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Chapter I

PRELIMINARIES

(1.1) 1Introduction. A large number of problems in classical

analysis can be stated in the following form. Given a sequence
of functions {fn(x)} and a function £(x) , find a sequence

of constants {an} such that,in some sense of equality,

£(x) = ] af ()
n=0
For example, if {fn(x)} = {cos(nx)} v {sin(nx)} , then we

have the classical Fourier analysis problem. From which we know

that if f(x) = x? s 0 < x< 27, then

a (o)
f(x) = —2-+ E (a cos nx + b_ sin nx)
2 n n
n=1
82 4 -47
with a.,=— ,a =—— and b = — . The a 's and the b _'s
0 3 n 2 n n n n .

n
are easily calculated in this example because of the orthogonality

of {cos(nx)} u {sin(nx)} . Some of the classical work has dealt
with the case when {fn(x)} forms an orthogonal sequence of
functioﬁs with respect to some inner product. Other cases might

not require such an orthogonal property. For example, if we let
fn(x) = (x - a)n and f(x) € Cm[(a - e, a+e)],

then the Taylor series expansion of f(x) is given by

o (x - a)"[D Ef(x)]__
£x) = ) x=a

n=0

n!

1.1
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and we have uniform convergence in [a - €, a8 + €] for some
e>0.

We give one more example showing where this problem of writing
one function as a linear combination of other functions would arise.

Let £(x) be a function given in tabular form by
£G@) =y;531=0,1,2, ..., n,

where the yi's are given. Using this information, we want to
find the approximate area under f(x) for O < x <n . The
classical method of solving this problem is to use one of the

difference formulas to obtain the collation polynomial
px) = a, + a x + azx(x -+ ... + anx(x -1y ... x-n+1),

and then use the integral of this polynomial as an approximation
to the integral of the function. One of the ways to integrate

p(x) 1is to write it in the form

k

7
px) = b, x
k=0 K

which again involves finding the coefficients Chk such that

n K
x(x-1) ... xX=n+1) = kZb anx .

It is well known that cnk's are the Stirling numbers of the first

kind.
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(1.2) 1In this thesis, we address ourselves to the same type of

problem, that is, expresSing one function as a linear combination

of a sequence of functions.

We reduce to a minimum the analytic

apparatus of analysis on the line by restricting our attention to

the special case when

1)

and (dii)

f(x) is a polynomial over the reals R ,
{fn(x)} is a sequence of polynomials, or more briefly

polynomial.sequence, with fﬁ(x) being exactly of degree

n .

The central problem is to find an efficient way of calculating

.
nk’

n=20,1,2, ...; 0<k <n such that

n
Pn(x) = kZO cnqu(X)

where {pn(x)} and {qn(x)} ‘are polynomial sequences. We will call

this the connecting coefficient problem.

Examples of such type of

coefficients are:

(1)

(ii)

s(n, k) , the Stirling numbers of the first kind

mentioned in (1.1).

‘S(n, k) , the Stirling numbers of the second kind, in

n
" = z S(n, k)x(k)

k=0

where x(k) = x(x - 1) s (x -k + 1)
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and (iii) (signless) Lah numbers in

n .
n! (n-1 (k)
kZOk! [k - 1)x

where <x>n =x(x+1) ... x+n-1)

(1.3) Mullin and Rota in [11] point out that sequences {x"} s

{<x>n} > {x(n)}‘ and many more have a common property: that of

-being binomial type.

(1.3.1) Definition: {pn(x)} is called a polynomial sequence of

binomial type tff Vn.2 0,
& n
pax+y) = J [F]pGp & v,y
k=0

This notion of sequences of binomial typé goes back at least
to E. T. Bell [5]. There has been a number of systematic studies
of polynomials of binomial type. The first was due to Mullin and
Rdta [11] in which they exploited the duality between x and é& .
Their main technique was to develop a rigorous vergion of the so
called "Umbrél Calculus" which has been widely used in the past
century. Later on, Rota, Kahaner and Odlyzko [15] extended the
theory to pdlynomial sets other than binomial type. In chapter II,
we will review these authors' work and show their solution to the

connecting coefficient problem for polynomiéls of biﬁomial type.
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Roman and Rota [14] by using the Umbral Calculus and functiqnal
analysis obtained many of the results in the earlier paperé, Ly and
[15] . Roman and Rota in [14] and Sweedler in [16] have attempted to
uﬁify the theory of polynomial of binomial typé by using différent
types of algebras. Although'thesé authorsi works are very inter-
ésting, due to time and space limitation we will not consider their

work in this thesis.

(1.4) Andrews in [3] introduced a q-analogue of definition (1.3.1):

(1.4.1) Definition: 4 sequence of polynomials {p_ (x)} s an
Eulerian family of polynomials iff Vn 2 0 ,
n
k
p (xy) = Y [} p, Xp__, My
n k=0[k]q k" n-k
(@)

n I e————————
where [k]q = (Q)n-k(q)k and

1 n=20
(q)n ) TET-(I - qi) n>03; qeR.
i=1

Andrews' theory closely parallels that of Mullin and Rota 1. He,
however, was not able to obtain all the results for Eulerian family
of polynomials that are analogous to those in Ly, [15] and [14].
For examﬁle, Andrews did not solve the connecting coefficient problem
for Eulerian family of polynomials. Adobting Andrews' theory and makingi'

full use of the simple sequence - characterization of Eulerian shift

invariant operators (see prop. (3.3.1)) we are able to extend his work
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by obtaining the algebra isomorpﬁism theorem for Eulerian
shift invariant operators that is anmalogous to the results of Rota
(et al) 11, [15] and [14] for shift invariant operators. We think
this is'an important first step in(solving‘completely the coﬁﬁécting‘
coefficient problem for the Eulerian family of poiynomials.

To make our analogue more complete, we also include a chapter
on Eulerian Sheffer polynomials and indicate where and how the theories
di§erge.

We should also mention that Edwin C. Ihrig and Mourad E. H.
Ismail in their paper entitled "A g-Umbral Calculus" [9] have
devised formulas for expressing an Eulerian family of polynomials
in terms of monomials and vice versa. They use a more abstract

approach. The idea is briefly outlined in the appendix.



Chapter II

THEORY OF POLYNOMIALS OF BINOMIAL TYPE

(2.1) Introduction. This chapter is completely devoted to the

theory of polynomials of binomial type proposed by Rota et al)
(1, [15] ;nd [14]). We quoté some of the important results as

" an introduction as well as references so that readers can draw the
analogy when reading the later chapters. - As for the proofs, they
can either be found in the original publiCations (ﬂﬂ,‘[ls] and

[14]) or in Garsia's Exposé ([61) where they are rederived.

(2.2) Fundamentals. A set of polynomials {pn(x)} is called a

sequence of polynomials, briefly a polynomial sequence, if pn(x)
is of degree precisely n in x . It is clear that {p (x)}
forms a basis so that any polynomial can be expressed as a linear

combination of the elements of such a polynomial sequence.

(2.2.1) Definition: A polynomial sequence {p_ (x)} <s said to

be of binomial type iff Vn = 0
no _
p,(x +y) = ) (k) P Gp @) Vx,y .
k=0

The theory revolves around the interplay between the algebra
of polynomials [P and the algebra.of shift invariant operators'
z‘. ~All operators considered iﬁ this thesis are assumed to be

.linear_and are defined on P_; the linear spagevéf all»polynogiéié

over the reals, R .
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(2.2.2) Definition: An operator T is called a shift invariant

operator iff Va ¢ R,

: 'I'Ea = EaT

where Eap(x) p(x + a) Vp(x) ¢ P .

