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ABSTRACT

Radio localization and tracking have enormously grown in the fifth generation (5G) of
cellular systems and are no longer limited to emergencies. Furthermore, the data obtained
from these processes proves highly beneficial for cellular networks, offering advantages

such as enhanced network control and more efficient resource management. Accordingly, this
thesis investigates localization and tracking in 5G and beyond. In particular, it targets realistic
circumstances where the theoretical assumptions of a perfect synchronous system and ideal
transceivers no longer exist. In this thesis, we undertake the task of localizing and tracking
objects in progressively challenging scenarios. Subsequent to each localization and tracking
process in these scenarios, we offer a performance analysis tool, accompanied by the derivation of
benchmark metrics. Notably, we establish the Cramer-Rao Bound (CRB) as the benchmark for
localization assessment and introduce the Bayesian Cramer-Rao Bound (BCRB) as the benchmark
for tracking evaluation.

In the context of localization, the initial scenario involves localizing a mobile station (MS)
equipped with a single antenna within a perfectly synchronized millimeter-wave (mmwave)
multiple-input single-output (MISO) system implementing the orthogonal frequency division
multiplexing (OFDM), taking into account hardware impairments (HWIs) occurring at both the
base station (BS) and the MS. Subsequently, the localization task advances to a more intricate
environment, where localization accuracy is compromised by non-line of sight (NLoS) effects
caused by unknown position scatterers, in addition to the presence of HWIs. Continuing the
exploration, the localization process is extended to an environment where it is implemented
within an asynchronous reconfigurable intelligent surface (RIS) aided mmwave MISO system.
Here, our focus shifts to achieving localization alongside synchronization in a RIS-aided mmwave
MISO system that is subject to HWIs. As for tracking, we also delve into this aspect within both
a perfectly synchronized mmwave MISO system and a RIS-enhanced mmwave MISO system. In
the first system, tracking performance is notably hampered by the presence of HWIs. Specifically,
we engage in range-direction tracking of the MS relative to the reference BS. Subsequently,
we proceed to track the MS’s position concerning the reference BS. However, in the second
RIS-aided mmwave MISO system, tracking accuracy experiences a decline owing to both HWIs
and synchronization errors, as we focus on monitoring the MS’s position in this particular
configuration.

From a technical standpoint, the process of localization, tracking, and even joint localization-
synchronization is carried out on the MS board. This is achieved by estimating the downlink
channel parameters using a maximum likelihood (ML) estimator. Subsequently, the localization
and the joint localization-synchronization tasks are finalized by inputting these estimated para-
meters into specific geometric equations that establish a connection between the estimated values
and the MS’s position and clock drift relative to the reference BS. Regarding the tracking process,
the estimated parameters are subjected to processing using the Kalman filter (KF) when the rela-
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tionships between the measurements and tracked elements exhibit linearity. Conversely, when
these connections display nonlinearity, the extended Kalman filter (EKF) is utilized to manage
these parameters. Both KF and EKF execute tracking by combining the estimated parameters,
which represent the measurements, with prior information pertaining to the transition model of
the MS.

During the evaluation phase, we determine the localization and synchronization boundaries
by calculating the position error bound (PEB) and synchronization error bound (SEB) using
the CRB as a reference. Therefore, the CRB serves as a mathematical benchmark for assessing
both the localization and the joint localization-synchronization procedures. This benchmark is
derived by mathematically inverting the Fisher information matrix (FIM) associated with these
processes. To initiate this procedure, we first construct a model for the received pilot signal, which
is utilized in the estimation of the downlink channel parameters. Subsequently, we compute the
FIM for the estimation of these downlink parameters and then transform it into the FIM for the
localization and joint localization-synchronization tasks. The assessment of tracking performance
involves a comparison with the BCRB, which results in tracking error limits. The BCRB takes
into account not only the valuable information obtained from received pilots but also the valuable
information derived from understanding the transition model of the MS. As a result, we follow
a similar series of steps as those outlined for localization to compute the FIM related to the
measurements. Subsequently, we calculate the FIM matrix associated with the MS’s transition
model. The combination of these two FIMs forms the Bayesian information matrix (BIM), which
is mathematically inverted to yield the BCRB benchmark.

In conclusion, we perform numerical experiments to assess our processes. The results ob-
tained from these computer simulations analyze the level of accuracy achieved in localization
and tracking across various suggested scenarios. This accuracy measured by simulation is juxta-
posed with the established benchmarks. The findings from both the simulation accuracy and the
benchmarks reveal the detrimental effects of HWIs on localization and tracking performance,
and this deterioration is inversely proportional to the transceiver quality. An analogous negative
effect is observed as a result of the reflected NLoS paths from scatterers with unknown positions.
Furthermore, the asynchronous scenarios demonstrate that assuming perfect synchronization
masks a portion of the degradation observed in localization and tracking accuracy. However, in
these numerical experiments, we achieve the theoretical accuracy presented by CRB for localiza-
tion and by BCRB for tracking when these processes are implemented with perfect transceivers
conditional to negligible NLoS reflections. On the other hand, with non-ideal conditions, the
numerical experiments show that applying the proposed Monte Carlo (MC) approach with KF and
EKF leads to a significant enhancement in accuracy. Furthermore, we leverage the capabilities
of the proposed machine learning techniques (MLT) to offer a streamlined and highly accurate
solution that does not rely on prior models and statistics around the MS.
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1
INTRODUCTION

This chapter provides a brief overview of the key points discussed in this work. It introduces

the localization and tracking processes and presents their well-known systems, categories

and techniques. In the following section, it addresses hardware efficiency and outlines the

most common types of non-idealities existing in practical communication systems. Additionally,

this chapter provides a brief overview of millimeter wave (mmwave) communication systems

before focusing on localization and tracking in mmwave systems, as well as highlighting previous

work in the field. Finally, it summarizes the contributions, considerations, and justifications of

this thesis, followed by a concise overview of the remainder of the thesis.

1.1 Localization and Tracking

Location and time are two of the most important factors that govern our daily lives. Interestingly,

the term position refers to a spatial location in the real world. It is usually expressed by means

of two-dimensional (2D) or three-dimensional (3D) coordinates, which are given as a vector of

numbers, each of which represents a position in one dimension [1]. Therefore, the synonyms

localization and positioning refer to the determination of the coordinates of a certain object

in the real world based on known references [2]. In this thesis, the base stations (BS) serve

as the reference points, and the specific object under consideration is the mobile station (MS).

Beyond merely pinpointing the target’s location, the tracking of its trajectory becomes imperative

and holds substantial significance in today’s digital era. This localization and tracking endeav-

our serves a multitude of purposes and finds applications in diverse domains, encompassing

telecommunications, navigation, security, and marketing.

Presented below are several compelling rationales underscoring the importance of localization

and tracking MS [3–7]:
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CHAPTER 1. INTRODUCTION

• Location-Based Services: Localizing and tracking MS enables the provision of location-

based services, such as navigation, location-based advertising, and emergency services.

It enhances user experiences and can be crucial in emergency situations, allowing rapid

response when someone requires assistance.

• Telecommunications Optimization: Mobile network operators rely on localization and track-

ing to optimize network performance. By monitoring the movement of MSs, carriers can

manage network congestion, allocate resources efficiently, and improve call quality.

• Asset Management: In the business and logistics sectors, localizing and tracking MSs is

essential for efficient asset management. This includes tracking the location and condition

of vehicles, equipment, and inventory. It can lead to cost savings, improved productivity,

and better customer service.

• Security and Law Enforcement: Localization and tracking are crucial for law enforcement

agencies to locate missing persons, track criminals, and prevent illegal activities. It can

also be used for surveillance and monitoring in situations that require heightened security.

• Healthcare and Elderly Care: In healthcare, mobile localizing and tracking are used to

monitor patients, especially those with chronic illnesses. It can also assist in elderly care

by ensuring the safety and well-being of senior citizens through tracking devices.

• Traffic Management: Localizing and tracking MSs are vital for managing traffic congestion

in smart cities. It can provide real-time traffic data, helping commuters make informed

decisions and enabling traffic authorities to optimize traffic flow.

• Disaster Response: During natural disasters and emergencies, mobile localizing and track-

ing help authorities locate and assist affected individuals. It aids in coordinating relief

efforts and ensures a timely response.

Numerous systems/infrastructures are used and exploited in the positioning and tracking

processes. For example [8]:

• Global positioning systems and other positioning approaches including acoustic-based and

light-based systems:

These systems demonstrate effectiveness when deployed in open and level outdoor settings.

Nonetheless, their performance significantly diminishes when utilized in non-line-of-sight

(NLoS) environments, such as regions characterized by hills, mountains, or dense urban

construction. This diminished performance is primarily attributed to the necessity for a

consistent and robust signal propagation to enable localization and tracking using these

methods. Moreover, these systems can exclusively determine the location and track objects

within the geographical area covered by signals like sound, light, or RF waves. Additionally,
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the methodologies employed tend to be constrained by the need for specialized hardware,

which can entail substantial costs related to labor, spectrum licensing, and capital in-

vestments required for establishing dedicated indoor infrastructure. Furthermore, these

systems can only facilitate localization and tracking when the specialized hardware is

operational, location data is continually transmitted to a central server, and there are no

interruptions or outages in the system signal.

• Cellular position systems:

Here, cellular position systems utilize broadcast radio waves from BSs to determine posi-

tion. These systems are valid for estimating a rough position in both outdoor and indoor

environments. The most common signal parameters used here in these systems for local-

ization and tracking are the angle of arrival (AoA), time of flight (ToF), time difference of

arrival (TDoA), and amplitude (signal strength). However, the localization and tracking in

these systems pose several problems due to multipath and NLoS conditions, small-scale

and large-scale fading, low signal-to-noise ratios (SNR), and interference by other systems

entities. These affect the radio signal parameters used as input data for locatization and

tracking algorithms. To process the noisy signal parameters and improve the accuracy,

location tracking algorithms use additional intelligence and information. NLoS mitigation

techniques use more robust estimators or simply discard the NLoS component.

• Wi-Fi positioning systems:

These systems have been widely deployed around the world and are considered as localiza-

tion and tracking enablers in both indoor and outdoor environments.

These different systems deployed for the purpose of localization and tracking have a common

factor which is the existence of reference points such as navigation satellites in global positioning

systems or BSs in cellular networks. Aside from these reference points, measurements are

conducted to accomplish the positioning process. Examples of this are given in cellular systems

as [2]:

• Mobile-based:

When the MS itself calculates its position by downlink signal measurements from the

reference BSs.

• Network-based:

When the localization is carried out by the network side by means of signal measurements

performed by the network with respect to the MS, or signal measurements performed and

sent by the MS to the network.

Regardless of the type of positioning and tracking system and the entity that performs the

processes, different techniques can be used to execute the localization and tracking by considering
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Figure 1.1: Proximity positioning.

Figure 1.2: Trilateration positioning.

different measurements or references. These fundamental techniques can be summarized as

[1, 2, 9]:

• Proximity:

The estimated position of the target is the position of the reference that the target locates

in its coverage area. The reference here can be ultrasonic sensors, light sensors, BS, RFID,

etc. The known position reference sends or receives the predetermined pilot signals, after

which its position is assigned as the target position. Fig. 1.1 shows types of proximity

positioning methods. As illustrated in Fig. 1.1, the plot on the right shows a configuration

with omnidirectional radiation, while the plot on the left illustrates proximity sensing with

sectorized/directional radiation.

• Lateration:

Fig. 1.2 presents the lateration concept. The tracked position is obtained by computing

the intersection between geometric forms, e.g., circles, created by distance measurements

between the target and the references. Here, three references construct three circles,

thus called trilateration, and intersect at one point and provide 2D location, while for 3D

location, four references are required. Moreover, several types of measurements can be

used to construct the circles, such as time of flight (ToF), or received signal strength (RSS).
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Figure 1.3: Angulation positioning.

Figure 1.4: Hybrid lateration and angulation positioning.

• Angulation:

The intersection of two known directions or angles from at least two references towards the

target is used to track and localize the target as Fig. 1.3 depicts. The angulation concept

is implemented in a cellular network when the BS is equipped with an antenna array.

Specifically, the BS measures the phase difference of signals arriving at different antennas

in the array to estimate the target direction. Then it defines a straight line, where the

intersection of two lines determines the target position as shown in Fig. 1.3.

• Hybrid:

Implementation of a combination of two or more localization algorithms to improve overall

performance or to support an algorithm that cannot be computed stand-alone. For example,

the combination of lateration and angulation in cellular systems as Fig. 1.4 demonstrates.

