-sk+ﬁwq)} (8-9)

where s-function ensures the energy conservation; a conduction electron
in state 5 is scattered onto one of two surfaces defined by the energy
conservation relation EE' = Ek * ﬁwq. Since each scattering event of a
conduction electron by impurity centres is assumed to be independent,

we can sum (8-9) over all impurities, N( )to give the total transition

probability rate:

(+) 2
Ny 3.2.4 (+) - W
_ 32 v71"e! Ny q _
P on'k ZIQDK-*M fi e§ v, Z (K% + kz)Z%Nqs( k' Ek mq)
- 9

+ (N8+1)6(E5'-E&+ﬁwq)£
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A E
-Pue k =x+9 +Plo k' =k - 9) (8-10)
where né+)= Né+)/vois the impurity density and
F)A 32 1372 n() ”g
(k') = D > — N 5(Ey 1~y )
Bl v 5 (K+id)? Rk
and (8-10:a)
: 32 157%(") W2
P(,ls,,N') = : Z : % — (N_+ 1 )6(EK"EJ§+ﬁ“’q)
fed v g ( K+ 12 )2 3
(8-10:b)

are the transition probability rate for phonon absorption and the phonon

emission processes, respectively.

9. Collision Term

Using the transition probability,(8-10), that a conduction electron
in a state g makes a transition to another state 5' by either absorbing
or emitting a phonon and taking into account the property of micro-
reversibility and of the probability of electron occupations, Fk{1-f(k')},
i.e., the probability that the initial state 5 is occupied and the final

state 5‘ is unoccupied, the collision term in the Boltzmann equation is:
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S (k)
( : ) 3 PR () - PR (R ]
dt collision K
> [PE%',;U)f(,ny)(l;f(p) + PR K F (K ) (1-F(K))
Kl
- PE (k) F () (1-F (k) - PA(Jga)é'Bf(J'é)(l-f(Jg'))]

(9-1)

where the first, second, third and fourth term of (9-1) correspond to

the following diagrams respectively.

T Kk

’

Fig, I Diagrams of Scattering Processes

Substituting (8-10:a,b) into (9-1) 4 we obtain:

3 f(k) 322e4n
( dt >c0111s1on €op S 2;2 (q% +k (N +1)f(t )(1-f(k))

$(E KBt ) + N, f(Je }(1-F ()8 (E B ) - (N +1) (k) (1-f(k))
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x - w ) - -f(k! ~E, - -2
G(EK' Ek+ﬁ q) Ngf(]\(})(l fk ))G(E}é E!\(, h q):' (9-2)

where use has been made of (6-8), noting K = k - k' = zg.

Introducing the density of lattice states and the density of electron
states given by (7-26) with (7-27) and by (7-15) respectively, we can re-

place the sum over all lattice modes, g, and the final electron states, 5',

by integrals « Thus (9-2) becomes:

SF(k) 3 2% ")
I =y B (N +1)F(K' ) (1-F(K))
St collision 4 1% s ° q
k' g
X S(EE'EJ\Sl'*,'ﬁwq) + N%f(,"(_")(l‘f(,'é))s(EK,‘Ekl“ﬁwq) - (Ng'*'l)f(,'\(‘)(l'f(,l\("))

, ) I3 3
« 8B -Eiag) - NF(K)(1-F(k ))a(Eh.-Elé-mq)]djé dg

(9-3)

The first two terms in (9-3) give the. number of conduction electrons scattered
into the state k and the last two in (9-3) give the number of conduction
electrons scattered out of the state k per unit time, either by emission or

absorption of an acoustic phonon.
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The expression of (9-3) may be simplified if it is assumed that fhe
phonon number, N%, is determined by the equilibrium distribution function
(7-31). Howeverywe note here that the use of (7-31) in (9-3) is not
always justified. But it will be satisfactory whenever the relaxation
processes which establish equilibrium of the phonon distribution are
rapid compared to that which operate to return the electronic distribution

to equilibrium. In this case, we proceed under the assumption that (7-31)

may be valid to use.

9-1 Thermal Equilibrium Situation

If the system is in equilibrium, the collision term, (9-3), is zero.
This is easily proved (see Appendix B) by replacing Nq for phonons by
N
(7-31) and f(k) for electrons by:

Ey-u)/keT -1
£O(K) = [e( e, 1] (9-4)

for their equilibrium distribution functions, respectively.

At the equilibrium, the following useful relations hold:

{(N%'*'l)fo(’l-é' )(l-fO(%))}G(EKI-Ek-ﬁwq) (N fO(J\(,)(l"fo(}é'))}G(Eje"Ek'ﬁw )

9 X q
(9-5:a)

|"E

Kk

{(N%+1)f0(5)(1-f0(5-))}a(E +ig ) {quo(k.)(1-f0(5))}6(E5.-Ek+ﬁwq)

Y

(9-5:b)
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10. Derivation of Linearized Boltzmann Equation

When the system is in a uniform weak electric field E, the Boltzmann

equation can be written as:

e E af(k) [f(k) (10-1)

fi 5}\5 ot collision

If we assume that the collision term can be taken to be of the form

(the relaxation time approximation):

f(k f(k) - f°
3f k) o fl - k) (10-2)
ot

collision T(k)

then we may solve (10-1) easily.  (10-2) implies

that any change in f(g) from its equilibrium value will relax exponentially
with a time constant T towards the equilibrium value fo(%). We note

that a thermal gradient is assumed to be absent so that the distribution f(b)
is only a function of k and t. Therefore from (10-1) and (10-2), we have,

within a first power of E,

e f af°(k) (10-3)
Y

fk) = (k) - =
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where f°(5) js the equilibrium distribution function and is given by (9-4).
. *
Since f° depends on j§ through the electron energy EJ& (= ﬁ2k2/2m based on

the simple effective mass model), we have:

20 af df wk of (10-4)
> k LY L
where:
(E,-u)
dfY  __se Kt = - BfO(K) (1-F°(K)) (10-5)
dE, ( eB(Et-u) +1 )2

and B = (kBTe)'l. Hence we can write (10-3) as:

| > f°

f(k) = (k) - o(k)- (10-6)
JE,

where: (k) = TS0 (kE) (10-7)

@(g) is defined by (10-7) and is now the unknown function and assumed

to be small. Substituting (10-6) into (9-3), keeping only terms with
the first power of ¢ (since we are considering the terms with the first

power of E) and using (9-5:a,b), after some manipulation (see Appendix C),
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the collision term (9-3) becomes:

2 4 (+)

N

af(}é) 317e np '8 q " . |
- - - [ )
t collision 4ﬂ3€§ .S, ( qz . k§ )2 q
X5(Ek.-Ek—ﬁwq) + fo(,'ﬁ')(l'fo(,lg))S(Ek.-Ek"'ﬁwq)]l:@(k') - ‘I’(&)] C1|“-<J"3dq3

(10-8)

where we have made use of (10—5),and 5' = 5 * g for either a phonon
absorption (+) or phonon emission (-) processes.

From (10-1), (10-3) and (10-8), the linearized Boltzmann equation is:

2 4 (+)
3 £°
.e " ° B Nq[Q(k') - @(Js)] ¢ dk' 3dq3 eg a )
W, | (aad)? ? h ok
(10-9)

where: v = £O([1-F ("] 6 (Ey -y Tag) + £k [1-F(k D 8(Ey 1 -E, #Piw )

ko

(10-10)
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Note that ¢(k) is derived under the assumption that the energy Ey is
AV

a quadratic function of k. If we assume [ = ( 0, 0, E, ), (10-9) becomes:

322e4nl()+)ﬁ3 q .
3 ‘-—-——2——"2—‘—2- N% [kz T(!s ) - kz’l'(,l\(/)]‘{’ d}\(} dg
4n e, P, So (q +kD )
* 5 FO(k)
= _Mm . K (10-11)
o9 k,

where v 1s given by (10-10). (10-11) is the basic equation to determine

relaxation time =.

11. Relaxation Time for Momentum Transfer (Inelastic Case)

For lightly doped, nondegenerate semiconductors we can use the
Boltzmann distribution function for conduction electrons;

-(E ~u)/k,T
P - e k) 8Te

~

(11-1)

in stead of the Fermi-Dirac distribution function (9-4). Hence we can
replace the square brackets in (10-10) by unity. The basic equation

for nondegenerate semiconductors may be written as:
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3Z e né )ﬁB q
372 2.2 2 Ngl:k w(k') lﬁ):": (k)8 (€ -E ﬁ“’q)

4n €5 P, S (q +k n

o

o * 37 (k)
+f(§w6wknqgm>ﬂdw3g? 2 ¢ (11-2)
N M ' i akz

We first integrate (11-2) over k'. Noting f°(K) = f° (E ) and that k2dk

={(2m*)3/2

/2h }EEdEk’ and since Ek = H k /2m , we have:

[kéT(g') - k,t(k ﬂ[%o(k)G(Ek.-Ek-ﬁwq) + f°(5')6(Ek.-E§+hwq{]dK§

2Tl]ﬁk-cose£.)r(5- -k T(k:][f (k) 6(Ek. £y Mg ) + £k )a(Ek,_E +h )]

xk'zsineb.dekidk'

2nk_(2m )32 (k) / [ y
- ﬁ [ ’EG(E ) E ﬁw l§, 5f"

x S(Ek.-E!\(fﬁwq)dEK.]

2nk (2n") % 2x (k) s -
= - h3 ' [(E%+ﬁwq)2f (EJ\S) (Ek-ﬁw )*f (E,‘\(J-ﬁw ):]
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From (11-2) and (11-3) we have the reciprocal of relaxation time

for momentum transfer as:

*/-
1 322e4(2m )lzné”kZ 3F° (E
= .
. w2elp S NkgT, ‘/ (q +k g

1

L0 L.o 3
x[{E%¥ﬁmq)2f (E%) + (Ek-ﬁwq)zf (E%-ﬁwq%]dg (11-4)

For semiconductor Ek is of the order of thermal energy of a conduction

electron; Ek 3kBT /2, and Max ﬁw is of the order of k 6 = RS oOmax®

where 0 is the Debye temperature of the bulk materijal. If Te>> 0, we can

approximate:
(B # ) = EZ (1% hu /B, - oo ) (11-5)
kK= K 9"k
and noting ﬁwq = ﬁSOq << kBTe, we can write:
(E, -fw_-u)/k,T - Tiw_/kT
o . - k "q B'e _ q" ' B'e oo . £0
f (,EJé ﬁwq) e N e f (Elg) = f (EKJ)R
(11-6)

Thus:
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3F°(E)  3F°(E) 3E,

K 26 3k, m kgT

f°(EK) (11-7)
Z

~ _ x2,2,5 %
where use has been made of (11-1) and Ey = ﬁ,ﬁ /2m .,

v

From (11-5), (11-6) and (11-7), (11-4) becomes:

BZzea‘(Zm*)S/2 né+)
Ts n2 82 0. So ﬁ3

o]

N 4g3
g

5 (11-8)

Y
k
~

(q

where Nq is defined by the Planck distribution function, (7-31),

which follows:
Ng = kéT/ﬁSoq (11-9)
for kBT >> hsoq. This high temperature approximation is valid for

temperatures , T21 °K.