(2.2.3) Definition: A delta operator Q <is-a shift invariant
operator such that Qx 1s a non-zero constdnt.
As the following definition will show, a delta operator is

associated in a natural way with a particular sequence of polynomials.

(2.2.4) Definition: A polynomial sequence {pn(x)} t8 called a
sequence of basic polynomials, briefly a basic polynomial sequence,

for the delta operator Q <if

(i) Po (X) =1
(ii) pn(O)'= 0 Vn > 0_;
and (iii) Qpn(x) = npn_l(x) Vnrg o .

Note that the combined effort of the three requirements in the

above definition is so strong that it guarantees:

(2.2.5) Theorem: Every delta operator has a unique basic polynomial
sequence.
For example, {x"} is the basic polynomial sequence for the

delta operator D , the ordinary differential operator. In addition,



{xn} is not only basic but also of binomial type. This turns out

to be true for every basic polynomial sequence. That is:

(2.2.6) Theorem: (Mullin and Rota Di], Theorem 1)
(a) If {pn(x)} 18 a basic sequence for some delta operator Q ,

then it is a sequence of'polynomiaZs of'binbmial type.

) If {pn(x)} 18 a sequence of polynomiales of binomial type,

then it is a basic sequence for some delta operator.

Using the above fundamental result, they proved the following
important Firét Expansion Theorem, a generalization of the Taylor

Expansion Theorem.

(2.2.7) Theorem: (Mullin and Rota [11}, Theorem 2)

Let T be a shift invariant operator, and let Q be a delta

operator with basic set {pn(x)} . Then
© a
k k
T= ) —Q
k=0 k!
where a, = [Tpk(x)]x=0 .

Thié very powerful result ensures that every shift invariant
operator can be expressed in termé.of any delta operator and its
pdwers. The similarity between the expanded form and the formal
power series suggests an isomorphism— an idea "'intuited by Pinchefle,
and has been tacitly - and often unrigorously - used by severél aﬁthors".

(See Rota, Kahaner and Odlyzko [15] ch. 14.)
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(2.2.8) Theorem: (Mullin and Rota [1], Theorem 3)

Let Q be a delta operator, and let F be the ring of formal
power series in the variable t , over the same field. Then there
exists an isomorphism from F onto the ring Z of shift imvariant

operators, which carries

co a ] a
k
f(t) = Z —%'tk into Z —E-Q .
! k!
k=0 k=0
We use f£(Q) to denote ‘Z ET—Q .
=0 ~*

By using this isomorphism theorem, many of the properties in
the abstract operator theory can be formulated in the more thoroughly

studied theory of formal power series.

(2.3) The Umbral Calculus. In the past century, invariant theorists

regarded the umbral notation, or symbolic notation, as an informal
algorithmic device which allows one raising the index n Fo a power,
and then treating the sequence {an} as a sequence of powers {a"} ,
while reserving the right to lower the index at the appropriate time.
Computationally, the technique turned out to be very effective,.
However, the calculus could not be set on a rigorous foundation
because no proper rules for lowering of indices were stated. Rota
et al were the first to notice that the proper method is to consider.
a sequence {an} as defined by a linear functional L on the space
of polynomials: a = L(xn) . The descriptioﬁ of the sequence is
then condensed into the properties of the linear functional. If
{an(x)} is a polynomial sequence, then there is a unique linear

operator L on [P such that L(xn) = an(x) .
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(2.3.1) Definition: An wmbral operator T is a linear operator
which maps some basic polynomial sequence {pn(x)} into another

basic polynomial sequence {qn(x)} , that is,
Tp,&x) = q,(x)

Using the following facts, (Mullin and Rota (1], theorem 5)
(2.3.2) <f T 1is an umbral operator, then T-ll exists;
(2.3.3) if S <is shift invariant, then 1sT! {8 also shift
inbariant; and
(2.3.4) Zf Q 1is a delta operator, then TQT“1 s also a delta operator,
they showed that
(2.3.5) T maps every baéic sequence into another basic sequence.
The umbral composition of two polynomial sequences -{an(x)}

and {bn(x)} , Wwhere

k i‘ k
a.x and b _ (x) = b x|
k=0 nk n k=0 nk

I o~

a (x) =
is another sequence of polynomials {cn(x)} defined as

n
Cn(X) = kZO ankbk(x) .

Symbolically, cn(x) = an(h(x)) . There is a simple relation existing

between umbral operators and the umbral composition of basic sequences:

(2.3.6). Lemma: Let {an(x)} and {qn(x)} be fwb basic polynomial

sequences. If T is an umbral operator such that
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Tx = q () ,
then a_(a(x)) = Tan(x)

The powerful tool that Mullin and Rota_use to solve the connecting

coefficient problem is the following Umbral Composition Theorem.

(2.3.7) Theorem: If P =pD) and Q = qD) are delta operators
with respectively {pn(x)} and {qn(x)} as their corresponding

4basic sequences, then the umbral composition
r (x) = pn(g(X)5
18 the sequence of basic polynomials for the delta operator
p(a®d)) .

(2.4) Solution to the Connecting Coefficient Problem. The connecting

coefficienté c in
nk
E.
a (x) = c,b (x),
n k=0 nk 'k
where {an(x)} and {bn(x)} are basic sequences for the delta

operator a(D) and b(D) respectively, can now be determined

alternati?ely by considering the polynomials

k
r (x) = . c i

k

Il >3

and the umbral operator T defined by

Tx" = b (x)
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Clearly, an(x) = Trn(x) = rn(g(x)), (see (2.3.6)) so that
{rn(x)} is basic with respect to the delta operator C = c(D) =

a(b—l(D)) , Wwhere the last equality is obtained from

a(d) = c(b(D))

by Theorem (2.3;7).



Chapter III

THEORY OF EULERIAN FAMILY OF POLYNOMIALS

(3.1) Eulerian Family of Polynomials. We are interested in developing

a theory about polynomial sequences {pn(x)} that have the properties:
vn =z 0
(i) degree of pn(x) =n
d (it) (xy) = f ML CS K vk
an PL\XY) Lo k k P kW'Y s ¥
Such a polynomial set {p (x)} ds said to be an Eulerian family of
poZynomiaZs. The sequence {(x - 1™} will serve as an example

illustrating the properties. Since

ixy - "

P, (xy)

Gy —y+y-D"

go (3} & - DY o - D

n-k

S n k
'kzo (k}g§X)pn_k(y)y ,

{(x - l)n} is then the model polynomial sequence of the Eulerian
family of polynomials. It will play the same role as {x"} in the

set of polynomials of binomial type mentioned in chapter II.

(3.2) Eulerian Shift Invariant Operators. Let p(x) be a polynomial.

Multiply each term of p(x) by x to obtain a new polynomial xp(x) .

Call this the multiplication operator and denote it by x . Thus,

x: p(x) » xp(x)

3.1
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(3.2.1) Definition: Let a ¢ R . The Eulerian shift operator A
18 a linear operator defined on‘ihe linear space of all polynomials

by

A p(x) = p(ax) Vp(x) ¢ P .

Using this definition we now define Eulerian shift invariant

operator.

(3.2.2) Definition: A linear operator T on the linear space of

all polynomials is an Eulerian shift imvariant operator if Va ¢ R ,
TAa = AaT .