In this example, the range is estimated by measuring ToF which forms the circle in the

figure, while the AoA is estimated by the BS equipped with an antenna array which forms

the direction θ. The UE position is then taken as the intersection of the direction and the

circle.

• Scene analysis:

This approach is also known as fingerprinting and pattern matching. Essentially, this tech-

nique begins by constructing a fingerprint database that includes location-based features

such as received signal strength, time delay, and channel delay spread. The localization

process is performed by matching the measurements of the location-based features with

those stored in the fingerprint database [1].
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1.2 Hardware Efficiency

Considering ideal transceivers is a theoretical assumption that underlies many challenges. This

theoretical condition supposes that the transmitter is able to generate the correct modulated

pass-band signal from the complex baseband samples, and the receiver can demodulate and

sample the received signal correctly. Furthermore, this assumes that the transmitter and receiver

are in perfect synchronization in terms of time and frequency. Unfortunately, none of these

conditions are fully satisfied in practice. The following are some of the non-idealities that exist in

practical transceivers, which are mentioned in [10] and referenced therein:

• Phase noise:

Phase noise is the time-varying drift and the resulting frequency deviations at the transceiv-

ers caused by imperfections in the employed oscillators due to thermal noise. Oscillators

that operate at higher frequencies, such as mm-waves (30-300 GHz), are more susceptible

to phase noise, making stabilization more difficult. Moreover, phase noise causes phase

rotation from one signal to another in the constellation.

• Nonlinear power amplifiers:

Power amplifiers that boost the power level of the transmitted signal to overcome the possi-

ble path loss have a nonlinear behaviour causing distortions in the amplitude and phase of

the output signal. Ideally, the power amplifier is considered to have a linear relationship

between the input and output power, as more input power generates more output power.

Nevertheless, in practice, with a low-power input signal, the power amplifier acts as a

linear filter, but when the input signal power increases and reaches the threshold point,

the power amplifier saturates. Nonlinear power amplifier deterioration can be classified

into two categories: amplitude modulation/amplitude modulation (AM/AM) and amplitude

modulation/phase modulation (AM/PM). The first one discusses the input and output sig-

nal’s amplitude relationship, while the latter describes the input signal’s amplitude and

output signal’s phase relationship.

• I/Q imbalance:

Quadrature amplitude modulation is widely deployed in modern communication systems

such as mmwave systems. This modulation involves two components, the in-phase and

the quadrature components, that should be perfectly matched. In other words, the phase

difference between the two components should be 90 degrees, and their amplitudes should

be consistent. However, practical systems lack this targeted perfect match, known as

I/Q imbalance, which leads to performance degradation, including positioning. There are

two common types of models for I/Q imbalance: the frequency-independent model which

examines quasilinear impairments of the input signals, and the frequency-selective model

which evaluates the analog components’ behaviour more precisely.

6



1.3. THE mmWAVE COMMUNICATION SYSTEM

• Antenna array calibrations:

The antenna array is the prime component of angulation positioning, as the electrical and

geometrical characteristics of the antennas in the array must be known to achieve precise

results. Practically, these features may alter over time and not be feasible to maintain each

factor as designed. This necessitates a process called antenna calibration that involves

transmitting known pilots from known locations.

• Timing synchronisation:

Aiming at accurate localization, the transmitter and receiver should be perfectly synchro-

nized. However, in practice, there is often a time offset between the clocks of the transceivers

that is disruptive to the estimation process.

• Doppler effect:

This impairment involves non-stationary transceivers, where the movement of the target

relative to the BS results in distortion called the Doppler effect which causes fast time-

varying multi-path fading channels and issues with frequency synchronization.

It is apparent that the ideal conditions for transceivers are not fully satisfied in practice.

Moreover, enhancing the hardware efficiency of components and moving closer to ideality are

more challenging to implement, more expensive, and consume more power. This introduces a

cost-quality trade-off in practical systems, especially in systems employing large-size arrays. The

cost of such an implementation will be roughly several times higher than that of a single-antenna

transceiver, necessitating a reduction in the quality of individual components.

As a solution, analog or digital compensation algorithms have been proposed to mitigate the

deterioration in hardware efficiency. Unfortunately, these algorithms heavily rely on modelling

distortions, which could be inaccurate. Detailed modelling and compensation of hardware impair-

ments (HWIs), for example, are discussed in [11–14] and referenced therein. Finally, residual

impairments will still exist due to modelling inaccuracies and the destructive nature of some

impairments.

This work will not cover detailed modelling, and rather, it will focus on the impact that residual

HWIs have on estimation, localization, and tracking by modelling the non-ideal hardware as

non-linear memoryless filters as coming in section 2.1.

1.3 The mmwave Communication System

In modern history, mobile communication is considered one of the most successful and popular

technological innovations. Due to technological advancements and appealing features, mobile

communication has become an indispensable part of billions of people’s lives. Therefore, un-

precedented growth of mobile data traffic is expected, with some predictions indicating that

mobile data will grow exponentially over the coming years. This incredible increase in demand
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makes the use of the 300 MHz - 6 GHz frequency range in most wireless communication systems

today increasingly crowded, while the spectrum from 6-300 GHz is comparatively empty. This is

primarily due to the very advantageous propagation characteristics at low frequencies that allow

radio waves to penetrate buildings, reflect multiple times, and bend around corners [11, 15].

The empty frequency band of the range 30-300 GHz with wavelengths ranging from 1-10 mm,

referred to as mmwave, is a promising carrier frequency for fifth generation (5G) cellular systems,

as it is expected to provide the large spectrum bandwidth required to support a drastic capacity

increase for 5G cellular systems. Further, the mmwave cellular systems can achieve a similar

spectral efficiency to that obtained at a lower frequency while providing orders of magnitudes

more data rate thanks to the larger bandwidth [16, 17].

Unfortunately, mmwave systems suffer from high atmospheric absorption, rain and foliage

attenuation, significant penetration and reflection losses, and little diffraction. As a result,

the use of this band is restricted to the line of sight (LoS) outdoor-to-outdoor or indoor-to-

indoor communications over relatively short distances. Although it is currently employed in the

wireless backhaul, recent channel measurements and theoretical considerations have confirmed

the feasibility of using mmwave not only for the backhaul but also for the access link. These

theoretical considerations and measurement campaigns have proven the possibility of deploying

mmwave communication in outdoor "small-cells" with up to 200 m cell radii if the transmitters

and receivers are equipped with sufficiently large antenna arrays to compensate for the otherwise

prohibitive propagation losses [11, 15].

It is evident that the feasibility of the mmwave mobile communications is associated with

active techniques in combating the unfavourable propagation loss observed in the high frequencies.

As a result, efficient beamforming techniques are crucial in mmwave systems. In general, the

formation of a directive beam could be applied in the digital domain or the analog domain. In

the digital domain, digital beamforming is done in the same way as digital precoding which

multiplies a particular coefficient to modulated baseband symbols per radio-frequency (RF) chain.

On the other hand, in analog beamforming, complex coefficients are applied to manipulate RF

signals through controlling phase shifters and/or variable gain amplifiers [16].

The combination of analog and digital beamforming, hybrid beamforming, is derived as a

trade-off between flexibility/performance and simplicity, especially in the case of a multitude

of antenna systems. Typically, digital beamforming provides a higher degree of flexibility in

manipulating transmit/receive signals for improved performance. However, this flexibility is at

the expense of increased complexity and cost due to digital-to-analog converters and analog-to-

digital converters per RF chain. On the other hand, analog beamforming is simple and effective

in generating high beamforming gains from a large number of antennas but is less flexible than

digital beamforming. There has been considerable interest in hybrid beamforming when the

orthogonal frequency division multiplexing (OFDM) is implemented with the mmwave systems

as in [16–18]. This conviction comes from the expectation of operating the mmwave systems on
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broadband channels with frequency selectivity.

1.4 Localization and Tracking in Literature

The mmwave communication system has been identified as one of the most promising candidates

by research innovation and industrial communities for satisfying the proliferating demands of

new generations of wireless applications, including multi-sensory extended reality, connected

robots, wireless brain-computer interactions, digital twins, industrial internet of things, tactile

IoT, internet of underwater things, self-driving ground and air vehicles, and others. To achieve the

promised performance excellence, these applications are restricted to predetermined specifications

in terms of throughput, latency, and reliability, within acceptable transmission distances. Despite

the unprecedented bandwidth that high-frequency systems offer, both the transmitter and the

receiver require knowledge of each other’s relative position and orientation.

As a consequence, localization and tracking are expected to become a vital component of high-

frequency wireless systems [19]. Due to the use of unprecedented levels of bandwidth and higher

carrier frequencies with the deployment of large antenna arrays in mmwave communication

systems, location accuracy is expected to be provided in the order of centimetres [20, 21]. As

a result, mmwave is considered the first generation to integrate the location information into

the network design and optimization, for example, through beamforming, pilot assignment, and

resource allocation. Moreover, it makes location-aware applications more attractive than ever

before. Among these applications are the industrial Internet of Things, emergency services, tar-

geted content delivery, vehicular communication, assisted living systems, connected autonomous

vehicles (CAVs), and air-ground communication with unmanned aerial vehicles [22, 23].

Estimation, localization, mapping, and many other processes have been investigated in

mmwave systems, as demonstrated in works[24–30]. Typically, these processes have been as-

sociated with the performance analysis presented through the theoretical performance bounds

in the Cramer-Rao Bound (CRB) term. Work in [24] confirmed that mmwave technology for 5G

systems is capable of providing so robust an indoor localization scheme that centimetre accuracy

can be ensured. Besides, the authors in [25] derived the 3D position error and orientation error

in terms of the position error bound (PEB) and the orientation error bound (OEB), respectively.

These bounds were performed for the uplink and the downlink localization with arbitrary array

geometries in multipath environments. Moreover, work in [26] provided estimations for the

channel parameters and the angle of departure (AoD) of the mmwave channels. Furthermore,

the authors demonstrated proof of estimation accuracy by showing that the estimation error

was small enough to approach the CRB. Similarly, the authors of the work in [27] proposed a

two-stage algorithm for position and rotation angle estimation in the presence of scatters. Next,

they verified the accuracy of the proposed strategy by deriving the CRB of the positioning and

rotation angle estimation. Their results showed that the estimation errors attained the CRB for
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an average to high SNR. Performance enhancement and complexity reduction of the localization

process in mmwave are also considerable investigation points. For example, the CRB was used to

evaluate the accuracy of the estimation in case of reducing estimation complexity as investigated

in [28]. In this work, two low-complex estimation approaches were proposed, and the resulting

reduction in estimation accuracy was analyzed and evaluated by comparing the achieved accu-

racy with the CRB. Moreover, in [29], a closed form of the CRB for the localization and channel

estimation process was obtained. Here, the closed-form CRB was derived not only to provide a

performance benchmark for the localization process but also to optimize the beamforming vector

that will be utilized in enhancing the localization process later. It is not limited to the localization

process since the mmwave systems are a rich environment for such impressive applications. For

instance, mapping the radio environment was demonstrated in [30], and the CRB was derived as

a benchmark for evaluation purposes.

More interestingly, deploying reconfigurable intelligent surfaces (RIS) technology solves

challenging problems in radio localization and tracking. For example, the multiple paths, due

to the RIS, make the estimation of AoD, AoA and time of arrival achievable [31]. Moreover, the

RIS technique enables the joint localization-synchronization process, more so in single-input

single-output (SISO) systems [32]. RIS can also provide significant benefits to the estimation

performance, and thus in localization and tracking. In this context, the localization process in the

presence of RIS was addressed in [33–36]. In [33], the PEB and the OEB were derived for a 2D

RIS-aided mmwave localization process. Additionally, the work in [34] addressed the impact of

the number of RIS elements and the value of phase shifters on the position estimation accuracy.

This paper also presented the role of the RIS in improving localization accuracy by comparing it

with the conventional system involving one LoS and one NLoS. Moreover, the works in [35, 36]

executed the joint localization-synchronization process and compared the achieved accuracy with

the CRB benchmark for evaluation purposes.

In the context of tracking, tracking the position and velocity of the MS is necessary for efficient

network control, as well as for offering useful services in cellular networks [37–42]. As such,

the work in [37] tracked the MS by measuring the field strength data of surrounding BS and

implementing the Kalman filter (KF). Next, the work in [38] measured the time difference of

arrival and applied the KF to track the MS in NLoS cellular networks. In [39], the extended

Kalman filter (EKF) was utilized to track the MS in a single BS cellular network, relying on

measuring the AoA and the changing rate of the AoA. Furthermore, the work in [40] investigated

tracking the MS based on Aulin’s wave scattering channel model, where it performed the tracking

process via two approaches: the EKF approach and the particle filter approach. Different trackers

were proposed in [41, 42]. In particular, both a particle filter (PF) and a Rao-Blackwellised

particle filter (RBPF) were proposed for the tracking process, and they are based on observing

the strength of the received signal.