From (11-8) and (11-9), we have, after angular integrations;

| 1222 (2n™)3/ 20 {* )i 12 q? |
1 p “pTEx |
- dq (11-10)
o "o o D

;t is important to note that the integration is carried out over the
whole range of values of g. We shall determine the 1limits of this range.
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If the energy of a conduction electron is Ek = ﬁ252/2m* and the frequency

of the longitudinal acoustical waves is o = Soq, where SO is the speed

of these waves, it follows from the law of energy conservation ( recall that
s-function ensures the energy conservation of the system ) that:

2
)

2, 2,2
AR R P G ) RS I ST (11-11)
N g 2m 2m ©

The upper sign represents the absorption of an acoustic phonon and the

lower sign the emission of an acoustic phonon. Therefore,
q =¥ 2k coso = Zm*So/ﬁ (11-12)

where 8 is the angle between the directions of the vectors 5 and 9.

We shall find the second term in (11-12), dividing it by k,

m's /hk = 2m7S /p = 2m'S /o3m k.T = 11-13
m S /fk = ms_/p = mSo/‘/Sm ple = 2 T/Te (11-13)

*
where T =m 55/3kB’ and kB is the Boltzmann®s constant. Since conduction
electrons are distributed in accordance with Boltzmann®s law, we can

*
assume that the average value of p 15'VSm*kBTe. If S0 = 105 Cm/sec and m
= 0.5 x 10'27g, we find T < 1 °K. At all temperatures T>>1 °K, we can

neglect the second term in (11-12) and, therfore,

g = 7 2k coss (11-14)
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which shows that the range of integration with respect to q extends
from g = 0 to q = 2k. Neglecting the term Zm*SO/ﬁ is equivalent to
neglecting the second term in (11-11), i.e., equivalent to neglecting
the term describing the inelasticity of electron-phonon collisions.
But an electron in a state 5 is actually not scattered onto a surface
of constant energy Ek' = Ek but onto one of two surfaces slightly
displaced in energy, hwq, from it,

Since the average value of k for electron at 300°K is about 107Cm'1,

and according to the Debye theory the value of q
8

max is, from (7-28),

10%m-1, it follows that 2k < Yax We therefore take 2k for the upper

limit of the integral in (11-10) for semiconductors. Hence the integral
in (11-10) becomes:

2k

2 ) 1 2k

— gy dg tan™" (a/kp)

I
]
1)

+

77
(a° + k7) 2(q+k0) 2k, 0
0
- -t tan‘l(zk/kD)
W ks 2k
= F(2K/kpy) (11-15)

Hence from (11-10) and (11-15), the reciprocal of relaxation time due

to ionized oscillating impurities is:
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. 127%e% (2m*)3/ 2y (+)k TE E
e T2 4 ~— F(2k/kp)
i moE P, So h

3 ()2 agr ezt |
- . i E2 G(2k/k.) (11-16)
g 2 2 k D
27 fi DOSO Eo kD v

where use has been made of (5-3) in which n, is replaced by Zné+).

Here G(k/ZkD) is given by:

9 2k/k,
6(2k/ky) = tan™"(2k/ky) - : 2 (11-17)
+ (2K/ky

Note that (11-16) is valid except for extremely low temperatures.

(i) Fairly Low Temperatures and High Impurity Concentration

In this case the condition, 2k << kD’ is satisfied, so that we

can expand the terms in (11-17) to give G(Zk/kD) as:

G(2k/ky) = 2k/ky - (2k/kD)3/3 Foaeen. - {1—(2k/kD)2}2k/kD P

(11-18)
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We, therefore, have the reciprocal of relaxation time as:

8 (") kT
1 - B )E4
T, 3 2 (+
i  On i pOSO Ny K

9 (23 kg T Ti 1119)
2 B p st ng*)

where we have used (5-3) in which n, is replaced by Zné+)when all

jmpurities are ionized, and E, = 72 2/2m* = 3koT. /2.
K B'e

(ii) High Temperatures and Low Impurity Concentration

In this case the condition, 2k >> kD’ is satisfied, so that

(11-17) approximates to:

6(2k/kp) tan'l(zk/kD) (11-20)

We, therefore, have the reciprocal of relaxation time as:

L8t @)Y @)Y gt L, e YE
Hi . . - . 2
o .2 b /R L TS | I C))
) L D
3, (en) 2 (2e) ¥ ks (+)% -1 3€om* \F kBTe-l
= 3( )2 I * 3/2 . ] nD 2T Te tan (+)
2 h e pOSo 4'ranD } eh J

(11-22)
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where we have used (5-3) in which n, is replaced by Zné+)when all

impurities are ionized, and E, = Kok/2n = 3k;T /2.
k8

12. Effective Relaxation Time (Mixed Scattering)

In real crystals, several scattering mechanisms usually act
simultaneously. In fact, in every interpretation of the results
obtained for a given transport phenomenon we are faced with the
problem of the mixed scattering of conduction electrons; these
scattering mechanisms are usually the scattering by ionized impu-
rities and by acoustic phonons.

Applying the well-known addition rule to the reciprocals 1/t:

1 L (12-1)

1]
<t
A

we obtain the following expression for the simultaneous scattering

by the acoustic phonons and oscillating ionized impurities:

T
I T N - (12-2)
Tp Tp Ts

Teff T i

where t; is given by (11-16) and ™ is the relaxaion time due to the
ordinary electron-phonon scattering (see Appendix D for derivation) and

is given by:
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E]\S (12-3)

where C is the deformation potential constant (the electron-phonon
coupling constant) and EJé is the average energy of a conduction
electron (Ek = ‘r’1‘2}62/2m*E 3kBTe/2). We note here that the acoustic
phonon scat:ering is encountered in intrinsic semiconductors.