! ) :
An example of Eulerian shift invariant operator is xD where

D 1is the ordinary differential operator.

n n
Aa(xD)x = Aanx
= n(ax)n .
Also (xD)AaXn = xD(ax)n
n__n-1
= Xa DX
= n(ax)n .

(3.3) Characterization of Eulerian Shift Invariant Operators. Given

a linear operator, how do we know that it is Eulerian shift invariant-
aside from the direct verification of the conditions in the definition?
A simple answer is given by the following proposition which provides a
distinct characterization of Eulerian shift invariance. This chafac?

terization was proven by Andrews in his paper [3].
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(3.3.1) Proposition: T <Zs Eulerian shift invariant iff there

exists a sequence 1t } of constants such that

(3.3.1a) Tx =t X .

Proof: Assume T is Eulerian shift invariant. Then Va € R
(o]

' k
we have TA x" = A Txn . Letting Txn = X c ;X , where for
Ca a k=0 nk
each n , Clk - 0 for all but finitely many k , we get
a® E c xk = E c akxk VX
k=0 K =0 ™k
n k
s Va , cnk(a -a)=20.
n k . s . :
If ¢k #0, then a -a =0 . This implies n = k since

the equation is true for all a € R .

n n
M Tx =¢ x .
nn

Let t = ¢ . Then Txn
n nn

1l
o
)
]

. n
Conversely, if Tx = tnxn , then

A Txn = A t xn
a2

]

rt
e}
~
o
k]
g
[

1]
<)
5

w

w

Thus, T is Eulerian shift invariant. Q.E.D.



3.4

As has been done by various authors (see [LQ and [17]) we will
call {tn} the Fundamental sequence of the operator T if (3.3.1a)
is satisfied. It is easy to see that {n} is the fundamental
sequence for the Eulerian shift invariant operator xD.

Besides the above simple characterization for Eulerian shift
invariant operators, we provide another method, in proposition
(3.3.2), which may be used for the same goal. However, the proposi-
tion is intended for another purpose as we shall see later on.
First, we introduce an operator which has the similar characteriétic
as a partial differential operator. By Tx , Wwe mean that the
operator T , when acting on a polynomial in x and y , will

operate on x only and treat y as a constant.

(3.3.2) Proposition: T <Zs Eulerian shift invariant itff

Vp(x) € P ,

T p(xy) = Typ'(xy> :

Proof: Suppose T is Eulerian shift invariant and {tn} is its

fundamental sequence such that

n
Tx =t x .
n

. n k
Let p(x) = } ax .
=0
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v k
T, Zo a, (xy)

Then, Txp(xy)

§ a ykT xk
o K ox

§ akykthk
=0

n
a x t

P

=0

n
) akka yk
k=0 Y
n
k
T, L oa Gy
k=0

"

Typ(xy) .

Conversely, since Txp(xy) = Typ(xy) is true for all p(x) ¢ P ,
in particular we have

n n
Tx(xy) = Ty(xy) .

(oo}
Now suppose <" = Z b xk ; where for each n, b = 0 for all
k=0 K nk

but finitely many k . Then

n n, _n
Tx(xy) =y Txx
n e k
=Y Z bnkx .
k=0
© K
Similarly, T (xy)n = x" Y by .
y k=0 nk
Equating the two, we have
bnk =0 for k#n,
and therefore ‘Txr-l = Txxn = bnnx . Hence T 1is Eulerian shift:

inVariént. Q.E.D.
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(3.4) The Algebra of Eulerian Shift Invariant Operators. Proposi-

tion (3.3.1) has some far-reaching implications. It not only provides
"a direct method in simplifying the process of determining whether an
operator is Eulerian shift invariant or not, but also shows that every
Eulerian shift invariant operator is associated with a sequence of
reals in a natural way. IE, the sef of all Eulerian shift invariant
operators, is then expected to have the similar propertieé that
sequences possess. One of which is that IE forms a vector space
with respect to some appropriately defined operations. They are:-

addition "+", the addition of two operators;

multiplication "o', the composition of two operators; and

.scalar multiplication "A", the scalar multiplication of an

operator by a real number A .

We use "0" to denote the null Eulerian shift invariant operator, i.e.
O0+T=T=T+0 where T e E.

~T represents the additive inverse of T .

(3.4.1) Theorem: (E, +, -, O, °, ) tis an algebra.

Proof: From the fact that Eulerian shift invariant operators are

linear operators and the set of all linear operators with respect
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to "+", "o" and "A" forms a vector space, we only have to check E
is closed under these operations.
Let T, S ¢ E with {tn} and {sn} as their fundamental

sequences respectively. Now,

T oS =Ts_x
n

We have thus found the fundamental sequence, namely {sntn} for

T oS . Therefore T o S ¢ E . Furthermore, s t = t_s implies

‘ n n n n
that multiplication is commutative. '"+" and "A" can be done
similarly. Q.E.D.

Re-examining the above proof, one can easily deduce:

(3.4.2) Corollary: An Eulerian shift invariant operator T <is
invertible 1ff the fundamental sequence {tn} for T 1is a sequence
of nonzero numbers.

Of course, the fundamental sequence for the inverse of T is



Chapter IV

EULERTIAN DIFFERENTIAL OPERATOR AND EULERIAN BASIC

POLYNOMIAL SEQUENCES

(4.1) Eulerian Differential Operators.

(4.1.1) 'Definition: An Eulerian differential operator Q is an
operator such that xQ ¢ E and the fundamental sequence of constants

for xQ Zs {0, 8,5 8,5 oo} with g, * 0Vn > 0

Obviously, D 1is the simplest example of an Eulerian differentiél
operator since xD ¢ [E (see (3.2)) with {n} as its fundamental
sequence. The next example of Eulerian differential operator that
we are going to discuss is the q-derivative, written as Dq ’ which

is defined as

qu(x) = f(qzi : i<X) _ Vi(x) e P; Vg ¢ R .

n n
¢t
q qx - X

Since

xDq is therefore a Eulerian shift invariant operator whose funda-
n

0,1, L=l e =Ll
”q-l’ sq__ls

mental sequence is

. n_
Note: ﬂ————r =

n-1 k
) 9 =n in the case q=1.
k=0
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Remark: At this point, we should mention that the idea of studying
xQ 1is kindly suggested by Rota, Kahaner and Odlyzko ([15] chapter
14, problem 12 and 1). They propoée that "one should begin by .

12

developing the theory of xD" ... along a similar line but with

a different invariance property than shift invariance'. The invariance
property‘that we are using is generally known as SCALE INVARIANCE.

Immediately from definition (4.1.15, we can characterize an
Eulerian differential operator in a similar fashion as in proposition

(3.3.1) for Eulerian shift invariant operators.

(4.1.2) Proposition: (Andrews [3], Theorem 4) Q <18 an Eulerian
differential operator if and only if there exists a sequence of
constants {gn} with

gy = 0 and g, *>0Vn >0 such that

(4.1.2a) Qx =

For this reason, we also call the sequence {gn} ﬁhe fundamental
sequence for Q . Eulerian differential operators work very much the
same as the ordinary differential operator. The following cofollary,
extracted from the preceding proposition, illustrates some of the

resemblances.
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(4.1.3) Corollary: Let pn(x), qn(x) el . If ‘Q 18 an Eulerian

differential operator, then
(1) Qc = 0 where c¢ 1is a constant;
(11)  Qp_ (x) = Qq (x) <= p (x) - q (x) = a constant;
(iii) Qpn+1(x) is8 a polynomial of degree n ;

(iv) Q-integration rule:

. a, .
J ) aix1 =c+ ) — 1 where ¢ is a constant and
Q Bi+1

{0, g,, &,, ---} s the fundamental sequence for Q ;

and (v) a poZynbmiaZ p(x) is unitquely determined by Q,

Qp(x) and p(a) for any given a < R .