The works cited in [42–46] took a unique perspective on the tracking domain. Their objective
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was to assess the effectiveness of the proposed tracking methods by establishing a benchmark

for evaluation purposes. The [42] evaluated the performance of proposed trackers, derived a

benchmark in terms of Bayesian Cramer Rao bound (BCRB) and used it as another assessment

tool besides calculating the root mean square error (RMSE) in the simulation environment.

Besides, the authors of [43] developed a general approach to calculate the BCRB for tracking a

maneuvering target. They based this process on approximating the prior target probability density

function (PDF) using a best-fitting Gaussian distribution. Besides, in [44], the BCRB was derived

for the target tracking in a wireless sensor network comprising randomly distributed range-

only sensors with quantized measurements. Furthermore, the work done in [45] computed the

BCRB in tracking applications. The process depended on noisy measurements from distributions

existing in radio propagation, and these were in the context of both line and NLoS environments.

Additionally, the work in [46] presented the BCRB of the tracking process for the bearings of a

manoeuvring target when the measurement equation was non-linear.

Tracking the MS in the 5G cellular networks and beyond is highly relevant because the

5G networks adopt mmwave and massive array technologies to support multiple gigabits per

second for users and to efficiently offer additional services. However, a slight misalignment in the

directives toward the MS significantly degrades the link quality, capacity, and service quality

[25, 27, 47, 48]. In response, there has been a notable growth in radio-based high-precision

tracking requirements for the 5G applications, making their use no longer limited to emergencies.

Consequently, extensive studies and investigations for the estimation and tracking processes

with mmwave technologies are found in and within [49–54]. In detail, the work in [49] discussed

tracking the slow variations of the AoD and the AoA. Then, it investigated the detection of abrupt

changes or blockages in the MS link. Besides, low-complexity tracking algorithms of the channel

state information, AoA and AoD in mmwave systems were investigated in [50]. Moreover, the

work in [51] designed sounding beamformers estimation and implemented an unscented KF

for tracking the mmwave channels. This design followed the modeling of the underlying time

dynamic state space as a linear Gauss-Markov process. Furthermore, the work in [52] suggested

decomposing the antenna array into two different sub-arrays to track the variations in AoD/AoA

based on the phase difference between them in the received signals. In [53], the authors reduced

the computational overhead in tracking AoD and AoA in a mmwave channel by proposing an

efficient adaptive channel estimation. They did so based on a small-angle assumption and by

employing an autoregressive process to update the AoD and AoA. The authors of [54] studied a

beam-tracking problem in distributed mmwave massive multiple-input multiple-output (MIMO)

systems. Specifically, the authors utilized the mono-pulse beam direction estimation method first

and suggested the implementation of the unscented KF for tracking and correcting the direction

variations.

On the other hand, within the works [55–58], the tracking process was investigated in sys-

tems implementing RIS and MIMO technology, besides proposing algorithms for tracking the
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time-varying channels and the MS. The work cited in [55] introduced a method for accurately

tracking the three-dimensional beam in wireless communication scenarios, particularly in com-

plex environments and remote villages. The method relies on utilizing a RIS to address blocking

channel issues and optimize wireless parameters. Besides, the authors of [56] addressed the

crucial challenge of estimating channel state information in Single-Input Multiple-Output (SIMO)

communication systems enhanced by RIS. Specifically, it presented a low-complexity channel

tracking framework for the uplink of RIS-enabled multi-user SIMO communication systems. This

was particularly important because RIS operate passively and introduce complexities into chan-

nel estimation due to signal coupling. Additionally, the time-varying nature of wireless channels

adds to the computational challenges of real-time channel tracking, especially when deploying

RIS containing a substantial number of unit elements. In [57], the authors proposed an efficient

beam-tracking for RIS. They suggested a practical codebook-based RIS passive configuration that

relies on updating channel parameters, specifically the AoD from the RIS to users. This approach

avoids the need for complex channel estimation procedures. In the same context, in [58], the

tracking process was investigated in systems implementing RIS and MIMO technologies. Besides,

the authors derived the BCRB to serve as a theoretical benchmark for the evaluation of the track-

ing process. In the aforementioned articles in this section, promising solutions were described

for localization and tracking in 5G. However, some researchers have expressed concern about

practical scenarios, in which some fundamental issues still need to be addressed before possible

real-world applications can be assessed. They justify that it’s self-evident that the impractical

assumptions blur the true accuracy of the localization. For example, the HWIs, where needless to

say always jeopardizes the performance of the systems as shown in [11, 59, 60].

With regard to the estimation and localization processes considering the HWIs, it was shown

in [61] that the I/Q imbalance can reduce the accuracy of position and orientation estimation up

to 12% in 5G mmwave systems. In [62], the authors derived position and orientation error bounds

based on the HWIs. This was done to study the effect of HWIs on the localization and orientation

bounds in 2D 5G mmwave systems. The authors of [31] went on to derive the CRB benchmark of

the localization process in mmwave MIMO and RIS-aided mmwave SISO systems, demonstrating

the harmful impacts of the HWIs on the localization process in these systems. Regarding the

influence of HWIs on tracking, the work in [63] proposed custom designs for the auxiliary beams

and for pilots with the purpose of angle tracking in mmwave systems taking into account errors

in array calibration. For practical implementation purposes, the work proposed offline calibration

in advance to mitigate the impact of the array calibration errors on the tracking process. Besides,

the work in [64] proposed a robust Bayesian tracker for the AoA in mmwave-MIMO systems.

During the tracking process, this work counted the uncertainty that resulted from the limited

resolution of the phase shifters. Specifically, the uncertainty was modeled as a discrete Gaussian

random variable with variance depending on the level of uncertainty. Furthermore, the phase

noise error and channel gains parameters in the mmwave MIMO system were tracked in [65].
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Nonetheless, these works in [31, 62] assumed another ideal condition, namely the perfect

synchronization of the MS and BS prior to localization. In that regard, the works in [66] analyzed

the localization process theoretically in the CRB term without actually executing the localization

process, considering both the HWIs and the imperfect synchronization. Specifically, the work in

[66] considered the localization process in the mmwave MIMO system when the synchronization

process was performed as a preliminary step before the localization process. Regrettably, the

works confirmed that the perfect synchronization assumption covers up an unseen part of the

degradation in the localization process accuracy. In the same context, the work cited in [62] did

not take advantage of the LoS link during localization, nor in synchronization. This work also

failed to consider the synchronization process entirely, opting instead to assume that the system

was perfectly synchronized before localization started. Moreover, although the LoS provides the

most useful information for localization, the process in [31] depended only on the estimated

parameters of the NLOS link made via the RIS, and not on those stemming from the LoS.

Regarding the studies conducted in references [63–65], they limited their investigation to a

specific HWIs source and reflected its impact on the transition model of the estimated parameters.

Moreover, they neglected the impacts of this specific HWIs source, as well as the other HWIs

sources, on the transmitted and received pilots, where in reality, severe distortions could affect

the pilots and then the estimation process and measurements.

Continuing within the influence of HWIs, the works cited in [67–70] approached the challenges

posed by HWIs from a distinct standpoint. They utilized the machine learning technique (MLT)

in reducing the HWIs impact of the transmitter on the communication systems performance.

Specifically, these works implemented the extreme learning machine (ELM) algorithm to refine the

synchronization in [67, 68], and to enhance the channel gain estimation in [69, 70]. The refinement

process was done in two steps. Firstly, these works utilized ordinarily known processing to

capture the initial coarse features of synchronization or channel estimation. Then, these works

implemented the ELM for the refinement of the previous stage results. Despite this practical

step, these works consider the HWIs only exist on the transmitter side while the receiver has

perfect hardware. This assumption is not practical and hides the real complexity generated by

the HWIs at the receiver side, where the HWIs at the receiver side depend on the received power

and on the channel gain. Moreover, these works implemented the normal processes and appended

the ELM to enhance the results in the price of increasing the complexity.

1.5 Scope and Contributions

As a result of the valuable gains obtained by deploying localization and tracking in wireless

systems, the capabilities provided by mmwave technologies in this field, and with the goal of

contributing to the realization of the goals practically, this thesis investigates the localization

and tracking processes, their performance analysis, and the challenges they face in mmwave
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multiple-input single-output (MISO) OFDM systems, taking into account the impact of HWIs on

both the BS and MS and synchronization errors. Thus, the main contributions in this thesis are

as follows:

• This thesis integrates the general HWIs model in the MISO-OFDM mmwave system,

building a more realistic mmwave system. Doing so reveals that the resulting noise in

the system is no longer the familiar AWGN. It is still statistically distributed as Gaussian

noise, but its power depends on the transmitted power and the channel gain. Therefore, the

received SNR has saturated to a certain level regardless of the transmitters’ transmission

power or antenna number.

• This thesis estimates the ToF and AoD from the BS by observing a well-known pilot

broadcasted in the downlink from the multiple antennas BS, where that pilot is distorted

by the HWIs noise described in the previous point. The maximum likelihood (ML) estimator

is proposed for this estimation process as it can be implemented in such complex situations

and provide an optimal estimation. For the purpose of estimation, the ML estimator’s

cost function is derived considering the HWIs. Needless to say, the HWIs complicate the

estimation process since they decouple the channel magnitude from the channel phase in

some terms of the cost function and couple them in others. After that, this thesis optimizes

the cost function for purposes of the optimal estimated ToA and AoD. These obtained ToA

and AoD are subsequently utilized for localization or can be processed for tracking purposes.

• This thesis commences by performing localization processes in perfectly synchronized

MISO-OFDM mmwave systems. Initially, it investigates localization under the influence of

HWIs alone. It then proceeds to examine localization challenges arising from both HWIs and

NLoS conditions caused by scatterers with unknown positions. Subsequently, it explores

the impact of synchronization errors, in addition to HWIs, through the implementation

of a joint localization-synchronization process in an asynchronous RIS-aided mmwave

MISO-OFDM system.

• This thesis derives the CRB of the localization process as follows: it starts with the deriva-

tions of the Fisher information matrix (FIM) of the estimated downlink channel parameters.

Then, the channel parameters FIM is transformed to the localization FIM, which is the

input to the inverse to obtain the CRB of the localization process. It’s worth mentioning

that because of HWIs, the CRB is different from that of ideal transceivers as the statistical

quantities of the received pilots, the mean and the variance become dependent on some of

the estimated downlink’s parameters.

• This thesis investigates a comprehensive tracking process across various scenarios. Firstly,

it tracks the range, direction, and location of the MS relative to the reference BS within

the context of a perfectly synchronized MISO-OFDM mmwave system, taking into account
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HWIs. Subsequently, the thesis proceeds to track the MS’s position within an asynchronous

RIS-aided mmwave MISO-OFDM system, also considering the influence of HWIs. These

tracking procedures rely on estimated ToF and AoD, incorporating the MS’s maneuvering

and transition model, and employ KF and EKF techniques. Lastly, the thesis introduces a

position-velocity tracking approach that accounts for HWIs, utilizing MLT, and compares

its performance with the EKF-based method. In this context, it is crucial to highlight that

this thesis suggests utilizing the Monte Carlo (MC) approach and MLT to mitigate the

adverse effects of HWIs on accuracy.

• This thesis establishes the tracking performance benchmark, quantified by the BCRB,

for each tracking scenario. More precisely, the BCRB is computed as the inverse of the

Bayesian Information Matrix (BIM). The BIM is formed by combining the FIM derived

from the received pilot measurements with the FIM corresponding to the MS’s transition

model.

Motivated by the details aforementioned in the previous section, the following points are

considered during this thesis:

• This thesis assumes the MS operates in an environment with at least one LoS path to

a non-obstructed BS, in other words, the existence of LoS during the localization and

tracking processes. Mainly, because of implementing the multi-connectivity concept in

the mmwave systems. It’s worth noting the multi-connectivity concept for the mmwave

research community is considered a promising solution to overcome the highly susceptible

blockage issue of mmwave links. Thus, this feature allows an MS to maintain multiple

possible LoS paths to different BSs, so dropping a link can be overcome by switching data

paths [28, 30, 71, 72]. Furthermore, akin to the work presented in [58], in this thesis,

it is assumed that an adequate number of RIS are deployed to ensure the continuous

establishment of at least one NLoS link between the BS and the MS through the RIS.