Since the temperature range valid for both rp and T; is the same
; i.e., T > 1°K, we may find the effective relaxation time, (12-2),

in extrinsic semiconductors.

12-1 Oscillating Ionized Impurity Effect

To calculate the effect of oscillating ionized impurities on Taff’

we consider rp/ri. From (11-16) and (12-3),

Tp 122294né+)
- = 5 G(Zk/kD) (12-4)
j €, C kD

where G(2k/kD) is given by (11-17) and kp by (5-3) in which n, is replaced
(+)

by ZnD when all impurities are ionized. Then kD is called the screening

wave number (the extrinsic Debye wave number).
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Assuming C = 1.76 x 10" erg, m" = 2.004 x 10728

g, €, = 15.8
and that the impurities are singly jonized (i.e., Z = 1), we have,

from (5-3), (11-17), (12-4) and using k = (3m*kBTe)%/ﬁ, for a thermal

electron:

i |

—P . 1.066 x 1074 for T =300 °%k, n{) = 1017 cp3
T e D

"p _9.867 x 107 for T, = 300 °K, né+) = 10%! ¢n3
Ty
T

—P . 2.011x 107% for T =103 %, n) =101 ¢n3
TS e D
T

—2 «5.657 x 1073 for T, = 103 °k, né+) - 10%! cm3

From the above results and (12-2), we have:

(Teff-rp)/rp x 100 % = - 0.0l % for T = 300 °K, né+) = 10" ¢m3
(Teff-tp)/rp x 100 % = - 0.10 % for T = 300 °K, né+) = 102! ¢m3
(tepftp)/Tp X 100 % = - 0.02 % for T, = 103 %, né+) = 10%7 cn3
(tepftp)/Tp X 100 % = - 0.56 % for T, = 103 %, n6+) = 1021 op73
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We conclude from these results that the oscillating ionized impurity
effect is too small to be observable at temperature s Te > 1 %,
but we see that as temperature or impurity density is increased, oscillating
impurity effect is slightly increased. Physically this means that as tempe-
rature is increased, electron-phonon scattering is more active, not only due
to the oscillation of solvent atoms but also due to that of impurity atoms.
Hence electron-phonon scattering through impurity oscillations should be taken
into account. Since impurity atoms also oscillate like solvent atoms, as
impurity densities are increased, electron-phonon scattering through the

impurity oscillations contribute to the effective scattering mechanisms.

12-2 0Oscillating Ionized Impurity Effect on the Deformation Potential

(or the Electron-Phonon Coupling) Constant

Comparing (11-16) with (12-3), we have the effective deformation

potential (or the effective electron-phonon coupling) constant, Copps aS:

where G(2k/kD) is given by (11-17).
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ﬁe see from (12-5) that as né+) - 0 or kD > o (f.e., Te -+ 0), Ceff - C,

i.e., the effective deformation potential (electron-phonon) coupling
constant, Ceff’ goes to that for intrinsic semiconductors.
Using the results obtained in the previous section, we have Ceff =

Ceff( Tos né+) ) as follows:

Cors(300,2017) = (1 +5.330 x 107° )¢
Corr(300,10%0) = (1 + 4,934 x 107% )¢
Corr(10%,207) (1 + 1,006 x 1074 )c
Corr(10%,10°0) = (11 + 2,829 x 1073 )¢

where the units of Te and né+)are °K and Cm'3, respectively.

We conclude from the above results that the effective
deformation potential energy is slightly increased at higher
temperatures or higher impurity densities but these effects
(due to the oscillating ionized impurities) are too small

to be observable at the temperatures, Te 21 °K.
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Conclusions

From the analysis and the computed results presented
in the previous chapters, tentative conclusions are drawn
as follows:
(i) The effect of the impurity oscillation tends to increase
the effective deformation potential coupling constant, Cg¢¢-
In the case of high temperature apporoximation, such a change
is still less than 1 % for most non-degenerate non-polar semi-
conductors.
(ii) This -effect tends also to decrease the effective electron-

phonon relaxation time since it is inversely proportional to

2
eff’

mobility. However the lowering is small, and it would be less

C This implies that this effect tends to lower the electron
than 1 % even at temperatures up to the meiting point and with
impurity concentrations reaching the degenerate conditions.

(iii) These theoretical results are essentially the same as

those of Conwell and Weisskopf, and Brooks and Herring whose

theory is based on a scattering potential due to a stationary
impurity, which is coulombic.

(iv) The results taking into account the effect of the oscillation
of impurity ions are not sufficient to explain the deviations

3/2

from the T law.
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Tt should be noted that the failure of using this effect
to explain the deviation from the T3/2 law observed in some
non-polor semiconductors may be due to the following facts:
(i) The high temperature approximation may be inappropriate
for non-degenerate semiconductors since at low temperatures,
scattering by acoustic phonons through impurity oscillations
becomes inelastic and can not be described using high temperature
approximation.
(ii) High temperature approximation implies that the conduction
electron energy is always greater than the interaction potential
energy. However, there is a possibility that the conduction
electrons are trapped by ionized impurities. In fact, such a
possibility may become very signifficant, especially at low
temperatures.
(iii) Direct interaction between phonons and oscillating
impurities has been neglected in our calculation. this may also
be very significant at low temperatures and with high impurity

concentrations.
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(A) The Harmonic Oscillator and The Derivation of the General

Form :

B+ 8] x> = 1 (2n)!2" !
_ + = I ' '
<XN8 9 XN% r=20 2n(r!)2(n‘r)! (Nq' r)l

q

The Schrodinger equation for the harmonic oscillator is given

by:
S 2 2
[— -Zﬁ]-— —3;2' + l/zqu X. ]Xn(x) = Ean(X) (A = 1)
where
En=an(n+>2) (A -2)
";’BZX
_ B 2
x.(x) = |n> = ' H (8x)e (A - 3)
n I “%Zn n! n
‘mu)

where xn(X) is normalized and 8 i‘—ﬁfl- .