Proof: We only briefly outline the proof.
(i) and (iii) are direct consequences of (4.1.2a).
(ii) can be deduced from (i).
(iv) follows from (ii) and (iii).

(v) is obtained from (iv). Q.E.D.

The relationship between Q and D is actually much deeper
than merély some coincidences of characteristic resemblances men-
tioned above. The hidden "factor' is revealed from the following

proposition.
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(4.1.4) Proposition: Q is an Eulerian differential operator iff

there exists an invertible Eulerian shift invariant operator P

such that Q = PD .

Proof: If P exists and is invertible, then its fundamental

sequence {nn} has the property that L # 0Vnz0. (seeCor.

(3.4.2))
0 n=20
n
Now, PDx = -1
nm %" n>0.
n-1
Since oo #z 0vyn > 0, the sequence

{o, “0’ 2ﬂ1, cens qﬂn—l’ e..}

is the fundamental sequence for the Eulerian differential operator
Q .
Conversely, if Q is an Eulerian differential operator with

fundamental sequence {0, 81 8,5 ...} such that gn #0Vn >0,

g .
then construct the sequence {nn} = —;z%—. Let P be the operator
defined by the property that
Px" = wnxn Vn =2 0 .

Clearly, P is'Eulerian shift invariant and is invertible since

g
+1

LI —ﬁ;i-i 0 Vn 2 0 . Furthermore

when n =20, PDx" = 0

when n > 0 , PDxn = ann—l
= nem xn'-1

n-1 '
= - - 1
g'nx

= an .

Thus Q = PD . Q.E.D.
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(4.2) Eulerian Basic Polynomial Sequence. The type of polynomiai

sequence {pn(x)} which satisfies the property that

&) =kp &)
where kn is independent on x , for some appropriate differential
operator Q 1is of special interest. Extensive work has been done

. by Rota (et al) iﬁ the case k =n (see [11], [15], [14] and also
chapter II). Andrews in [3], has found a close analog to Rota's
work by setting k_ =1 - q" . The case where k =1 is studied

by Allaway and the author in [2]. 1In this thesis, we use k, =n

as Rota did but with a different type of invariance property.

" (4.2.1) Definition: A polynomial sequence {pn(x)} is an Eulerian
basic polynomial sequence relative to the Eulerian differential

operator Q <f it satisfies the following properties:

[}
ot

(1) pp)

Vn > O

i
o

i) p (1)
and (iii) Qpn(x) = npn_l(x) Yn > 0 .
Examples:

(i) Direct verification will show that {(x - 1)} is a

sequence for the Eulerian differential operator D .
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1 n=20
(ii) Define pn(x) = 0 n-1
nt(x - x ) n>0,
IO n=O
and an =
_ n-1
X n>20

Q 1is then an Eulerian differential operator with fundamental

sequence {0, 1, 1, 1, ...} . Also,
n n-1
Q,x) = W!&" -x 7)
= n!(xn_1 -_xn'z)
= n(m - DIE"T - 7Y
= GO
and pn(l) =0 Vn > 0 .

Thus {pn(x)}'ﬂis an Eulerian basic polynomial sequence for

Q .

Example (ii) shows that {(x - l)n} which we have used repeatedly
is not the only basic polynomial sequence in [P . However, the
following proposition ensures that an Eulerian differential operator

is associated with a unique Eulerian basic polynomial sequence..

(4.2.2) Proposition: (Andrews [3]; Conseq. of lemma 2) Every“

Eulerian differential operator has a unique Eulerian basic sequence.

Proof: Let Q be an Eulerian differential operator with fupdamental
sequence {gn} . We want to construct a unique Eulerian basic poly-

nomial sequence {qn(x)} for Q.. By definition (3.1), we can



define
and let
Now QPI(X)
Also Qp, (x)

po(x) = 1 t]
pl(x) = ax +b for some a, b ec R .

aQx + Qb

4.7

ag, (Prop. (4.1.2) and Cor. (4.1.3(1))) .

lp, () (definition (4.2.1(iii)))

1. (definition (4.2.1(i)))

Equating the two, we get a = l/g1

From (4.2.1(ii)), we have

Therefore,

pOCX),

Thus

and b

—L-x + b] =0 .
3 x=1

b = -l/gl

1
k

are_
x)
m ,
Q.E.D.

po(x) and pl(x) are uniquely defined. Suppose
pl(x), . pm(x) are uniquely defined. That is, for
k
1, 2, m ; Pj(x) = kio aij with the ajk's
uniquely defined. We shall show, by induction, that P,
, m+1
is also uniquely defined. Suppose pm+1(x) = kZO bm+1’kx
mt1
k-1
Q) = ] L
k=1
= ? b g xk
k=0 w1, k+1"k+1
m %
Qo ) = (@ + Lp (x) =Ek§0 (m+ Da | x
m+ 1l)a
. Lt Da
m+l,k+1 81t1
bm+l,k+1m+}s uniquely determined for k =0, 1, 2,
= b =
wHl,0 Z w1,k is given by pm+1(1) 0.

k=1
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Now an Eulerian differential operator Q is associated with
two sequences, namely its Eulerian basic polynomial sequence
{qn(x)} and its fundamental sequehce of constants {gn} . We use
the term Eulerian Triple, which is (Q, g, qn(x)), to emphasize
their distinct relationship and to avoid the trouble of describing

them, in words, repeatedly in later sections.

(4.3) The Calculus of Eulerian Differential Operators. For

simplicify in further development, we introduce the following '

notations similar to the factorial sign. From the Eulerian triple

Q, 8ns qn(x)) , we define

g 8 cee 8 if n>0
n“n-1 1
[n; Q] = { n

1 if n=20.

Since g, # 0 whenever n > 0 , division is possible. Thus the
n choose k notation, i.e. lﬁ} , 1in factorial terminology can

be extended to [E 3 Q], known as the generalized binomial coefficient,

such that

’[n °‘Q] " Tk Q%?i ?lk; Q]

9G99h-1 " Yhk
Q-1 =0+ 4 e
= 1 i if k=0 or n

if 0 < k<n

0 if k<0 or k>n
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We isolate the following facts because they will occur quite

frequently in some of the proofs in later sections.

(4.3.1) Lemma: For a fixed Eulerian triple (Q, 8, qn(x)) ,
Xka'e E;Vk 2 0 . Moreover,

0 if k>n

Xkaxn _

[nn; Y x if k<n.
b

Proof: It ié obvious that

kukxn =0 when k > n .

Whei k £m Q5 = Kkl 1

it

= gngn-—l toT gn—k+lx

n, n

" In-k;Q

k k , .
Hence, the fundamental sequence for x Q exists and is

(0.0, ..., 0 dksQ [k+1;0] Ty
o2 o3 Q7 [ Q1

showing that kuk €E . Q.E.D.
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(4.3.2) Lemma: PFor a fizxed Eulerian triple (Q, g, qn(x)) .

0 k>n
k. .k :
x Qq (x) =
n xkn(k)qn_k(x) k <n ,
where n(k) =nn-1) ... (n -k +1) .
, n! k=n
Moreover, [kukq (x)] = {
s | 0 k %0 .