• This thesis aims at investigating the localization and tracking processes, considering that

both the BS and MS suffer from HWIs. Therefore, this thesis adopts a model that captures

the hardware impairment characteristics that affect the localization and tracking processes

without restricting to a specific impairment noise model. This model is utilized multiple

times for the purpose of evaluating the localization performance as in [61, 66] or as in

[11] for spectrum efficiency. It’s worth declaring here that the HWIs are the residual part

remaining and can not be removed when implementing the compensation algorithms. With

regard to the RIS, as discussed in [73], these surfaces are nearly passive and ideal. They do

not need any dedicated energy source, and they are not affected by receiver noise because

they do not involve analog-to-digital/digital-to-analog converters (ADCs and DACs) or power

amplifiers. As a result, these surfaces do not amplify nor introduce noise when reflecting

the signals. Consequently, this thesis considers the RIS ideal following to [31, 74, 75],
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or incorporates the impact of the HWIs on the RIS in the receiver side as it ended with

degrading the received SNR, as outlined in [76–79].

• This thesis adopts the MISO mmwave scenario instead of the MIMO mmwave scenario,

even though the MIMO mmwave scenario offers more efficient channel estimation. Mainly,

because the MISO mmwave system is the most likely applicable scenario, as in [28, 30, 71],

the massive arrays will be initially implemented only at the BS side while the MS will have

one antenna.

• This thesis focuses on mobile-based estimation, localization, and tracking as the MS

performs the process from the downlink measurements instead of at the BS side. It’s

predicted that mmwave communication should serve a massive number of terminals

connected to the BS. Thus, mobile-based processing allows multiple terminals to be localized

and tracked by exploiting the common transmission of the known pilot from the BS. Also,

this relieves the burden on the BS as it distributes the processing task over the MSs

[30, 71].

• This thesis employs the hybrid lateration and angulation technique, and it is a mobile-based

processing category where the MS is equipped with a single antenna. This enforces the

single-antenna MS to estimate ToF and the AoD from the BS rather than the AoA to the MS

[71]. According to [71], when transmitting a single beam, the received amplitude depends

on the beam pattern and the unknown channel amplitude, and thus it is not possible to

estimate the AoD. However, in the case of transmitting more than one beam, the ratios

between the received beams are independent of the channel gain and are only dependent on

the beam patterns and hence on the direction in which they reach the MS, i.e. AoD. Thus,

estimating AoD by single-antenna receiver depends on transmitting multiple beams which

results in different received phases and magnitudes that do not depend on the channel

gain but rather on the direction in which the receiver is seen relative to the transmitter.

Here, it is worth noting that the multiple beams can be transmitted sequentially (i.e., time

division), or at different sub-carriers (i.e., frequency division).

• This thesis considers the narrow-band system, that is when the system operates at fc

carrier frequency with bandwidth B, the typical narrow-band condition achieves, i.e.,

λn = c/( n
NT + fc)≈λc = c/ fc for ∀n ∈ {1,2, · · · , N}, where n is the sub-carrier index, N is the

total number of sub-carriers, and T = 1/B is the sampling period, while λc denotes the

wavelength, and c is the speed of light.

This thesis has been organized as follows:

• Chapter 2:

This chapter presents the required theoretical concepts and key points of this thesis. Firstly,
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it shows the HWIs model and its integration in the wireless system. Then, it depicts the

channel model of the LoS MISO channel, as well as the channel gain of the mmwave

channel. Next, it addresses the estimation theory and discusses the basics of the CRB,

the ML estimator, BCRB, and the tracking problems, including KF and EKF. Finally, it

introduces the MLT and the ELM algorithm.

• Chapter 3:

This chapter discusses the localization process when the BS and MS are equipped with

non-ideal transceivers. Specifically, the localization process is performed in a perfectly

synchronized 2D mmwave MISO-OFDM wireless communication system with the LoS

connection only between the BS and the MS, i.e. no NLoS paths exist. Then, it is executed

in a perfectly synchronized 3D mmwave MISO-OFDM wireless communication system

with the LoS connection between the BS and the MS, additionally NLoS connections from

unknown position reflectors. Later on, it undergoes execution of the localization process,

considering the HWIs and synchronization errors. In essence, it is a joint localization-

synchronization process in an asynchronous RIS-aided mmwave MISO-OFDM system.

Here in this chapter, the ML estimator performs accurate estimation as the localization

accuracy attains the lower bound of the theoretical accuracy presented by the CRB for

perfect transceivers. Afterwards, this chapter demonstrates the theoretical accuracy by

deriving the FIM of the estimated channel’s parameters that is transformed into the FIM

of the estimated position. The resulting position FIM represents the inverse operation of

the CRB. Finally, extensive computer simulations are presented to depict the localization

process accuracy in the existence of the HWIs.

• Chapter 4:

This chapter introduces four distinct tracking scenarios. Initially, it conducts tracking pro-

cesses to determine the range and direction of the MS relative to the reference BS within

the context of a perfectly synchronized MISO-OFDM mmwave system, taking into account

HWIs. These tracking operations rely on the KF. Subsequently, the chapter tracks the MS’s

position within the same perfectly synchronized system, employing the EKF methodology.

Moving forward, the chapter extends its tracking efforts to encompass the MS’s position

within an asynchronous RIS-aided mmwave MISO-OFDM system. In this scenario, KF

is implemented to accomplish the tracking process influenced by the HWIs and synchro-

nization errors. Both KF and EKF tracking processes utilize estimated ToF and AoD data

as discussed in Chapter 3. These methods incorporate the MS’s movement and transition

model. Finally, the chapter executes a position-velocity tracking approach that accounts for

HWIs, utilizing MLT in comparison to the performance of the EKF. Following each tracking

process, this chapter establishes the tracking performance benchmark, quantified by the

BCRB, for each tracking scenario. The BCRB is computed as the inverse of the BIM. The

BIM is formed by combining the FIM derived from the received pilot measurements with
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the FIM corresponding to the MS’s transition model. At the conclusion of each tracking

scenario, comprehensive computer simulations are presented to illustrate tracking accuracy

in the presence of HWIs and in the presence of the synchronization error in the case of the

asynchronous system.

• Chapter 5:

This chapter unveils the conclusive discoveries within this thesis and delves into significant

limitations and avenues for further exploration in both the near and distant future.
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BACKGROUND CONCEPTS

This chapter lays the essential theoretical foundation necessary for comprehending the

subsequent chapters within this work. In the sections that follow, this chapter delves

into several pivotal aspects of this study, encompassing the model for HWIs, the channels

model, key elements of basic estimation theory, and an introductory exploration of ML along

with the ELM algorithm. Regarding the HWIs model, we introduce an analytically manageable

framework for characterizing HWIs. This model allows us to investigate how the quality of these

impairments affects the localization and tracking processes. Moving forward, we detail the model

for LoS within the MISO channel, especially when one of its terminals employs either a Uniform

Linear Array (ULA) or a Uniform Rectangular Array (URA). Additionally, we cover the path gain

associated with mmWave channel communication, shedding light on how the AoD influences the

received signal, while also addressing the impact of the distance separating the BS and MS on

the received signal. Concluding this chapter, we provide overviews of estimation theory, delve

into the characteristics and advantages of ML estimation, and explore the tracking process. We

discuss the KF and EKF, elucidate the derivation of the CRB and BCRB, and offer a glimpse into

the realm of MLT.

2.1 Hardware Impairments Model.

Commonly, wireless communication channels are modelled as linear filters. The received signals

over the wireless channel are distorted because of their reception by a noisy receiver, as seen

in Fig. 2.1. This noise that is created in the receiver and added to the output of the receiver

hardware gives the total thermal noise generated by the different receiver components. This is

conditional to the assumption of the ideal behaviour of the hardware components, which is not

applicable practically. The practical hardware components have non-ideal behavior and cause
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Figure 2.1: Wireless communication channel without HWIs.

non-linear distortion. For example, the amplification of the power amplifier in the transmitter

is generally not linear. It acts linearly with a small input signal but saturates with stronger

input signals. Similarly, the finite-resolution quantization component in the receiver performs

a non-linear operation that is destructive and cannot be undone. More detailed descriptions of

the non-linear behaviours of hardware components, which are termed "HWIs", including power

amplifier non-linearity, amplitude/phase imbalance in I/Q mixers, phase noise in LoS, sampling

jitter, and finite-resolution quantization in analog-to-digital converters, were covered in [11–14]

and referenced therein.

As mentioned previously, a residual portion of the impairments still exists due to modelling

inaccuracies and the destructive nature of some impairments. Since investigating the impact of

those residual HWIs on the estimation and thus localization performance regardless of the source

of the HWIs is the main goal of this work, this work adopts "the general residual HWIs model"

described in [11, 80], as it reflects the nonlinear behaviours of the residual HWIs. According to

the references, the residual HWIs are modelled as nonlinear memoryless filters at the transmitter

and the receiver. Consequently, the wireless communication system with the existence of the

HWIs becomes as Fig. 2.2 presents.

2.1.1 The General Residual HWIs Model

We can model the behaviour of residual HWIs as a nonlinear memoryless function as follows.

Consider x ∼ CN(0,P) to be the input signal for a non-linear memoryless function g(.), where

this function produces the output y= g(x), which is also a random variable with non-Gaussian

distribution. The output y is correlated with the input x, and the output signal can be expressed

x
Transmitter Hardwareinput

Non-Linear Filter

Channel

Linear Filter

Receiver Hardware

Non-Linear Filter
yOutput

W
G

N

Figure 2.2: Hardware-impaired wireless system block diagram.
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as

y= E{yx∗}
P

x+η,

where E{|x|2}= P, and the distortion term is

η= y− E{yx∗}
P

x.

It is evident that η is uncorrelated with x since

E{ηx∗}= E{yx∗}− E{yx∗}
P

E{|x|2}= 0.

However, [11] provided examples showing that the input and the distortion term are generally

not independent and that the distortion term η can also carry useful information. However, in

the worst case, it is an independent complex Gaussian variable as follows:

η∼ CN

(
0 , E{|y|2}− |E{yx∗}|2

P

)
.

By knowing that the compensation algorithms used, the HWIs can be calibrated to make the

average power of the input and output equal and thus

E{|y|2}= E{|x|2}= P,

and by defining

p
κ = E{yx∗}

P
,

the output of the non-linear function is given by

y=p
κ x+η, (2.1)

and the distortion power equals

Pη = E{|y|2}− |E{yx∗}|2
P

= P − |E{yx∗}|2
P

= P

(
1− |E{yx∗}|2

P2

)
= P(1−κ), (2.2)

which is proportional to the input power P, with the proportionality constant (1−κ). In other

words, a fixed portion of the signal is turned into distortion, which is clear when we calculate the

output power as

E{|y|2}= κP + (1−κ)P = P, ∀κ.

Fig. 2.3 illustrates the modelling of the behaviour of the residual HWIs as a non-linear

memoryless function, where, as noted above, the key modelling characteristics are that the input

signal x ∼ CN(0,P) is scaled by a deterministic factor κ. Then it is added to an uncorrelated

23



CHAPTER 2. BACKGROUND CONCEPTS

x
input

Non-Linear Filter

yOutput

Impaired Hardware

Figure 2.3: HWIs modelling

memoryless distortion term η which is, in the worst case, Gaussian distributed with zero mean

and variance as in (2.2). Moreover, the term κ ∈ (0,1] is the hardware quality factor in the case of

ideal hardware κ= 1, which results in y= x.

Practically, κ is measured from the error vector magnitude (EVM) specified on the data

sheets of the RF transceivers, which is a common metric for the distortion level in practical

transceiver hardware [11]. The EVM is defined as the ratio between the average distortion

magnitude and the signal magnitude after basic equalization. According to [80], the 3GPP LTE

standard outlines the total EVM requirements within the interval [0.08, 0.175]. In this range,

greater spectral efficiencies (modulations) are achievable with smaller EVM values. Conversely,

there is an interest in larger EVMs when deploying a massive number of antennas, as these

relaxed hardware constraints facilitate the use of cost-effective equipment. Based on the model

represented by (2.1), and the equalized output that minimizes the mean squared error (MSE)

which is
p

κ y, the EVM is defined as

EVM=
√

E{|pκ y− x|2}
E{|x|2}

=
√

(1−κ)P
P

=
p

1−κ ,

which leads to

κ= 1−EVM2. (2.3)

Regarding multi-transceivers, Fig. 2.4 shows the HWIs of the multi-transceivers, where the

input signal at ith transceiver is Pi power, and the total input power is P = ∑M
i=1 Pi. In vector

form, the transmitted signal is given according to
y1

y2
...

yM

=


p

κ1 x1p
κ2 x2

...
p

κM xM

+


η1

η2
...