Now we consider the following matrix element:

P B p ' -Bzxz
1
<n} X7 |md (ﬂ2n+mn|m|)2fx Hn(sx)Hm(sx)e dx

=]

Q0

. 2
1 J/;pHn(n)Hm(n)e‘n dn (n = 8x)

L

Bp(ﬂ2n+mn! ml ) 2.8
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n=p | nl
2 pin. S_ (n,m)
gP(2™™ plml)z P

where use has been made of the following formula:

«©

2
[P by iy n)an =g 2 Ponts () (A - 4)
=00
with
4
Rie a3 2'(n + 2v - 2) Vomne2v-2 0,
v=0 v=0 V(P72 = x) 12 = v)I(n +v =231 -
for p=2q9 (q=0,1,2,"""""" )
S {(n,m) =
p (nam)
) Y
(p-%)/Z §x+1 2" (nt2v-2x-1)18 o on i1

=0 v=0 v {(p-1)/2 - At (2r-v+1) [ (n4v-22-1)]

(A - 4:b)

forp=29q+1 (q-= 0,1,2,--""

Taking account of the fact that:

m=n+2v - 2x when p is an even integer
and that
m=n+2v -2\ -1 when p is an odd integer,

the matrix element is
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[ p! "2/2 2 2 [nln+2v-2)17% Emyne2v-22 (A - 5)
(28)% 120 v=0 v!(p/2 -2)!(2r-v) H(n+v-22) !
(nixp|m>= for even integers p

p-1

A+
! 5 §A+l 2 2)[n!(n+2v-2>\-1)!]Lz S n+2v-22+1
A=0  v=0  vl(p/2 -a-y)l(2r-v+1) | (n+v-22-1) |

(26)P (-8

-

for odd integers p

For the case n=m (corresponding to energy conservation) the initial
and the final states are the same, p(even) gives v = A, but for p odd, m

and n can never be equal. Thus only when p is even is energy

conserved. Lletting p = 29 (q = 0,1,2, *=*+-- ) in (A - 5), we have:
2 q ! A .
oy = L (2): 2 (A - 7)
A

)
(2699 =0 29(:1)%(g-2)} (n-2)!
Now if we define:

=f h + i
X qum (Bg + B%) (A - 8)

w m

P=i¥—— (-B +‘B’%“)

2 (A -9)

the Hamiltonian for the harmonic oscillator is:
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2
P 2 +
~m + 3 qux > ﬁwq (B%Bg + 1) (A - 10)

which is exactly the same form given by (4-42) apart from the
summation. (A - 10) expresses the Hamiltonian of the single
harmonic oscillator with frequency Wg The operators B_ and B"

q q
Y] aV
obey the commutation rules (4-45), (4-46) and (4-47). From (A-8), we have:

alPim> = (Voh)P <nl(8

w q

¥ B;)p|m> (A - 11)

Replacing p by 2q for the case of energy conservation we have:

2 T 2 +,2
<nfx™n) = ¢ Zogi ) * <l + BT
o1 +29
= B B A - 12
sTya <Ml * B (A - 12)

By comparing (A - 7) to (A - 12), the general form for elastic

processes is:

q U
(B B+ 2q - (2q) ! 2"n! , A - 13
d q + g) In> §=0 Zq(x!)z(q ol ( )

i.e. by replacing n,q and Aby N%, n and by r, respectively,

Thus
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N
+.2n _n (2n) I o' 9
N_ (B B N =3 . A - 14

[Note: Derivation of (A - 4)]

The Hermite polynomials, Hn(n), may be defined by the generating

function:

=X H(n)— (i)

It follows from the generating function that:

-]
-0
” o n m ®
= n H
ﬁ=0 ;_0 nlml ‘j. e " H (n)H (n)dn
—-®
o 2 2

2 -2, +2z.,n -2, +2z2,n
=fnpe'n¢ 1 1e 2 2dn
* 2
22,2, ¢ _ -{n -(z,tz,)}
- e IZane et

Letting u = n - (z1 + 22) we have:

4 2 @ 2
.fnpe"{”'(21+22)} dn = J.{u +(z1 + 22)}pe-u du
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so that:
n_m
® @ zZ,z 2z 12 2
L 0 z 0 ——%751—' Ip(n’m) = 2‘[{ ut (zq + 2p)} e du (i)
n=0 m=
where
‘ ®
U ane () (n)dn (i)
- 00
(a) Case p = 29 = even integers (q = 0,1,2,+++-+- )

{u + (z1 + 22)}p >{u+t (z1 + 22)}2q

2q9 /2q
1)
s=0 \s

2q 1 :
2q) . 2q9-s S
§=0 s!qu—s}!u (Zl+22)

. -u . . . .
Since e is an even function,only even integers s, i.e. s = 2

(A = 0,1,2,++-+- ) contribute to the integral in (ii). Hence putting

2\

| 2(q-
(2A§I %(q-X)}! 219 (z;+2p)

so that :
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22,2, & 2
e 172 '[ {u + (zl+22)}2q eV du
-0

2z

2\
] 122 g (2Q)! (21+22)

x=0 (22) 1 {2(g-2)} -
)2r

u

e2;122 g /1 (29) 1 (zq+z,
=0 2209°M(22))(g-1)!