Proof: The first result is obtained by iterating property (iii)

of definition (4.2.1). Then,

Qg 01 = g ]
x=1 =1
0 if k= n
) n! if k=n see (4.2.1(1i)
: and (ii))
Q.E.D.

Here we shall show another resemblance of Eulerian differential
operétors to the ordinary differential operator. An Eulerian dif-
ferential operator Q (together with its Eulerian basic polypqmial
sequence) has a property similér to the Chain R;ie of differentiation.

In differential calculus, we have

d 4
ax 1O 7 e

fox) < 6x) .

In Eulerian differentiation, we have:
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(4.3.3) Proposition: Let (Q, g qn(x)) be given and 6 a

constant. Then

Qqn(ex) = nqn_l(ex) .« 0.

Proof: (xQ)qn(GX) (XQ)Aeqh(X)
= Ay (xQ)q, (x)

= AeannQI(x)

anqnnl(ﬁx)

ann_l(ax) L)
Cancelling x , we get
Qqn(ex) = nqn_l(ex) -6 . Q.E.D.
By induction on k , one can further deduce:

(4.3.4) Corollary: qun(ex) ='n(k)ekqn_k(6x) Vk < n .

In particular, if k = n , then
ann(ex) = nto" .

(4.4) Characterization of Eulerian Basic Polynomial Sequence. We

noticed that {(x - 1)} is nof only Eulerian basic (see (4.2.1)) but
also an Eulerian family of polynomials (see (3.1)). This turns out to
be true for every Eulerian basic polynomial seq&éﬁée, and is ; |
fundamental result in characterizing an Eulerian basic polynomial

sequence.
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(4.4.1) Theorem: (Andrews [3], Theorem 1)
(a) If {qn(x)} is an EBulerian basic polynomial sequence for
soﬁe Eulerian differential operator Q , then it is an

Eulerian family of polynomials.

(b) If {qn(x)} 18 an Eulerian family of polynomials, then it is8
an Eulerian basic polynomial sequence for some Eulerian dif-

ferential operator.

K k n! n =k
Proof: (a) Since [xQq (x)] _. = { (lemma 4.3.2)
—_— n x=1
0 n=k,
we may trivially express qn(x) in the form
n qk(X)
q, ) = ] [xQ"q_ 0] _
k=0

By linearity, any polynomial p(x) of degree n can be written

as

p(x) = kgo qk(X) (0" Gl
Now suppose p(x) 1is the polynomial q_(ax) . Then
q (ax) = E qkif) [Xkaqn(ax)]x=l
_ g qkif) [Aaku%gn(x)]X=l (lemma 4.3.1)
- g qk;T) ax®q Gl (Qemma 4.3.2)
B E qkéf) a* (n E!k)! qn-k(a).
= E [ ) 9 () g (a)ak
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This means that the Eulerian basic polynomial sequence {qn(x)}

for Q is also an Eulerian family.

(b) Suppose {qn(x)} is an Eulerian family of polynomials and

qo(x) = ¢ , a non zero constant. Then, Vn 2 0 , Va ¢ R ,
= n k
(4.4.1b) qn(ax) = Z (k) qk(x)qn_k(a)a .
k=0
In particular, whén, n=0 and x =a , we have

qo(az) = q,(a)q, (a)

= qo(x) =c=1.

Next, we are going to show by induction that qn(l) =0Vn > 0 .

Putting n=1 and a =1 in (4.4.1.b), we have

q; (x) = q4(x)q; (1) + q,(x)q, 1) = q; (1) + q; ()

= q,1)=0.
Assume qn(l) =0 is true for n=1, 2, 3, ... m . When n=m+ 1
amd a =1, (4.4.1b) becomes

QB = qu(q Q) + 0+ ... + 0+ q ,0()q,(1)
= e (1) F gy 0
= A =0

Hence, by induction, qn(l) =0Vn >0 .
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Now, we define the operator Q by:
nq CX) Vn > 0
, -1
Qq (x) = { n
' 0 .

All we need to show is that xQ ‘is Eulerian shift invariant.

(xQ)A,q (x) = qun (ax)
= xQ 2 [k ) w9, L @a
-x 1 (%) ko @0a,_, @a"
B (kil] G+ 1) qGIg @
= nax nZ ( K )qk(X)q -1 k(a)a
= nax q__, (ax)
= A, (g, (X))
= A (xQ)q (x)

= (xQ)A, = A_(xQ)

Hence, xQ 1s Eulerian shift invariant. Q.E.D.



Chapter V

THE VECTOR SPACE ISOMORPHISM DETERMINED

BY AN EULERIAN DIFFERENTIAL OPERATOR

(5.1) Representation of Eulerian Shift Invariant Operators. In

(4.3.1), we have already seen that for an Eulerian differential

operator Q, kuk is Eulerian shift invariant for all k =2 0 .

~

The fact that (E, +, -, 0, o, A) is an algebra (see theorem
(3.4.1)) enables us to generalize the idea so that any linear

combination of kuk s k=0,1, 2, ... 1is also Eulerian shift

invariant. More precisely,

(5.1.1) Lemma: Given an Eulerian differential operator Q,. for
any sequence (a a) € RN >

a
k k. k
ET'X‘Q € E .

o~18

k=0
Note: The presence of the k! is needed in accordance to our
later development. |
It is the con&erse (of the above lemma) éhag interests us'r
the most. As a matter of'fact;iit turns out to‘Be one of our
Easic resﬁlts. It is also regarded as a generalization of the

Taylor expansion theorem for the Eulerian shift invariant operators.

5.1
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(5.1.2)  Theorem: [3; Theorem 2] (Taylor Expansion of Eulerian
Shift invariant Operators). Let T ¢ E and (Q, 8, anx)) an

Eulerian triple. Then

(5.1.23) T = Z E'!—XQ

where a, [qu(x)]x=l .

Proof: Since {qn(x)} is Eulerian basic for Q , it is an Eulerian

family of polynomials and therefore

) = T [ Pa orke L 6o
GO = L (k)qk y)xq _ (x

n q (y)
. o k k_ (k)
i.e. qn(xy) = kZO 7 X qn_k(x)
n q (y)
e, q Gy) = ) 2 xMofq (lemma (4.3.2))
n k=0 k! n
Applying Ty to both sides, we have
n T _q (y)
_ ¥k k k
T, (xy) = kZO g Qq ()

but qun(xy) qun(xy) (proposition (3.3.2))
n T q (y)
y 'k k k
qun(xy) kzo ~a ¥ Qq ()

Setting y =1, we get
Tq,(x) = [T,q (xy )’]y -1

n [T.q (3] __
= § 2 kk, =l kukqn(X)
=0 : #,

n [Te (] __,
k!

kukqn x) .

=0
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This can be extended, by linearity to any polynomial. Hence,

a
k k. k
T=) & xQ
K k!
where a, = [qu(x)]x=1 Q.E.D.

We should aiso mention that the above theorem is a generalization
of the Taylor expansion theorem.

With minor adjustment of the ak's s one can rewrite (5.1.2a)

as:
® b
: k k. k
T= 1 fraqr*@
k=0 [k’ Q] ’

]

where b, lkﬁjgl'[qu(X)]x=l

and [k; Q] , the generalized factorial defined in (4.3) comes
from the Eulerian triple (Q, By qn(x)) . The latter version
turns out to be more convenient to work with in some cases.