ηM

 , (2.4)

where

ηt ∼ CN
(
0,diag

([
P1(1−κ1),P2(1−κ2), · · · ,PM(1−κM)

]))
. (2.5)
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Figure 2.4: Multi-transceivers HWIs.

When assuming the case of identical transceivers, κ1 = κ2 = ·· · = κM = κt, and input power for all

transceivers equal, P1 = P2 = ·· · = PM = P
M , the output signal from the M transceivers is

y=p
κt x+ηt, (2.6)

where y= [y1, y2, · · · , yM]T, x= [x1, x2, · · · , xM]T, and ηt ∼ CN
(
0, P

M (1−κt)IM
)
. It is straightforward

to check that

E{∥y∥2}= E{∥pκt x∥2}+E{∥ηt∥2}= κtP+ (1−κt)P=P, ∀κt. (2.7)

2.2 Channel Modelling

The goal of this section is to provide an overview of the relevant channel modelling techniques

frequently used in the literature. Specifically, this section introduces the deterministic model of

the LoS link, where such a model counts the array geometry, the correlation between the channel

responses of different antennas, and the physical location and orientation of BS and MS. Then

we introduce the loss of the mm wave path to provide a visual representation of the parameters

that affect the loss of the path in this range of mm wave frequencies.

2.2.1 The ULA LoS Model

Fig. 2.8 illustrates the horizontal ULA LoS model, which is a very simple deterministic LoS

channel model. Consider a horizontal ULA with adjacent antennas having an inter-spacing

d ∈ (0,0.5], which is measured as the number of wavelengths between adjacent antennas. If a

λ denotes the wavelength at the carrier frequency fc, then the antenna spacing is λd meters.

Furthermore, assume that the MS is located at fixed locations in the far field of the BS array, and
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Figure 2.5: ULA to single-antenna LoS Model.

URA

MS

Figure 2.6: URA to single-antenna LoS Model.

the MS deviates by θ angle from the bore-sight direction of the ULA. Consequently, the phase

difference between two adjacent antennas results from sending the signal to an antenna d sin(θ)

distance longer than the travel distance to the adjacent one. This leads to the array response

with phase rotations that are multiples of d sin(θ) as

α(θ)=
[
1, e j 2π

λc
d sinθ, · · · , e j(M−1) 2π

λc
d sinθ

]T

, (2.8)

where the azimuth angle to the MS θ ∈ [0,2π).
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Figure 2.7: URA to single-antenna LoS Model.

2.2.2 The URA LoS Model

Fig.2.6 and Fig.2.7 illustrate the URA LoS MISO channel. In this channel, the location of each

element is specified by

um =
[

mod
(
m−1, MH

)
×dHλc, 0,

⌊
m−1
MH

⌋
×dVλc

]T
, (2.9)

is the location vector of the mth antenna element in the M-URA, and dHλc and dVλc refer to

the horizontal and vertical inter-element spacing, respectively. The normalized position of the

receiver is specified by the wave vector that is a function of the azimuth and elevation AOD, θ

and ψ respectively, as

k= [sinψcosθ, sinψsinθ, cosψ]T. (2.10)

Consequently, the phases shift resulting from the shift in the URA elements positions are

represented by the BS array steering vector, α, is given by:

α ∈CM×1 =
[
e j 2π

λc
kTu1 , · · · , e j 2π

λc
kTuM

]T
, (2.11)
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2.2.3 mmwave Path Loss.

It is well known that the mmwave frequency range suffers from high atmospheric absorption,

rain and foliage attenuation, strong penetration and reflection losses, and little diffraction, which

essentially restrict their use to LoS outdoor-to-outdoor or indoor-to-indoor communications over

relatively short distances [11]. The mmwave channel is modelled, for example, in [81, 82], and this

model is frequently used in the networks that deal with the mm wave channel, i.e. [30, 35, 83].

According to [81, 82], the mmwave channel is affected by the operating frequency and the

geometric distribution. More specifically, the path loss of the mmwave signal, when travelling a

d-distance NLoS path between the transmitter and the receiver, can be described as

PL(d)= ρ2(d)= ϵ2(d)ζ2(d)
(

4πd
λ

)2
, (2.12)

where ϵ2(d) is the reflection loss over distance d, ζ2(d) is the additional propagation atmosphere

attenuation above free space over distance d, and the last factor in the product is the free-space

path loss over distance d. The propagation attenuation parameter ζ2(d) can be predicted based

on operating frequency as in [84], or obtained from channel measurements and can be generally

applied for all scenarios with the same frequency and atmosphere condition. The free-space path

loss can be calculated directly. The reflection loss ϵ2(d) should be specifically calculated based on

the input reflector geometry statistics and the reflection loss statistics.

The path loss of the LoS mmwave channel is similar to (2.12) except without reflection loss.

i.e. ϵ2(d)= 1, and thus

PL(d)= ρ2 (dLOS)= ζ2 (dLOS)
(

4πdLOS

λ

)2
. (2.13)

2.3 Introduction to Estimation Theory

This section presents some relevant technical and theoretical foundations of this work. Specifically,

we introduce concepts used for estimating the values of unknown deterministic parameters from

noisy measurements, as they are described in classical estimation theory. We provide an overview

of the characteristics, advantages, and utilization of the ML estimator. We then present a

benchmark that is used for evaluating the accuracy of the estimation process in the CRB term.

2.3.1 The Mathematical Estimation Problem

Consider x to be an observation vector of size L. Estimating the unknown value β is possible if

the data x depends on the value β. If we aim to obtain a good estimation of β, the first step is to

mathematically model the data that are inherently random and described by its PDF. It should

be intuitively clear that because of this dependency, the PDF of the data is a function of β and

thus changes corresponding to different values of β.
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Since all information is embodied in the observed data x and its PDF, the more the PDF is

influenced by the unknown parameter β, the better the estimation should be. Otherwise, if the

PDF depends weakly upon β, or in the extreme case, if the PDF does not depend on it at all, then

it is not expected to estimate a parameter with any degree of accuracy.

When β is deterministic but unknown, then the estimation process is called classical estima-

tion. On the other hand, Bayesian estimation refers to when β is viewed as a random variable.

The estimators are described as random variables, and their performance can only be completely

characterized statistically or by their PDF.

Since the objective of the classical estimation theory is to search for optimal or at least

acceptable estimators of unknown deterministic parameters, some optimality criteria are adopted

for doing so. For example, the MSE, which is the most natural criterion, measures the average

mean squared deviation of the estimator from the actual value. However, this natural criterion

leads to unrealizable estimators as it cannot be written solely as a function of the data. Specifically,

the examples in [85] demonstrate that this criterion depends on the bias, where a general rule is

that that any criterion depends on the bias will lead to an unrealizable estimator. Consequently,

an alternative criterion should be introduced instead of the MSE. Intuitively, the new approaches

tend the bias to zero and find the estimator that minimizes the variance, where this estimator is

termed the minimum variance unbiased (MVU) estimator. It has the average of the estimations

that will yield the actual value of the unknown parameter E{β̂} = β, where β̂ is the estimated

values of the unknown deterministic parameter β.

The least squares (LS) is another approach that considers minimizing the variance as it

measures the accuracy. Mainly, the LS approach targets minimizing the discrepancy, on average,

between the estimation and the actual parameter value. In other words, it attempts to minimize

the squared difference between the observation and the assumed signal or noiseless data. Here,

the noiseless data is purely deterministic and is generated by some model that, in turn, depends

upon the unknown parameter β while the observation is the distorted version of the signal.

The LS estimators class, in general, are non-optimal estimators, and worse, their statistical

performance cannot be assessed. Despite this, they are implemented broadly in many possible

applications and problems of interest. This refers to their ease of implementation and relaxed

use ( LS estimators are not restricted to any probabilistic assumptions about the data, since they

require only the model of the signal).

2.3.2 Cramer-Rao bound

CRB places the lower bound on the variance of any unbiased estimator and is one of the easiest

to determine among many other variance bounds. It essentially provides a benchmark to compare

the performance of any unbiased estimator. It is also quite an indispensable tool because it

clarifies the physical impossibility of finding any unbiased estimator whose variance is less than

the CRB. It allows us to assert that an estimator that meets the CRB is the MVU estimator,
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which happens when the estimator attains the bound for all values of the unknown parameter.

The CRB for a scalar parameter is given by

var(β̂)≥CRB(β)= 1
J(β)

, (2.14)

which exists if the regularity condition is achieved as follows

E

{
∂ln p(x,β)

∂β

}
= 0, ∀β, (2.15)

where the derivative is evaluated at the actual value of β and the expectation is taken with

respect to p(x,β). The term J(β) is the Fisher information of β, which is defined as

J(β)=−E

{
∂2ln p(x,β)

∂β2

}
. (2.16)

Transformation of Parameters: An important feature of the CRB is that it can be obtained

for one parameter using the CRB of another parameter, given a known relationship between

them. This frequently occurs in practice, as the desired parameter is often in some way related to

some fundamental parameter. For instance, estimating β= g(µ) with J(β) known yields

J(µ)=
(
∂β

∂µ

)2
J(β).

Extension to vector parameters: The CRB analysis can be extended to a vector parameter.

For a vector parameter β= [β1, · · · ,βp]T, the FIM of β, J(β), becomes of p× p dimension, and its

entity in the ith raw and the jth column is given by[
J(β)

]
i j =−E

{
∂2ln p(x;β)

∂βi∂β j

}
, (2.17)

and the CRB is of β is CRB(β)= [
J(β)

]−1. Moreover, when β=g(µ), where µ is an r dimension

function, then

J(µ)=TJ(β)TT, (2.18)

where the transformation matrix T ∈Rr×p is the Jacobian matrix defined as

T (def)= ∂βT

∂µ
=



∂β1
∂µ1

∂β2
∂µ1

· · · ∂βp
∂µ1

∂β1
∂µ2

∂β2
∂µ2

· · · ∂βp
∂µ2

...
...

. . .
...

∂β1
∂µr

∂β2
∂µr

· · · ∂βp
∂µr


. (2.19)

Generally, in the case of Gaussian observations, x∼ CN
(
ϕ(β),C(β)

)
, so that both the mean

and covariance may depend on β, then [85]

[J(β)](i, j) = 2ℜ
{[

∂ϕ(β)
∂βi

]H
C−1(β)

[
∂ϕ(β)
∂β j

]}
+ tr

[
C−1(β)

∂C(β)
∂βi

C−1(β)
∂C(β)
∂β j

]
, (2.20)
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where

∂ϕ(β)
∂βi

=
[[

∂ϕ(β)
]
1

∂βi
,

[
∂ϕ(β)

]
2

∂βi
, · · · ,

[
∂ϕ(β)

]
L

∂βi

]T

, (2.21)

∂C(β)
∂βi

=



[∂C(β)]11
∂βi

[∂C(β)]12
∂βi

· · · [∂C(β)]1L
∂βi

[∂C(β)]21
∂βi

[∂C(β)]22
∂βi

· · · [∂C(β)]2L
∂βi

...
...

. . .
...

[∂C(β)]L1
∂βi

[∂C(β)]L2
∂βi

· · · [∂C(β)]LL
∂βi

 , (2.22)

and L is the total number of observations, i.e. size of x.

Equivalent FIM: Assuming that

Jβ ∈RN×N =
[

A ∈Rn×n B ∈Rn×(N−n)

BT ∈R(N−n)×n C ∈R(N−n)×(N−n)

]
(2.23)

is the the FIM of β= [
Θ ∈R1×n, φ ∈R1×(N−n)]T, then according to [86], the FIM of Θ is obtained

by the formula as

JΘ =A−BC−1BT, (2.24)

2.3.3 Maximum Likelihood Estimator.

The MVU estimator is not always available, which necessitates finding alternatives. The ML

technique is the most popular when investigating possible estimators, and is desirable in situa-

tions where the MVU estimator does not exist or cannot be found. In fact, the ML estimator is

quite an advantageous strategy for complicated estimation problems. For many practical cases

of the interests, the ML performance is optimal for large enough data records, as it virtually

equates to the MVU estimator in efficiency. For, the reasons mentioned above, almost all practical

estimators are based on the ML approach.