where use has been made of the following formula:

j':'° 2n ~ax2 (Zn)l ’ T
X e dx = :
2n 2n+1l
— 2 n! \ o
(n: positive integers)
Since:
22,2 o (2242 )n'
192 _ 1°2
e =y —
n' n'!
and

2)
2 - 2\ 2A_\) \YJ
(z) + )" =2 0<v ) 21" 77

T

2 '%U'—r , 23
v=0 V 1 (2x-v)l 1

" 2(q-1)

e

-u

2

du

(iv)
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we have:
22,2 V7 ()1 (z)+2,)?
122 9 9/)\2172
¢ . 2(g-7)
A=0 2 (20)1 (g-1)1
' n'+2x-v_ n'+v
o qg 2 n Z, z
n'=0 =0 v=0 n'l  25'9 M (gl l2n-u)l

- q 2y ' n'+2x-v_m

© n z Z '
=Vr ()l o [z : 2 57 }A) 2 m,n 'ty
n'=0 m=0| A=0 v=0 n'l 2°'9M(g-n)lv](2r-v)]

$

Putting n'+2Xx-v = n, i.e. n' = n+v-2x

4y
- 23 oMHv=22_ n _m .

@ q zZ, Z
S el s A S 1 %2 °m,n+2v-22
n=0 m=0 [ A=0 v=0 2°'9M(g-A)lvl(22-v) (n+v-22)]

Hence we have:

(n,m)

5 5 n.m IZg

z.'z
n=0 meg ! 2 niml
n-2g+v
® o | q 2x 2 J
=1 1 2]zl (2l oz m, n+2v- 27
n=0 m=0 2=0 v=0 (g-2)vl(2xa-v)l(n+v-22)I



_]:27_

By equating the coefficients of zln sz on both sides, we

have the following formula:
2y 2" (n+2v-21) |6

q
s =T 2n-2q 2 | l ' ML A7Ey-2) .
Izq(" m) =/r ( q)'n'§=0 €=0 (g=-x)1v1(22=v) 1 (n+v-22)] v

(b) Case p = 2q+1 = odd integers (q = 0,1,2,------ )

2q+1
{u + (zl+22)}p -+ {u + (zl+22)} g

2q+1
= I
s=0

2q+1 u2q-s+1

S
S (Zl+22)

2q+1 _
: (2g+1)! 424 s+1,

+7 )S
s=0  sl(2q-s+1)] 172

2
. ~-u . . . .
Since e is an even function,only odd integers s, i.e.

s = 21 (3 = 0,1,2,--- ) contribute to the integral in (ii).
Hence putting s = 2x+1, we have:

)32a+1 (2g+1)1 2(a-2)

. y 2x+1
s=0  (@m1)1 {2(g-1)}!

{u+ (z,+z

1722 21*z,
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so that:
2z.2, ® 2
e 172 Jﬁ{u + (zl+22)}2q+1 e ! du
22+1 )
ey earDlzgzy) [ u2ta R
=0 (1) {2(q-2)H )

2212, 9 Ji(2a+1)|(zy+2,) M
- © NI J (7Y |
x=0 2 (2a+1) 1 (g-1)!

where use has been made of (iv).

Since:
22122 ® (22122)n
e = I
n'=0 n'!
and
(2,42 )ZA 1 2§+1 2x+1 2x-vt1
172 v 1 2
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we have:
- A+
2202, q 7 (20+1)] (zy+2,)*1
0 2,
A=0  2°'9 Y (1) (g-0)]
- q 2241 2n, Zln'+2x-v+1 Zzn'+v
=J7 (2q+1)] ¢ L g . - :
=0 a0 v=0 n'l 2208 (gl v H2a-vi) ]
© e q 2\ +1  n' zln'+2A'\’+1 sz Smn '+
=7 (29+1)] = z g z (a7 2
n'=0 m=0 | A=0 v= n'l 25Y9° M (gen) v l(2a-v1)]
Putting n'+2x-v+1 = n; i.e. n' = n+v-22-1

[o0]

2a+1 2

ntv-2A-1_n m
z

1 %2 Sm,n+2v-2r-1

*® 9
=1 (2q+1) ) = z z z
' n=0 m=0 | x=

Hence we have:

n_m IZq+1 (n,m)

I I z

n=0 m=0 1 "2 niml

I NG (20+1)] 3
n=0 m=0 172 ' "A=0

z

0 v=0 22(q-x)(q-x)!v!(2k—v+1)!(n+v-2x+l)!

n-2g+v-1
2a+1 2 Sm,n+2v-21-1
v=0  (g-2)vl(2r-v+1) 1 (n+v-22+1)1
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from which we have the following formula:

q 2+l 2Y(n+2v-2x-1)t6

q 2=0 v=0 (g-A)lvI(2a-v+1)1(n+v-21-1)]

(vi)

From the results (v) and (vi) we have the formula (A - 4).



-131-

(B) Thermal Equilibrium Situation:

If the system is at the equilibrium, we can replace Nq for
4V

phonons and f(k) for electrons in (9-3) by their equilibrium

distribution functions, i.e.,

respectively. Noting the property of the s-function, i.e., 8(x) = &§(-x),

the first and the fourth terms in (9-3) are then:

tNg + DK - £2(k)) - N%f°(5)(1 - fO(K'))}s(Ek.-Ek-ﬁwq)

v

= L(FO(K') = FOkDIN + 9k ) (1 = £2(K)) 36 (Eyu-Ey ~Tiu )
G e e (BB o)
E - E,- S e
(es( k R + 1)(e8(5 R + 1)(eB 9 .1 £k

where due to the s-function we can replace Ek + ﬁwq by EK" The above
result, therefore, vanishes. In the same way we can prove that the
second and the third terms in (9-3) also vanish at thermal equilibrium.
Hence the collision term, (9-3), goes to zero and both (9-5:a) and

(9-5:b) hold.
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(C) Derivation of the Linearized Boltzmann's Equation:

By use of (10-6) and noting the equality (9-5:a), the first and

the fourth terms in (9-3) are:
EN%+1>f(5-)(1-f(g>) i Ngf(5)<1-f(5-))]6(55.-E§-an)

_ l:(Nq+1){f (k')-o (k' )8Ek.}{1 S£0(k)+ (Jg)g—fl_:—loz}

-Aw )

f° Oy 1 3f°
N (£ () -2 o(k)e-H1-F0 (k" ) +a(k )%rw}] 6 (g 1-Ey-Tiog

X

7?'