We have just defined a mapping:

N
Vo' R 0 > E such that
- an nn
VQ((an)) = ) - X Q
n=0

‘We are going to show that VQ is a vector space isomorphism where

N ‘
RO is a vector space of sequences with respect to
. . nyn, s =
(1) addition "+'"; i.e. (a)) t (bn) (aj + bn)

and (ii) scalar multiplication "A" i.e. A(a ) = (Aa))
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that we are already familiar with. We break the proof of the iso-

morphism up into individual theorems because we think some of the

results are so important that special éttention is required.
Theorem (5.1.2) proves that VQ is surjective. Next, we are

going to show that it is also injective.

(5.1.3) Theorem: (Unique Representation Theorem). Let
s o o k k . . .

M= ) akkuk and N = ) b x'Q  Dbe two Eulerian shift invariant
k=0 k=0 ‘

operators. M =N <iff a =

b, Yk 2 0 .

k

Proof: To show that a, = b, Vk > 0, it suffices to prove

Assume ay = 0 for k=0, 1; 2, «v., m -1,

QM 2 g

oo m
Z akkukxm =0 x" = y a,

=0 k=0

i.e. amgmgm_1 “oe glx =0

This iﬁplies a = 0 since &, * 0 Vn>0 and x = 0 in general.
By induction, we conclude that a, = 0O Vk 20 .

The converse is obvious. Q.E.D.
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(5.1.4) Lemma: VQ preserves addition.

00 a oo b

Proof: Let T = } —%-kuk and S = ) —% kuk be two elements
— K=o X! k=0 X!

of E where (ak), (bk) € RNO and, from Theorem (5.1.2),

ay = [qu(x)]x=1 and bk = [qu(x)]x=1 . From Theorem (3.4.1),

T+ S ¢ EQ . Thus by Theorem (5.1.2), T + S =

where Cr [T+ S)qk(X)]x=1

[qu (x) + qu (X)] x=1

[Tq, ], + [Sq, O] __;

=3 by
That means, VQ((an) + (bn)) = Vq((an + bn)) .
@ a + b
- z ann

When the infinite sum acts on a polynomial of fixed degree, it becomes

a finite sum. Thus,

an+bnfln
Vol + (b)) = E —— x Q
an nn n
S LR,
n n
ooa b n :
= 7 2"+ 2 x'Q" (This is done by

n=0 " n= adding zeroes.)

Vola)) + Vo (®)) .

Hence addition is preserved under VQ . v Q.E.D.
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In similar manner, we can prove:

(5.1.5) Lemma: VQ preserves scalar multiplication.

Finally, we can conclude that:

N
(5.1.6) Theorem: The mapping VQ: RO > E is a vector space

tsomorphism such that
N an n.n
Volap)) = I —Fx0Q .

i
n=0 %’

Since E 1is an R -algebra, there exists for each Eulerian

differential operator Q@ , a multiplication on ]RNO , &, such

that
Vollay) @ (b)) = Vo((a)) o V(b))
The ring isomorphism problem is to determine the sequence
(c) = (@) ® ()

in terms of the sequences (an), (bn) and the operator Q .
oo a g
k k = N
={) —lf-xQ:'(a),eRO} i.e. by
Q KeO k! “k .

its representation under VQ when we are considering this ring

We will replace IE by E

isomorphism problem.



Chapter VI

THE ALGEBRA ISOMORPHISM DETERMINED BY THE

ORDINARY DIFFERENTIAL OPERATOR D

(6.1) Vector Multiplication on E. We have seen in the last

chapter that given an Eulerian differential operator, Q , 'we can
N .
determine a vector space isomorphism VQ: R O - EQ . Our next goal
is to'extend this to an algebra isomorphism. To do that, we must
devise a vector multiplication on EQ . The most natural choice
would be the composition of operators in EQ .
n.n m.m . e
Now for any n, m 2 0, x Q and x Q ¢ EQ . Their composition

is also Eulerian shift invariant since

k k

annmem -3 Hi’m @ x Q where
k!
k=0
Hz’m(Q) = [annmemqk(x)]x=l . (see theorem (5.1.2))
= ann ) mem
Moreover, since the operators Z a . and " Z b .
2=0 n n! m=0 m m!

use only finitely many summands for any particular polynomial, we

have
Led n.n ] m.m - ©
Joa X0 b BN ] ] B AgRAPT
neg o n! meo ™ m! n=0 meo ™ m!

v v % bm v .n,m kuk |

= — — . b
nZO mZO a! m! kz Hk Q ! )
k. .k

O N T TC RN
kZO(nZO mzog;“T'Hk (Q)} et
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It is therefore of interest to calculate the coefficients Hz’m(Q )
We state some general properties of H;’m(Q ) for any Q and

calculate their values when Q =D .

(i) Hg’m(Q) =0 if k<m or k <n

This follows directly from the differential properties of Q .

di) 1@ = 1@

This is because XnanQO = memannl.
0.m k! k =m
i) B°NQ) =
0 k2 m

Proof: Hg’m(Q) = [XOQOmemqk(X)]x=1

[x"Q gy GOl _,

k! k =m
= (see lemma (4.3.2))
0 k # m
and (iv) HE’k(Q) = %ﬁ%ﬁ%“%%‘ if m=<k
0 i if m> k
Proofg .HE’k(Q) = [XQOXkaqk(x)Jx=lv

k
[x"Q"x k!q, (€90

[xmk!qo(x)'fé%é?géj]le if m< k
0 o if m> k
k! [k; Q] . B

[k-m; Q] if m< k

0 if m> k .
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n! m! k!
(k-=n)! (k-m)! (min-k)!

0 ; otherwise.

;s my n<k<m+n

(6.1.1) Lemma: Hﬁ’m(D) =

Proof: When m > k or n > k, HE’m(D) = 0 from (i) above.
When k > m + n, Hi’m(D),= 0 because the factor (x - 1)
still exists after the action of x D x D' and HE’m(D)._will
then be zero when x 1is replaced by 1.
We are left with the case m, n £ k < m-+ n . Without loss
of generality, we can assume m2n , and let m=n -+ t and

k=m+s .

[annmem(x - l)m+s]

il

n,m
' (D)

x=1

nnm(m+ s)! (

s
[x D x 1 X - l)']x—l

SELEiEli-[annxn+t(x - l)s]x=l

s!

-eratfe §osjorhethele - 03,

o :!S)! [ ( )&IB: ! (s EJ)' & -1 _J]x-—-l

When we substitute x = 1 in, the only non zero term is the one

with j =s .

(m+ s)' (n+t)'
( )(t + s)!

" (D)

o n! _m!

(m-(k-m)!tk-m! ((m-mn)+ (k -m)!

- n! m?! k! .
T k-m! k-m! +m-K)!