Consider an unknown deterministic scalar β. The estimated value β̂ is the value from the

allowable range of β that maximizes the PDF P(x;β). One approach that we can use to determine

the maximum value is to compute the derivative of the ML function as

∂ln p(x;β)
∂β

= 0, (2.25)

which may lead to a closed-form solution. However, when a closed-form expression cannot be

found for the ML estimator, a numerical approach employs either a grid search or an iterative

maximization of the ML function [85].

The ML Estimator optimality: For large data records (or asymptotically), the ML estimators

are unbiased, achieve the CRB, and have a Gaussian PDF, i.e. β̂ a∼ N(β, I−1(β)), where I(β) is the
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Figure 2.8: The ML variance versus the theoretical variance w.r.t SNR.

Fisher information evaluated at the true value of β. It is therefore asymptotically efficient, and

hence asymptotically optimal [85]. In addition, according to [85], with the small data records

case, the asymptotic optimality is achieved with a high enough SNR. For example, in the case

of small data records, the ML estimator can attain the CRB when the SNR is high enough, as

seen in Fig. 2.8 that illustrates the accuracy of an ML estimator with the SNR plotted against

the theoretical variance for a signal-in-noise problem.

2.3.4 Bayesian Cramer-Rao bound

Regarding this, we compute the BFIM that counts for the information obtained from measure-

ments, in addition to information gained from the priori knowledge. Afterward, the incorporation

of the useful information from the observations and the priori information together results in the

BFIM.

The BFIM, J(B)
s , is given by [87]:

J(B)
s = J(M)

s︸︷︷︸
Measurements

+ J(I)
s︸︷︷︸

Priori Information

, (2.26)

where the superscript (B), (O), and (I) refer to Bayesian, the measurements, the priori information,

respectively. Mathematically, we can express the FIM of the measurements and the priori

information as:

J(M)
s = E

{
−∂2 log p

(
y|s)

∂s (∂s)T

}
(2.27)

J(I)
s = E

{
−∂2 log p

(
s
)

∂s (∂s)T

}
, (2.28)
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where p
(
y|s)

is the PDF of the measurements y given to the vector s, while p
(
s
)

is the PDF of

the s. Consequently, (2.26) can mathematically be reformulated to [58, 87]:

J(B)
s [t]= J(M)

s [t]︸ ︷︷ ︸
Measurements

+G22[t]−G21[t]
[
J(B)

s [t−1]+G11[t]
]−1

G12[t]︸ ︷︷ ︸
Priori Information

, (2.29)

where J(B)
s [t] is the BFIM at the tth sample, and J(B)

s [t−1] is the BFIM at the previous sample,

while the Gi j matrices are discussed later on.

Regarding the measurements FIM, it is calculated at each t sample according to the definition

in (2.27), which is the same definition in subsection 2.3.2 and (2.20) and (2.17) within. For

example, considering that the measurements, Y, have the following distribution

p
(
Y

∣∣s)
∼ N

(
f
(
s
)
,C

)
, (2.30)

where C is the covariance matrix, then

log p
(
Y

∣∣s)
= A− 1

2
log

∣∣C∣∣− 1
2

[(
Y− f

(
s
))T

C−1
(
Y− f

(
s
))]

, (2.31)

where A is a constant. Following that, and considering the definition in (2.27)

J(M)
s = E

{(
∂f

(
s
)

∂s

)T

C−1 ∂f
(
s
)

∂s

}
(2.32)

In the context of the Gi j matrices involved in the FIM of the priori information are defined as:

Gi j[t]= E

{
− ∂2 log p

(
s[t]

∣∣s[t−1]
)

∂s[t+ i−2]
(
∂s[t+ j−2]

)T

}
, (2.33)

where p
(
s[t]

∣∣s[t− 1]
)

is the conditional probability of s[t] given s[t− 1]. Assuming that this

conditional probability is given by:

p
(
s[t]

∣∣s[t−1]
)∼ N

(
As[t−1],BQBT)

, (2.34)

then, the log(.) function of the Gaussian PDF described in (2.34) is

log p
(
s[t]

∣∣s[t−1]
)= C− 1

2
log

∣∣∣BQBT
∣∣∣− 1

2

[(
s[t]−As(t−1)

)T(
BQBT)−1

(
s[t]−As[t−1]

)]
, (2.35)

where C is a constant. Consequently, the first and second derivatives of (2.35) with respect to s[t]
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and s[t−1], are:

∂ log p
(
s[t]|s[t−1]

)
∂s[t]

=−(
BQBT)−1

(
s[t]−As[t−1]

)
∂ log p

(
s[t]|s[t−1]

)
∂s[t−1]

=AT(
BQBT)−1

(
s[t]−As[t−1]

)
∂
(
−(

BQBT)−1
(
s[t]−As[t−1]

))
∂
(
s[t]

)T =−(
BQBT)−1,

∂
(
−(

BQBT)−1
(
s[t]−As[t−1]

))
∂
(
s[t−1]

)T = (
BQBT)−1A,

∂
(
AT(

BQBT)−1
(
s[t]−As[t−1]

))
∂
(
s[t]

)T =AT(
BQBT)−1,

∂
(
AT(

BQBT)−1
(
s[t]−As[t−1]

))
∂
(
s[t−1]

)T =−AT(
BQBT)−1A,

where Q is a symmetric matrix. Accordingly, the G matrices of the priori information in (2.29)

definitions and evaluation are:

G11[t]= E

−
∂2 log p

(
s[t]|s[t−1]

)
∂s[t−1]

(
∂s[t−1]

)T

=AT(
BQBT)−1A,

G12[t]= E

−
∂2 log p

(
s[t]|s[t−1]

)
∂s[t−1]

(
∂s[t]

)T

=−AT(
BQBT)−1,

G21[t]= E

−
∂2 log p

(
s[t]|s[t−1]

)
∂s[t]

(
∂s[t−1]

)T

=−(
BQBT)−1A,

G22[t]= E

−
∂2 log p

(
s[t]|s[t−1]

)
∂s[t]

(
∂s[t]

)T

= (
BQBT)−1.

Moreover, it is easy to note that the initial BFIM is

J(B)
s (0)= E

−
∂2 log p

(
s(0)

)
∂s(0)(∂s(0))T

 . (2.36)

Finally, the BCRB at the tth sample is given by computing the inverse of the BFIM J(B)
s [t] in

(2.29) at that sample, where the recursive evaluation of (2.29) start with the initial value J(B)
s (0)

defined in (2.36).
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Figure 2.9: Tracking concept.

2.3.5 Tracking Process and Kalman Filters

The tracking process is considered an estimation process of a time-varying random unknown.

Specifically, it is a generalization of the Bayesian estimation process that the unknown is not

only a random variable but also changes with time. Consequently, the solution of these Bayesian

estimation processes as well as the tracking process is performed based on prior knowledge

about the unknown and based on the measurements performed to obtain information about the

unknown.

For example, assume that the is a moving object trying to stop by controlling/reducing its

velocity to have a velocity at each sample A percent of its previous one. However, due to control

errors or external factors, the actual velocity is a noisy version of the desired one and is modeled

as

v[t]= Av[t−1]+w[t], (2.37)

where v[t] and v[t−1] are the current and previous samples, respectively, while w[t] is the noise.

Besides, assume that there is a sensor that provides measurements that have a relationship with

the velocity as

x[t]= Bv[t]+u[t], (2.38)

where x[t] and u[t] are the measurement and the measurement error samples, while B is the

relationship between the measurement and the velocity. For instance, in the case of the sensor

of the Doppler frequency fD that has fD = v
λ

, the constant B = 1
λ

in this case where λ is the

wavelength of the transmitted signal,
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Here (2.37) presents prior knowledge and the transition model of the unknown velocity, and

(2.38) presents the measurements required to estimate the unknown velocity. An illustration of

this example: the desired velocity, the actual velocity, the measured velocity, and the estimated

velocity are in Fig. 2.9. Moreover, the velocity is estimated considering the transition model in

(2.37) and the measurements in (2.38). One of the solutions to these kinds of problems is the KF,

which is described in the next subsection.

2.3.5.1 Vector Kalman Filter

The KF is the generalized version of the Wiener filter. Unlike the Wiener filter, which is restricted

to stationary scalar signals and noises, KF accommodates vector signals and noises, which may

additionally be non-stationary and vary in time. Specifically, these non-stationary signals that are

embedded in noise, evolve in time and their change is characterized by a dynamical or state model,

where KF generalizes the sequential MMSE estimator to track the signals in time considering

the dynamical model. When the signal and noise are jointly Gaussian, then the KF is an optimal

MMSE estimator, and when not, it is the optimal LMMSE estimator.

Consider the signal vector at the tth samples, s[t] ∈Rp×1, is according to the Gauss-Markov

model as:

s[t]=As[t−1]+Bu[t] t > 0, (2.39)

where A and B are known with dimension p× p and p× r, respectively. The driven noise vector

u[t] is of r×1 dimension and modelled as a zero-mean Gaussian random, i.e. u[t] ∼ N(0,Q).

Consequently, the conditional probability of s[t] given s[t−1] is

p
(
s[t]

∣∣s[t−1]
)∼ N

(
s[t−1],Q

)
. (2.40)

Besides, for any two samples t ̸= t′, u[t] and u[t′] are independent and achieve E
{
u[t]uT[t′]

} =
0∀ t ̸= t′, which achieves being u[t] a vector (WGN). Moreover, the signal vector s[t] satisfies

p
(
s[t]

∣∣s[0 : t−1]
)= p

(
s[t]

∣∣s[t−1]
)
, (2.41)

where s[0 : t−1] is the collection of the signals from the first sample to the t−1 samples.

In the same context, the initial state s[−1] has p×1 dimension, independent of u[t]∀t, and

also has the model of a Gaussian random variable, i.e. s[−1]∼ N
(
s0,Q0

)
. It’s worth mentioning

here that s0 and Q0 are determined arbitrarily or based on some previous information, and their

impact shortly becomes negligible as the number of samples increases.

Besides, when the measurements/observations vector x[t] with M×1 dimension, is according

to the Bayesian linear model as:

x[t]=H[t]s[t]+w[t] t > 0, (2.42)
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Dynamical Model

Figure 2.10: Observations and the dynamical model relationship in KF.

where the observations matrix H is known with dimension M× p and may vary with time. The

measurements noise vector w[t] is of M ×1 dimension and with random distribution as i.e.

w[t]∼ N(0,C[t]), where for any two samples t ̸= t′, w[t] and w[t′] are independent, which achieves

being w[t] a vector (WGN).

Now, tracking the signaling vector s[t] can be implemented sequentially based on x[0 : t], the

observations from the first sample to the tth sample. Specifically, (2.43) represents the recursive

steps required for implementing the KF, where they are:

ŝ[t|t−1]=Aŝ[t−1|t−1], (2.43a)

N[t|t−1]=AN[t−1|t−1]AT +BQBT, (2.43b)

K[t]=N[t|t−1]HT[t]
(
C[t]+H[t]N[t|t−1]HT[t]

)−1
, (2.43c)

ŝ[t|t]= ŝ[t|t−1]+K[t]
(
x[t]−H[t]ŝ[t|t−1]

)
, (2.43d)

N[t|t]=
(
I−K[t]H[t]

)
N[t|t−1]. (2.43e)

In this context, the tracking process starts with initializing (2.43a) and (2.43b) by ŝ[−1|−1]=
s0 and N[−1|−1] = BQ0BT, where (2.43a) represents the prediction step formulated based on

the transition model in (2.39), while (2.43b) calculates the minimum prediction MSE matrix

N ∈Rp×p.

Moreover, (2.43c) determines the Kalman gain matrix K ∈Rp×M based on matrix C. Specifi-

cally, the matrix C specifies the errors in the measurements process, defined in (2.42). Regarding

this, the entities of C can be determined according to the CRB of the estimated values, or any

other methods providing a more accurate description for C, specifically when the measurements

process accuracy can not achieve the CRB.

Afterward, the step in (2.43d) corrects the prediction benefiting from the current measure-

ments x[t] in correcting the prediction ŝ[t|t−1] in (2.43a) aiming to obtain more accurate signal

ŝ[t|t] vector. Regarding the ŝ[t|t], it is the output from the tracker for the tth sample, where the

current tth tracker output depends on the information from the initial sample to the (t′)th sample.