=[(N+1 (k') (1-F°(K))+ N+1f(j§ o (k)3

~(N P (1P (K)o ' g 5 <W

_Ngf°(g>(1-f°(k'))-Ngf°(t>¢<k')%§£y

"u

omit

oxR
87<'

omit
+N (1 k")) @(K)*——g +N o _%—%]G(Ekl Ek-ﬁw )
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. [kN%+1>{f°<5'>¢<5>§§E - (1P (k)e(k )2

X X

o 1y of° O/ of°
_Ng’{f (J\(})<i>(,|\(J )B—Ek-l- (1-f (’l\<; ))Q(’%)ﬁ{la(Ek'-Ek-hwq)

where the terms with ------ have been canceled each other due to (9-5:a)

and the terms of ¢2 have been omitted since we are cosidering only up to

the first order power of E (electric field).

Substituting (10-5) into the above equation and noting (9-5:a), the

above equation becomes:

[(Nairl)f(jé')(l-f(g))-Ngf('ls)(l_f(lé.))] (B i)

K q
= B[Ngfo(rl\s)(l-fo(r'\s'))@(’l%' )fo(kl)_quO(’l\s)(l_fO(!ép ))‘b(k)(l'fo(k))
NG R) (100 Dok Y1 ()= Igr) £ ) (1060 o) ()

q

X 6(E |;E "ﬁ )
k' k™

= BNng(Jg)(l-fo(Jg'))(<I>(J§')-®(J§))6(Ek.-EK-ﬁwq) (c-1)
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Similarly,by use of (10-6) and noting the equality (9-5:b), the

second and the third terms in (9-3) are:

[qu k') (1-f(k))- N%+1)f(k)(1 (k' )i]é(Eh.-Ek+ﬁwq)

= BNng(E')(1-f°(k))(¢(£')-¢(k))6(E5.-E&+ﬁwq) (C-2)

2

where use has been made of (10-5) and the terms of ¢~ have been omitted.

From (C-1) and (C-2) there results:

[{(N%ﬂ)f(k')(l-f(t))-Ngf}5 (1-(' )38 (Ey 1~y hog)
HOF(R (1= (R ) k)(l-f(h'))}G(Eh.~Ek+hwqﬂ

= qu[f°(5)(1-f°(5'))a(E§.fE&-ﬁwq) + £k ) (1-F°(k))s (By o -Ey- ﬁwq{]

N

x[%(&') - @(%ﬂ (C-3)

Replacing the square bracket in (9-3) by (C-3) leads to the collision

term (10-8), from which the Linearized Boltzmann's equation follows.
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(D) Derivation of "p ; Electron Scattering from Lattice Oscillation:

(i) Electron-Lattice Interaction

We consider the interaction between a conduction electron and the
acoustic vibrations of atoms, which make up the lattice field. If the
lattice is regarded as continuum (see Chap. 4), one expects the inter-

action between an electron at r and a density wave at R to be proportion-

al to the product:

9(r) |29 n(R.t) (0-1)

where lwl2 is the probability density of the conduction electrons and
y'n is the volume change in the medium. The total interaction between

the conduction electron and the lattice oscillations is then given by:
Hipe = C [ 1o(r) |2 g-p(R.t)dR® (0-2)
int f\..'Q'B,’ R -
R

where C is a deformation potential constant ( an electro-phonon coupling
constant) having the dimensions of energy and is determined by experiments.

(D-2) shows the energy change due to the volume change (or density change)

of the medium.

Suppose that:

lv(r)|? = s(x - R) (D-3)
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then (D-2) becomes:
Hipt = C v.n(r,t) (D-4)

Using the displacement vector given by (4-43), (D-4) becomes:

- Z fi 2 : ‘/z[ ig-r + -'iq-r]
H, ., =-C g°|B_ erAv-B e A (D-5)
int 2 V'S o q
O 0 o0 q

V]

where the sound speed SO is given by:

1 (D-6)

where Ko is the compressibility and oy is the density of the medium.
We note here that B_ and B; are , respectively, phonon destruction and

q
N V]
creation operators. Since the minus sign in (D-5) comes from a trivial

phase factor, e'", we can simply write (D-5) as:

Hing = Gy D 0% (8,30 - Bre8) (0-7)
20 VS ) 9
O 0 0 q

A"

(ii) The Basic Hamiltonian for Intrinsic Semiconductors

The Hamiltonian of the system for intrinsic semiconductors is:

+ H + H, (D-8)

H = H]attice electron int
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where H H and H. ., are given by (5-2:a), (5-2:b) and (D-7),

lattice® 'electron int
respectively. Since H1attice and He]ectron are independent each other, the
wave function of the unperturbed system (H1attice + He1ectron) is given by
(6-2).