Q.E.D.
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Thus,
v ann o mem
E an n! © Z m m!
n=0 m=0
- E . § E igLEg n! m! k! ) kak
Y - 1 - 1 - 1 1
k=0\n=0 m=0 ™ ™ (k =n)! (k -=m)! (n +m - k)!f k!
© ) k k a '
R o e
k=0Vn=0 ni=k-n (k =n)! (k -m)! (m+n - k)! k!
co g , . 1 _ '
This is because (i) TE—:~ETT._ 0 whenever n > k ,
(ii) S S— 0 whenever m > k
(k - m)! ’
and (iii) mFn - 0 whenever m < k - n.
= OZO IZ{ il "o P n-ntk ! )kak
- 1 — (m—T 1 — 1) | ke
k=0 \n=0 m=0 (k - n)! (k-(m—n+k))! ((m-n+k)+n-k)! k!
(replacing m by m - n + k)
® k
- Z % % %n bm.--n+k k! _ n! ka
- 1 — 1 m! 1 1
k=0 \ n=0 m=0 (k = n)! (n - m)! m! n! k!
® k
A oaba e ][] 22
k=0 \n=0 m=0 =~ " © n :

I

1| P Eay b [
k=0 | n=0 n/n m=0 m-n+k |m k!
It should be understood from the above proéf that Hz’m(ﬁ)‘:can
be determined explicitly only because the Eulerian basic polynomials
for D are known to be {(x - 1)™} and the Leibnitz rule enables
us to calculate the nth derivative of the product of two functions.
Complication arises in simplifying the coefficienﬁé Hg’m(Q)

in the general case. However, as we shall see later on
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our algebra isomorphism does not require the knowledge of the
. . o n,m
simplified form of Hk Q) .
Before we go any further, we want to make a side-trip to

study a special type of series -known as Formal Newton Series.

(6.2) A Motivation to the Study of Formal Newton Series. Mullin
and Rota in [1]] proved that every shift invariant operator T ,

when expanded with respect to a delta operator P 1i.e.

. oo k
P
T = ak P corresponds in a natural way to the formal power
k=0 ) o
t .
series f(t) = z a T (also see chapter II). Such an isomorphism

k=0 N
permits one to investigate the properties of the ring of shift invari-

ant operators via the well explored formal power series. We are going

to develop the similar type of isomorphism.

Since an Eulerian shift invariant operator is expanded neither
in powers of Eulerian differential operator Q , nor in powers of
xQ , but in a rather peculiar form:

kuk s k=20, 1, 2, ... ,

there was no reason to expect that it wou;d havevany relation with
the formal power series again, and indeed it did not. The following
lemma which appears in Riordan [13], explains why we choose the:
Formal Newton Series.
(6.2.1.) Lemma: x'D" = xD(xD - 1) ... (xD - n +1) Vn= 1,
The structural resemblance between -

x:nDn

(n)

S

DD - 1) vvr (D -1+ 1) and

s(s=1) ... (s = n + 1)
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ka
strongly suggests that the isomorphic image of z a, EET— , if any,
(k) ) '
should be of the form Z ay EET— . Such a series is known as a

Formal Newton Series.

(6.3) Formal Newton Series: This type of series can be justified

by interpreting these series as functions from NO to R . The

justification is given by the following results ((6.3.1) to (6.3.5)).

(6.3.1) Definition: A formal Newton series function is a function
£ from 'NO to R such that
® (k)

S
f(s) = ) a
B

where (ay) <s a sequence of reals and

(k) S(S - l) ;, .’.. (S - k + l) k>0

s =
1 k=20.
Remark: (i) For our purpose, it is necessary for us to restrict
the domain of f to N, so that f remains as a
finite sum. i.é.hfhe sum only goes up to k = s
because the rest of the terms are zero.
(ii) From here on, the term Formal Newton Series is used
while its property as function is_understood.
(1ii) For more detailed description 6anormal Newtoﬁf
Series, see Allaway's "Extension of Sheffer

Polynomial sets", [1].
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(6.3.2) Lemma: Two formal Newton series 2 a EET"' and .
0 (k) k=0 :
b, 2—— are equal 1f and only if a, = b, Vk 2 0 .
=0 k k! k k
7 - gk °z° s ()
Proof: If a, ——— = b, —— then for all integer n =2 0
e k 1 ] ’
k=0 k! k=0 k k
n 'n(k) n (k) .
go a 7 < Z K k' . When n =0, wehave aj =b,
When n =1 , we have a, + al-l = b0 bl-l
i.e a, = b1
Now assume a; = bi for i=0,1, 2, ... m.
e L R
Then ) o1 = ) b, !
k=0 T k=0 :
m (m+1)(k) (m+l)(m+1) m (m+1)(k) (m+1)(m+l)
implies ] a ——d——+a . —rdesy—= ]} b —m——+b S
2o k! mHl ~ (mkl)! 2o k! mHl (w1 !
i.e am+1 = bm+1
Hence, by induction, a = bk Vk 2 0 .
The’converse is obvious. Q.E.D.
@ g(m)
(6.3.3) Lemma: Two formal Newton series ) a_ —— and
o) (m) = *
] b — are equal if and only ¢f Vn 2 0
m m?
m=0
N (m) o (m)
n s n s ,
(6.3.2a) [Ao ] a  —— = (8" ] b —
: m=0 : m=0 :

s=0 s=0

where A 1is the advancing difference operator defined as

Af(s) = f(s + 1) - £(s) -
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Proof: (6.3.3a) can be rewritten as
0 (m) ® (m)
T oa a2 = ¥ b A" - : (6.3.3b)
) =O m m! m=0 m mi
w s=0 s=0
Noting that S(m—n)
) CEETE
ns
A" e - 1 n=nm
m!
0 n>m
we have, from (6.3.3b),
. ) -
| = (m-n) o (m=-n)
a E_._.._._.._. = Z b E____T
) 1! _
=0 m (m-n)! ) mo ™ (m-n)! B
L Js=0 s=0
r. oo .1 (=]
ie TR R I
) £y mm m! Zo mm m! )
5 Jds=0 |™ s=0

When the sums are evaluated at s = 0 , the only non-zero terms are
when m = 0 . Thus a = bn sy n=20, 1, 2,‘...,' showing that the

two Newton series are equal. The converse is obvious. Q.E.D.

We shall use § to denote the set of all Formal Newton series.

w (k)
Binary operations can be defined on § . Let f£f(s) = z a, =
. s(k) K20 k k!
and g(s) = z bk T be two typical elements of § . Addition,
k=0 : '
+ , 1is defined as:
°Z° s (k) OZO s (k)
f£(s) + g(s) = a —— + b —
2o k k! k=0 k. k!
o (k)

I (a + by) -——Sk! i



Multiplication, X , is defined

i.e.
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as the product of the two series,

°z° (k) ‘f s (&)
f(s>><g(s)=( a = I v =] .
k=0 k k! k=0 k k!
To see that § 1is closed under % , we need the following lemma.
+m (k)
(@) _@m " k! n! m! s |
(6.3.4) Lemma: s s = kZo o) T (ko) ! (eem)? &7 2 Vn, m > 0 .
g (m) S(m) s\ s
Proof: —_— = )
e n! m! n m

o Ll

-3

m

SR ) o
k )(m+ n -k (Riordan [13]; pp. 15)

- k s . . 2 .
)(m + o - k) (b1nom1al identity)

k=m _
= k_gﬁ,n (L .n l 11;] (i)  (replacing k by wim-i)
mn _
= Z n k)|s (reversing the order of
k=m (n tm - k] (m) (k) summation)
_me m! ! st -
- kzm (n+m-k)!(k -n)! (k- m)m! (s - k)!k!
i k! s ()
- kzm m+m-K!k-m!k-n)! K
n+m ! S(k)
) kZO m+m -k -m!k-n)! k!

This is done by adding

agrees with the general

1
(k = m)!

= 0 whenever

m zeroes as the first m terms and this

term since

k <m .
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S(n)s(m) _ ngm k! m! n! s(k)

k=0 (n tm - k)t (k-m)! (k- n)! kt -

Hence, Q.E.D.