Finally, the minimum MSE matrix is given according to (2.43e), and then, ŝ[t|t] and N[t|t] are

re-fed again as the previous value in (2.43a) and (2.43b).
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2.3.5.2 Extended Kalman Filter

In practice, the dynamic model and/or the measurement equations can be nonlinear, and then,

the previous approach is no longer valid. Mathematically, instead of the linear signal vector and

measurements vector in (2.39) and (2.42), respectively, we have one/two nonlinear relationships

as:

s[t]= a
(
s[t−1]

)+Bu[t] t > 0, (2.44)

x[t]=h
(
s[t]

)+w[t] t > 0, (2.45)

where a is a p-dimensional non-linear function and h is an M-dimensional function, while all

other matrices have the same dimensions as in the previous filter. Moreover, a
(
s[t−1]

)
describes

the true physical model for the evolution of the state, while h
(
s[t]

)
transforms the state variables

to the noiseless measurements.

Fortunately, an approximate solution based on linearizing a and/or h, and then implementing

the linear KF in (2.43), where the resulting filter is the EKF. However, no optimality properties

about the extended filter and its performance depend on the accuracy of the linearization.

By linearizing a
(
s[t−1]

)
around ŝ[t−1|t−1] and h

(
s[t]

)
around ŝ[t|t−1] using Taylor expansion,

the first-order Taylor expansion are given as:

a
(
s[t−1]

)≈ a
(
ŝ[t−1|t−1]

)+ ∂a
∂s[t−1]

∣∣∣∣
s[t−1]=ŝ[t−1|t−1]

(
s[t−1]− ŝ[t−1|t−1]

)
, (2.46)

h
(
s[t]

)≈h
(
ŝ[t|t−1]

)+ ∂h
∂s[t]

∣∣∣∣
s[t]=ŝ[t|t−1]

(
s[t]− ŝ[t|t−1]

)
. (2.47)

By defining the following Jacobian matrices as:

A[t−1]= ∂a
∂s[t−1]

∣∣∣∣
s[t−1]=ŝ[t−1|t−1]

, (2.48)

H[t]= ∂h
∂s[t]

∣∣∣∣
s[t]=ŝ[t|t−1]

, (2.49)

the linearized version of the non-linear equations (2.44) and (2.45), respectively, are:

s[t]=A[t−1]s[t−1]+Bu[t]+
(
a
(
ŝ[t−1|t−1]

)−A[t−1]ŝ[t−1|t−1]
)
, (2.50)

x[t]=H[t]s[t]+w[t]+
(
h

(
ŝ[t|t−1]

)−H[t]ŝ[t|t−1]
)
, (2.51)

Now, the sequential tracking procedures of the signalling vector s[t] according to the EKF become:

ŝ[t|t−1]= a
(
ŝ[t−1|t−1]

)
, (2.52a)

N[t|t−1]=A[t−1]N[t−1|t−1]AT[t−1]+BQBT, (2.52b)

K[t]=N[t|t−1]HT[t]
(
C[t]+H[t]N[t|t−1]HT[t]

)−1
, (2.52c)

ŝ[t|t]= ŝ[t|t−1]+K[t]
(
x[t]−h

(
ŝ[t|t−1]

))
, (2.52d)

N[t|t]=
(
I−K[t]H[t]

)
N[t|t−1]. (2.52e)
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In the case of perfect measurements, i.e. the matrix C[t] = 0, Θ̂[t] = Θ[t], and when the lin-

earization process is very close to the non-linear relationship, i.e. f
(
p̂[t|t−1]

)= F[t]p̂[t|t−1],
then (2.43c) devolves to be K[t]= (

F[t]
)−1, and (2.43d) becomes: p̂[t|t]= (

F[t]
)−1

Θ[t]. The final

relationship implies that the tracked values can be obtained only based on their relationship

with the measurements that are considered the actual/real values.

2.4 Introduction to Machine Learning

2.4.1 Machine Learning Methodology and Problems

The conventional engineering design flow starts with a deep analysis of the problem carried

out by a number of experts, culminating with the mathematical model that captures the key

features of the problem aiming to derive hand-crafted solutions to the problem. This standard

flow requires a precise model of the set-up under study and relies on domain knowledge and on

design optimized for the problem at hand.

In comparison with the conventional engineering design flow, the MLT is to collect large data

sets, e.g., of labelled speech, images or videos, and to use this information to train general-purpose

learning machines to carry out the desired task. In more detail, MLT requires the specification of

an objective, of a model to be trained, and of an optimization technique, and then, it lets large

amounts of data dictate algorithms and solutions[88].

MLT outperforms the conventional engineering flow in development cost and time terms, or

with complex problems to be studied and analyzed in its full generality. However, MLT has a key

disadvantage as it produces suboptimal performance in general, hinders the interpretability of

the solution, and applies only to a limited set of problems. In conclusion, MLT may be useful for

[88]:

1. mapping well-defined inputs to well-defined outputs;

2. large data sets of input-output pairs;

3. the existence of clear feedback with clearly definable goals and metrics;

4. no need for optimal solutions, or for detailed explanations for how the decision was made;

5. and the function being learned should not change rapidly over time.

Regarding the learning tasks, mainly, three different types of MLT problems as follows[88]:

• Supervised learning:

Supposing, there are N training data set, D = {
(x1, t1), · · · , (xN , tN )

}
, where xn is the input,

and tn is the corresponding response or label. The "supervised learning" aims at generaliz-

ing the observations in the data set D to new inputs xn ∉ D. For example, xn is the text of
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an email, tn ∈ {Spam,Not spam}, the goal of supervised learning is to predict the value of

the label tn for an input xn ∉ D based on the learning/observation from D set. Now, when

the response t is discrete and a limited set of values as in the example, the problem is called

Classification, while it is called Regression problems in case of a continuous or unbounded

response set t. An example of a regression problem is to predict the temperature t based on

current meteorological observations x. It’s worth noting here that knowing the conditional

distribution of p(t|x) that defines a profile of beliefs over all possible of the response t given

the input x, is very effective for the prediction process.

• Unsupervised learning:

Supposing, there are N unlabelled training data set, D = {
x1, · · · , xN

}
, the "unsupervised

learning" generally targets learning properties of the mechanism that generates this data

set. For example, clustering applications aim at grouping similar xn, or generative modelling

applications which is the problem of learning a generating mechanism to produce artificial

examples that are similar to available data in the data set D.

It’s good to mention that there is a path between "supervised" and "unsupervised" learning,

called " semi-supervised learning" when not all x are labelled, where the unlabelled x data

provides information about the distribution of x.

• Reinforcement learning:

Reinforcement learning tries to infer the optimal sequential decisions based on feedback

from previous actions. For any t response corresponding to a state x, the learner provides

feedback about the made decision, and the environment moves on to a different state.

An example of this is navigation in a given environment in the presence of obstacles by

penalizing decisions that result in collisions.

Considering supervised and unsupervised learning, reinforcement learning is different

from both of them. Specifically, it is unlike "supervised" as the learner is not provided with

the optimal actions t to select in a given state x. Besides, given the availability of feedback,

it is not fully unsupervised. Moreover, unlike supervised and unsupervised learning, it is

influenced by previous actions on future states and feedback.

More classifications can be presented for MLT problems from different angles, however, we

restrict this paper to the aforementioned classification.

2.4.2 Extreme learning machines

It’s clear as discussed in the previous subsection that the success of MLT relies on the coexistence

of large data and efficient learning techniques (algorithms). Neural networks, as a kind of MLT,

consist of neurons, connections, and weights. In this context, the neuron receives input signals

from former neurons and sends out output signals to later neurons. The relation between neurons

40



2.4. INTRODUCTION TO MACHINE LEARNING

Figure 2.11: Extreme learning machines block diagram.

in the different layers, called connection, delivers an important parameter called weight, which

affects the processing of the input signals to produce the output signals.

Regarding the weights, training the network optimizes the weights to obtain the best approxi-

mate data. Different approaches are used to obtain the weights. Many current training algorithms

are gradient-based algorithms that, unfortunately, always converge at local extrema and do not

achieve the global solution, depending on the parameter initialization and the complexity of the

feature space.

On the other hand, ELM is a promising learning technique that provides efficient unified

solutions to generalized feed-forward networks including but not limited to (both single- and multi-

hidden-layer) neural networks, radial basis function (RBF) networks, and kernel learning[89].

It can offer significant advantages such as fast learning speed, ease of implementation, and

minimal human intervention, so the ELM approach is a strong potential alternative technique

for conventional MLT [89].

According to the ELM approach, the hidden neurons are important but can be randomly

generated and independent of applications. Fig. 2.11 demonstrates the idea and implementation

of single hidden layer feed-forward networks and the ELM approach. In detail, assuming N

training data set D = {
(x1,t1), (x2,t2), · · · , (xN ,tN )

}
, where xi = [xi1, xi2, · · · , xin]T ∈ Rn and ti =

[ti1, ti2, · · · , tim]T ∈ Rm. Moreover, the single hidden layer feed-forward network has L hidden

neurons and activation functions φi(x j,wi,bi), and then,

L∑
i=1

βiφi(x j,wi,bi)= t j j = 1, · · · , N, (2.53)

where wi = [wi1,wi2, · · · ,win]T ∈ Rn is the weight vector connecting the ith hidden node and

the input nodes, bi is the bias in the ith hidden node, while the weight vector connecting the

ith hidden node and the output nodes is βi = [βi1,βi2, · · · ,βim]T ∈ Rm. It’s worth noting in this

ELM that the input weight vectors and the bias wi, bi for each ith. Examples of the non-linear

activation function are in table 2.1.
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Function Formula

Sigmoid function φ
(
x,w,b

)= 1
1+exp

(
−(wT.x+b)

)
Fourier function φ

(
x,w,b

)= sin
(
wT.x+b

)
Gaussian function φ

(
x,w,b

)= exp
(−b∥x−w∥2)

Multi-quadrics function φ
(
x,w,b

)= (∥x−w∥2 +b2)1/2

Hard-limit function φ
(
x,w,b

)= {
1, wT.x−b ≥ 0
0. otherwise

Table 2.1: Activation functions

The N equations presented in (2.53) can be written in vector form as:

Hβ=T, (2.54)

where

H(w1, · · · ,wL,b1, · · · ,bL,x1, · · · ,xN )=


φ1(x1,w1,b1) · · · φL(x1,wL,bL)

... · · · ...

φ1(xN ,w1,b1) · · · φL(xN ,wL,bL)


N×L

, (2.55)

T=


tT

1
...

tT
N


N×m

, (2.56)

and

β=


βT

1
...

βT
L


L×m

. (2.57)

Consequently, the matrix β is obtained by the pseudo-inverse operation as:

β= (
HTH

)−1HTT. (2.58)

Later for any new data set D̂ = {
x̂ j

}
, j = 1, · · · , N̂, the estimated outputs from the single hidden

layer are obtained from:

oN̂×m =H(w1, · · · ,wL,b1, · · · ,bL,x1, · · · ,xN̂ )N̂×L ×βL×m. (2.59)

2.5 Summary

This chapter establishes the foundational theoretical framework essential for understanding

subsequent chapters. The key topics covered include the model for HWIs, the channels model,
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fundamental aspects of estimation theory, and an introductory exploration of MLT with a focus

on the ELM algorithm. The HWIs model introduces a manageable framework for characterizing

impairments, allowing an investigation into how these affect the localization and tracking

processes. The chapter also details the LoS model within the MISO channel, mainly when the

BS uses either a ULA or a URA. Additionally, the discussion covers the path gain in mmwave

channel communication, emphasizing the influence of AoD on the received signal and considering

the impact of the distance between the BS and the MS on the received signal. The chapter

concludes with overviews of estimation theory, exploring the characteristics and advantages of

ML estimation and delving into the tracking process. The KF and EKF are discussed, along with

the derivation of the CRB and BCRB. Finally, a glimpse into the realm of MLT is provided.
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LOCALIZATION PROCESS AND CRAMER-RAO BOUND

This chapter investigates the localization process and the relevant CRB in mmwave MISO

system. Specifically, it presents the downlink channel parameters estimation process, the

localization process, and the CRB benchmark for three practical scenarios. Mainly in these

scenarios, the BS called the reference BS, broadcasts well-known pilots to the MS that targets

measuring and estimating its direction and distance referring to the reference BS. However,

these scenarios raise different practical challenges. Specifically, the first scenario is the simplest,

and it is a 2D mmwave MISO system involving a single LoS link between the BS and the MS,

and both BS and MS are equipped with imperfect transceivers. The second scenario is a more

complicated and real scenario as it is not only an imperfect system similar to the first scenario

but also a multipath 3D system. Here, in these two scenarios, it is assumed that the BS and the

MS are perfectly synchronized to the same clock by performing a preliminary synchronization

step through the uplink channel, e.g. using a two-way synchronization protocol. Unlike the

previous scenarios, the third scenario involves the synchronization challenges to the localization

in a hardware-impaired system. Doing so is by considering the reflected link, the NLoS link,

from the known-position RIS. The precision of the localization process in these situations is

assessed by computing the RMSE of positions and comparing them to benchmarks set by the

CRB. The acceptable RMSE values or localization errors depend on the specific application and

scenarios. For instance, prior research in [90] outlines diverse upper bounds for localization errors

in different applications and scenarios within the context of 5G and 6G.
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Figure 3.1: Geometry of the considered 2D mmwave MISO-OFDM scenario.