(i1i) Matrix Elements for Scattering

The rate at which a conduction electron in a state 5 is scattered

into another state 5' by a lattice oscillation is determined by the matrix

element:

o - [ 3 1 [ i(g-k'-k)r,.3
K Ik c\/—zp__—v:: S [<xNélsgixN3> : fe “La
0 00 ,C\! o] r

- <XN'|B;|XN >_}_:/;-1(3+K'_5)-Kd£3]
| V‘OX:

q
(D-9)
where use has been made of (6-2).
Since:
i(k-k'+q)-r,.3 _
/e AV VRV '\Jd’Y\: = V06k| ,kiq (0—10)
n N

(D-9) becomes:
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<!\'IJ 9rl\(, |H'lnt|'r\]' fl\(,>= qu <XN||B IXN >6k| k+

OOOq

= |B+ , 1
<xNg] NglxNg>65 ’5'5]

) f ik |
C\/% vt [<X“is'-1s|85"'w‘|x”s'-ls>

We see that the transition 5 - 5' of a conduction electron and.the

th

simultaneous transition Ng -~ N =1 of the 9 lattice mode can occur

only when (D-10) is satisfied; i.e.,
5' - 5 tg-= 0 (D-12)
which ensures the momentum conservation.

Noting (D-12) and the orthogonality of the lattice wave function,
(D-11) is reduced to:

-1,k S = _fig % _13-
<Ng 1,k |H1.nt|Ng,Jé> c P— N%z (D-13:a)
O 0 O

1] L
KN ALK JH, L IN kD= C gf —d——(N +1)*2 (D-13:b)
q k int'’g K 2povoso q
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where use has been made of (4-48) and (4-49). Here (D-13:a) and (D-13:b)
correspond to the phonon absorption and the phonon emission processes,

respectively.

(iv) Transition Probability

From (D-13:a,b), the transition probability for one-phonon processes

is:
P = X Cz q[ﬁ 8(E,-E, -fiw_) + (N +1)s(E,,-E, +hw )
pentkt v s g k' ka 9 k' "k a
o 0 O
= Ay (- E L
= PR(kok'=k*q) + Po(k.k'=k-q) (D-14)
where:
PRk = 2 q N 6(E -E-Tw_) (D-14:a)
e o VS 9 f|\<,' ,% q '
c 0 O
and
PE(k,k') = —"—CZ— q(N +1)s(E, ,-E, +fiw_) (D-14:b)
VR pOVOSo a &l % q .

are the transition probability for the phonon absorption and the phonon

emission processes, respectively.
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(v) Collision Term

Using (D-14) and taking into account of the principle of micro-
reversibility and of the probability of electron occupations, f(&)(l-f(g)),
i.e., the probability that the initial state t is occupied and the final

state k' is unoccupied, the collision term in the Boltzmann equation is:

jﬁ&l) ) [P“”kf“’{bf }-P(k.k')f {Lf"ﬂ
( 3t /Jcollision Z (koK) k) (k) 3-P K.k )E (k) (k')

kl
S[ PFuprun -t (1-5(60)
kl
- PE(KLK ) F(K) (1-F(k'))-P (5,,5-)f<5>(1-f(5')>]

(D-15)

where we may replace the sum over all the final states,k', by an integral
using the density of states function (7-15). We note here that each term
in (D-15) corresponds to its diagram given by Fig. I. Using

(D-14:a,b) and (7-15), we have (D-15) as

2
(aafigé )comsion = —s_zc—v_s—/q[(Ng+1)f(‘é')(1‘f("5))6(Ek'E}g‘+ﬁwq)
m po 0 0V ! v

+N f(5 -f(k))s(E k-Ek.—ﬁmq) - (N +1 )F(k)(1-f(k'))

v
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(o) - Ng‘f(j&)(l-f(g'))d(Ek.—Ek—ﬁwq)] dk'>  (D-16)

X G(E |-E

X

(D-16) is the change in the distribution function,f(g), due to the

interaction between the conduction electrons and the lattice.

(vi) Linearized Boltzmann Equation

Derivation of the Linearfzed Boltzmann equation is exactly the
same as that given in Chap.10. Noting the terms in the square brackets
in (9-3) and (D-16) are exactly the same, and substituting (10-6) into (D-16),
we have the Linearized Boltzmann equation as:
c%e
gn’o S,

J(;Ng[é(g') - @(k)]wd5'3 - ek of (k) (D-17)

°(k
o LAY

where ¥ and ¢ are given by (10-10) and (10-7),respective1y,and g = (kBTe)'l.
(D-17) is the basic equation to determine t.

For non-degenerate intrinsic semiconductors we can use (11-1) for
conduction electrons. We, therefore, can replace the square brackets in

(10-10) by unity. Assuming E = (0,0,Ez), (D-17) becomes:

CZB ' | 4 " o ‘
_.Z__/QN%[kZT(J\S ) - ke[ ()8 (Ey 1 -Eyfo)

8w poSo k'

3

*
+ f°(5-)a(e5.-55+ﬁwq)]djé' e
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(vii) Relaxation Time for Momentum Transfer

Noting the integral over the final states, k', is exactly the same
form as (11-3), (D-18) becomes:
c?(2m)* gk,

1 1
- — (KN |(E,+hw_)2F°(E, )+(E, -fw_)2F°(E
ZNpOSOﬁ v g [ 5 wq 5 K “q

3T°(E,)
m%ﬂ=E;__

z

ox

(D-19)

From (11-5), (11-6), (11-7) and (11-9) for the high temperature approximation
and from (D-19), we have the reciprocal of relaxation time due to the electron

-lattice interaction; i.e., electron-phonon scattering, as:

*,3/2
1 (2m) koT o
- B ¢ EE (D-20)
n

Y 4 <2
p 2n h pOSO

—

al

We note here that (D-20) is valid for T > 1 °K.
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