Remark: Lemma (6.3.4) is merely another disguised formulation of the

Pfaff-Saalschutz summation. That is, (6.3.4) is a special case of

Z (m -t [n + t)(s + t + k} _ (s + t 2

+ +
k>0 t k m n m

with t = 0 .  For more details, see Andrews [4; pp. 98] and
Riordan [13; pp. 15].
(6.3.5) Lemma: The product of two formal Newton series is another

formal Newton series. More precisely

s (@) 5 (m) '
f(x) x g(s) = a — ) m _
n=0 !
Sy n i)
- k n .
) kZO(nZO (n) %n mZO {m) bm-—n+k } k!
Proof: f£(s) x g(s) = z z n? m? S @) )
oo oo a b mn ) i (k)

-y § 2 my k! ! ol s

! m! Y Eee Wi s eralian
n=0 meo ™' ™ 2o (mtn k).:(k n)! (k-m)! fk.-

w (lemma (6‘3‘.‘4)')

Noting that ?E;;%E77-= 0 whenever k > m + n , Wwe can write
«© o oo a b (k)
n m - k! s
£(e) x gls) = ZO mZO kzo (k-n)! (k-m)! (wn-k)! K!
- v v I an bm ;k} s(k)
50 aZo moe (e-m)! (kem)! (min-k)! k!

L ()

k!

SR N E A 3 T

by the same argument as in (6.1.1). Q.E.D.
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(6.3.6) The distributive. law also holds since

® (n) Sl (m) o (m)
( Z a = ; ) x 2' b = T + Z c = ; )
n=0 n n. =0 m m — m m
2 (n) © S(m)
= ( z a —— ) X 2 (bm + cm) - ) (definition of addition)
=0 ) m=0 ’ ‘
| k n (k)
k
) Zo HZO [n) an mZO (;}(bm-n+k + Cm—n+k)))EET— (lemma. (6.3.5))
Tl E n k n ()
. k n k n s
B kZO\nZO (n) %n mZO (m]bm—n+k +‘n£0 (n] %n mZO [m) cm_n+k k!
s k ; ( )
k
) kZO(nZO (“) : z l ) m-n+k | k!

(see the remark on

s | k n (k) (6.3.1))
k n S :
+ Z ( Z (n) ®n g (m)cm—n+k k!
k=01n=0 m=0
® s (&)
= ) ( ) NP Z ) (This is done by
k=0 n=0 (n] : (m] montk |kl adding infinitely .

many zeroes to
(k) the Newton series.)

) k;fo(nlgo (E) : Z (m] “"“*k) k!

= (@ ) & (m)
b c
(n n n! ) ( m m' n n' ( m m! )

(lemma (6.3.5))

Finally, we conclude that (§, +, -, 0, X, 1) is an algebra
since the definitions of the operations were transported via the
interpretation as functions, and these are subalgebras (of the

algebra of all functions from N, to R).
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(6.4) The Algebra Isomorphism Theorem. With all the preliminary

results done, we can now state the isomorphic relationship between

ED and %

(6.4.1) Theorem: There exists an algebra isomorphism oy from
Eps +5 =, 0, 0, N) to (8 +, -, 0, x, \) such that
o« Y] (k)
X D S
oyt 2 A Z a, =54 .
D k=0 k k! k=0 k k!
Proof: In view of theorem (5.1.6), we only have to show that ¢p

preserves multiplication.

o0 k_k 0 k
Let U= J akiﬁ—?— and V= 7 -bkit—?—-.
k=0> ) k=0 °
Then,
UoV = E § ’E *n ®m a1 m! k! XD
rmolnZo moo 0! m! (e=m)! (k-m)! (ndm-l) !/ k!
o f§ k . x D
. ( ; (k, a E . (E))_iT"' (see (6.1.1))

k=0\n=0 in n =0 m-n+k

Under the mapping,

(k)
1) 20 b b 2]

: © 1 k
op U ° V) Z(Z
k=01n=0

0 (n) o (m)
( T a E ) x ( y b 2 ) (lemma (6.3.5))
n

! 1
= m=0 o ™

¢ (U x o5(V) . Q.E.D.

In the above theorem, we have restricted ourselves in expanding
a given Eulerian shift invariant operator in terms of the differential
operator D only. Our next goal, of course, is to generalize the

above version so that it is applicable when an Eulerian shift invariant
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operator is expanded in terms of ANY given Eulerian differential

operator.

(6.4.2) Corollary: There exists an algebra isomorphism ¢Q
from (EQ, +, =, 0, ©, A) to (8, +, -, 0, X, \) such that
o k k

® (k)
. X g > S
O kzo % Tk Z Pk T

o-j _[3; 0 %k
where bk ( ] (-1) Dimk: Q] k!

k—O j=k

Proof: From lemma (4.3.1) and theorem (5.1.2), we have

pos k. k «° a ® a
k n x'D
o, 2= 7 7 xfx - DY
o K =0 ®' n=0 =1 B!
v k n a nDn
=1 1 I kQ ) (n)( DM _% xn!
k=0 n=0 §=0 =1
P . . a nn -
i zo 0 9=k ( )( D™ [jfi; 8} "%’x:? (lemma (4.3.1))
= n= J_
-7 3 i __Li; ol %k x'p"
nZO k=0 j=k ( )( ol [i-k; Q] k! n!
v T a _nmn
= n-j [i; Q] "k x
) ngo kzo J-k( ]( D77 oG Q) 't ar (see (403))
The required result follows from Theorem (6.4.1). Q.E.D.

For simplicity in the discussion of our later works, by
isomorpliism theorem, we are referring to the one described in

Theorem (6.4.1) rather than the more complicated version stated
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in (6.4.2). It should, however, be understood that the theory is
equally applicable to the generalized version with minor adjustments.

We discuss some of the consequences of the algebra isomorphism

theorem.

(6.4.3) Corollary: Q <s an Eulerian differential operator if and

only 1f xQ corresponds, under the isomorphism, to a formal Newton

series
) E s (k) " o
f(s) = a, —— such that
Lo Tk k!
f(0) =0 and f(n) = 0 Vn =1 ..

Proof: If Q dis an Eulerian differential operator, then =xQ is,

by definition, Eulerian shift invariant with the expansion
© k_k

z a, EE?— . Under the isomorphism, the corresponding formal
k=0 :
Newton series for xQ is
§ s ()
f(s) = a ;
k=0 k k
s kak .
Z a o 1 xQl = 0= a; =0
=0
This means £(0) = 0 .
o xk—le
Thus Q= ) a “—
kel k k!
n - k—le n
and Qx -=( Zl ak o X
n 1 ) nx
= Z ap D X
k=1 )
= ( v a n(k) )Xn-l
1
2 k k!
n-1

I
H
—~
=]
~
]
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Also Qx" = gnxn“1 where {gn} is the fundamental sequence
for Q . Theréfore g, = f(n)
Since, by definition, g # 0 Vn >1, we have Vn > 1
f(n) 2 0 .
Conversely, if =xQ corresponds, under the isomorphism, to

a formal Newton series

@ (k)
s
f(s) = } a, = with £(0) =0 and f(n) =0 Vnz1,
k=0 :
then =xQ 1is an Eulerian shift invariant operator such that
® kak © xk—le
xQ = Z a, 15 o°of equivalently Q = Z ay T
k=1 ’ k=1 '
0 Xk—le
Since Qx° = 21 a, T 1 =0, and
n p xk-le n
for n 21, Qx =<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>