3.1 2D perfect synchronous mmwave MISO system

This section aims to investigate a localization process distorted by HWIs. We consider the local-

ization process in a perfectly synchronized 2D mmwave MISO-OFDM wireless communication

system that only has a LoS connection between the BS and the MS. In this context, the commu-

nication system description and the channel between the BS and MS are presented. Next, the

HWIs model is integrated into the transceivers at the entities in this system, where the impaired

transmitted and received signals/pilots are derived and statistically modelled. Then, the channel

parameters including the AoD and the ToF, are estimated by observing the received pilots. These

parameters lead to the MS position coordinates depending on the geometric relationships that

connect the ToF and AoD with the MS position. Afterward, this section derives the FIM of the

estimated channel’s parameters and transforms it into the FIM of the estimated position. Then,

the inverse operation of the position FIM results in the CRB that evaluates the accuracy of the

localization process. Finally, extensive computer simulations were conducted to illustrate the

performance of the localization process in the presence of the HWIs.1

3.1.1 System and Channel Models

In this section, the localization process is carried out in a mmwave MISO-OFDM wireless

communication system consisting of a single BS and a single MS, as shown in Fig. 3.1. Specifically,

it is a perfectly synchronous 2D system and the BS is located at the origin, without losing

generality. Besides, the BS is equipped with a ULA of M elements, while the MS is as single-

antenna entity. Moreover, the MS occupies the unknown position p = [px py]T and establishes

communication with the BS only over a LoS mmwave path.

1This work was accepted in IEEE Transactions on Vehicular Technology as "The Effect of Hardware Impairments
on the Error Bounds of Localization and Maximum Likelihood Estimation of mmwave MISO-OFDM Systems"
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It should be noted here that two ideal conditions are assumed, with the aim of decoupling the

degradation in the localization performance due to HWIs from other sources. The first assumption

is that only the LoS link between BS and MS exists (i.e., no unknown NLoS links). This is a

common assumption since the LoS path provides the most useful information for positioning and

can be easily isolated based on the received power due to path orthogonality [30, 61]. However,

the degradation due to the unknown NLoS paths will be considered in section 3.2.

Perfect synchronization is the second commonly used assumption. For example, in [20, 23, 71],

the authors isolated the effects of HWIs by removing the possibility of localization performance

deterioration due to synchronization errors. According to this assumption, the BS and the MS

are perfectly synchronized to the same clock by performing a preliminary synchronization step

through the uplink channel, e.g. using a two-way synchronization protocol [20, 91]. Since it is

well recognized that, in practice, synchronization errors must be taken into account, we present

the synchronization process jointly with the localization process in section 3.3.

By considering that the MS is located within the far field of the BS antenna arrays, we achieve

the plane-wave assumption. Consequently, the LoS mmwave channel between the MS and the

BS in this 2D setting is modelled according to the deterministic LoS channel model. Accordingly,

the LoS channel between the MS and the BS can be presented as an M×1 sized complex channel

vector, as it can be defined by

h[n]= γα(θ)exp
(− j2πn τ

NT
)
, (3.1)

where n is the subcarrier index, while N is the total number of subcarriers, and T = 1/B is

the sampling period with B denoting the bandwidth. Moreover, γ= ρe jφ with ρ and φ are the

modulus and the phase of the complex amplitude γ, where ρ is given according to (2.13). Besides,

α(θ) denotes the BS array steering vector as a function of the AoD, θ, and can be defined as

α(θ)=
[
1, e j 2π

λc
d sinθ, · · · , e j(M−1) 2π

λc
d sinθ

]T

, (3.2)

where λc = c/ fc denotes the wavelength, c and fc are the speed of light and the carrier frequency,

respectively, and d =λc/2 defines the ULA inter-element spacing.

Furthermore, as seen in Fig. 3.1, the AoD, θ, presents the orientation of the MS relative to

the BS, and is thus given by

θ = atan2(py, px). (3.3)

From the same figure, the propagation delay τ, which specifies a circle centered on the BS with

radius r = cτ and where r2 = p2
x + p2

y, is given by

τ= 1
c

√
p2

x + p2
y . (3.4)

47



CHAPTER 3. LOCALIZATION PROCESS AND CRAMER-RAO BOUND

3.1.2 Signaling with HWIs

Here, we present the residual HWIs model and demonstrate how it is mathematically incorporated

into the system mathematically. We present the impaired pilots and signals and illustrate their

statistical distributions at both the transmitter and the receiver.

The transmitter is modeled by considering k simultaneously transmitted OFDM symbols

for each n subcarrier, where these symbols are sequentially transmitted G times, and the gth

transmission has zg[n]= [
zg

1 [n], · · · , zg
k [n]

]T with power P = E{∥zg[n]∥2}.

The BS performs the hybrid analog/digital beamforming to precode these symbols, then

transforms them to the time-domain by utilizing an inverse fast Fourier transform (IFFT). Later,

the symbols are combined with a cyclic prefix (CP) of length Tc = DT, where D is the length

of CP in symbols. Next, the RF precoding is applied by using the hybrid beamforming matrix

F g[n] ∈CM×k, which imposes a power constraint ∥F g[n]∥F = 1.

Considering these as well as the HWIs at the BS, the transmitted signal over the nth subcar-

rier at time gth can be expressed as follows [11, 92]

sg[n]=p
κt F g[n]zg[n]+η

g
t [n], (3.5)

where κt ∈ (0,1] refers to the BS hardware quality factor while η
g
t [n] ∈CM×1 denotes the distortion

noise at the transmitter that is independent of zg[n], and that can be modeled as CN(0, P
M (1−

κt)IM). This demonstrates that E{∥sg[n]∥2}= P ∀n. Note that κt = 1 in the case of ideal transmitter

hardware, which yields sg[n]= F g[n]zg[n].

On the other side, the receiver removes the CP and applies the fast Fourier transform (FFT)

on the OFDM symbols to recover the original data bits. After that, the signal conveyed from

the BS to the MS through the nth subcarrier at time gth, which is exposed to the HWIs at the

receiver, can be written as follows [11]

yg[n]=pκr
p

κt (h[n])TF g[n]zg[n]+p
κr (h[n])Tη

g
t [n]+η

g
r [n]+wg[n], (3.6)

where κr ∈ (0,1] is the receiver hardware quality factor while η
g
r [n]∼ CN(0,PMρ2(1−κr)) refers

to the distortion noise at the receiver side, and wg[n] ∼ CN(0,σ2) denotes the additive white

Gaussian noise (AWGN). Considering (3.6), it is clear that yg[n]∼CN(µy,σ2
y), where

µ
g
y =

p
κtκr (h[n])TF g[n]zg[n], (3.7)

and

σ2
y = PMρ2(1−κtκr)+σ2. (3.8)

Hence, the SNR is defined by

SNR= κtκr

(1−κtκr)+ σ2

PMρ2

. (3.9)
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Assuming high OFDM signal power, i.e., P >> 1, an asymptotic SNR value can be obtained by

using (5) as follows

lim
P→∞

SNR= κtκr

(1−κtκr)
. (3.10)

This expression proves that the SNR only depends on the transmitter and receiver hardware

quality factors for the high power values of the OFDM signals. Furthermore, in the case of the

ideal hardware assumption, i.e., κt = κr = 1, the SNR value approaches infinity.

3.1.3 Channel Parameters Estimation and Localization

Equations (3.3) and (3.4) indicate the relationships between the geometric position and the

channel parameters. This illustrates that estimating the channel parameters leads to guessing

the unknown position of the MS, p. Here. we focus on estimating the channel parameter vector

β= [τ,θ,ρ,φ]T by using the ML estimator and considering β, we can estimate τ and θ by taking

the nuisance parameters ρ and φ into account.

Assuming that the transmitted symbols, the beamforming matrix, the AWGN variance and

the HWIs coefficients are known to the receiver, while the other parameters are deterministic

unknowns, the ML estimator of τ and θ is given by

(τ̂, θ̂)= argmax
τ,θ

[
max
ρ,φ

L(τ,θ,ρ,φ)
]
, (3.11)

where L(τ,θ,ρ,φ) = log( f (Y |τ,θ,ρ,φ)) represents the log-likelihood function of Y , which is the

set of all observations for given τ, θ, ρ and φ values, while f (·) is the PDF of Y . Now, defining

K = M(1−κtκr), the log-likelihood function can be written as

L(τ,θ,ρ,φ)=− NG
2

ln(2π(KPρ2 +σ2))−
∑G

g=1 ||yg −p
κt

p
κr ρe jφwg||2

2(KPρ2 +σ2)
, (3.12)

where yg = [
yg[0], . . . , yg[N −1]

]T and wg is defined by

wg =


α(θ)F g[0]zg[0]

...

e− j2π[N−1] τ
NT α(θ)F g[N −1]zg[N −1]

 . (3.13)

Noting that the sole parameters of interest are τ and θ, the ML estimation problem first

requires finding the estimated values of ρ and φ, which maximize (3.12) according to (3.11). To

this end, the estimation of φ, i.e., φ̂, is calculated from

∂L(τ,θ,ρ,φ)
∂φ

=
j
p

κtκr ρe jφ∑G
g=1(wg)H(yg −p

κtκr ρe jφwg)

KPρ2 +σ2 , (3.14)
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where ∂L(τ,θ,ρ,φ)/∂φ= 0. Hereby, the estimated value of e jφ is solved by

e jφ̂ =
∑G

g=1(wg)Hyg

p
κt

p
κr ρ

∑G
g=1 ∥wg∥2

. (3.15)

Next, after substituting (3.15) into (3.12), the estimated value of ρ is calculated from

∂L(τ,θ,ρ,φ)
∂ρ

=− NGKPρ

KPρ2 +σ2 +
KPρ

∑G
g=1 ||yg −

∑G
i=1(wi)Hyi∑G
i=1 ||wi ||2 wg||2

(KPρ2 +σ2)2 , (3.16)

where ∂L(τ,θ,ρ,φ)/∂ρ = 0, which leads to

ρ̂ =

√√√√√∑G
g=1 ||yg −

∑G
i=1(wi)Hyi∑G
i=1 ||wi ||2 wg||2

NGKP
− NGσ2

NGKP
. (3.17)

Now, utilizing (3.12), (3.15) and (3.17), the log-likelihood function of Y can be obtained as only

depending on τ and θ values by

L̂(τ,θ)=− NG
2

ln(2π(KPρ̂2 +σ2))−
∑G

g=1 ||yg −p
κt

p
κr ρ̂e jφ̂wg||2

2(KPρ̂2 +σ2)
. (3.18)

Unfortunately, (3.18) cannot be expressed in any projection matrix, and does not have a cLoSed-

form solution, either. Thus, a numerical search algorithm can be utilized to solve L̂(τ,θ). Here,

an estimation of the MS position can be made by solving (3.3) and (3.4) and replacing the

actual values with the estimated ones. Consequently, the estimated position is given as: p̂ =
cτ̂[cos θ̂ sin θ̂]T.

3.1.4 Fisher Information Matrices and Cramer-Rao lower bound.

In this subsection, we derive the FIM and the CRB for the position estimation problem of the

mmwave MISO-OFDM systems in the presence of transceiver HWIs. In this context, by defining

ϕg[n] = µ
g
y in (3.7) and Cy = σ2

y in (3.8), the elements of the symmetric FIM matrix, Jβ ∈ R4×4,

are calculated according (2.20) that is:

[Jβ](i, j) = 2
G∑

g=1

N−1∑
n=0

ℜ
{(∂ϕg[n]

∂βi

)H
C−1

y

(∂ϕg[n]
∂β j

)}
+ tr

[
C−1

y
∂Cy

∂βi
C−1

y
∂Cy

∂β j

]
, (3.19)

where βi represents the ith parameter of β. In order to compute the elements of Jβ, the following

statements are defined:

F̄=p
κt

p
κr Fg[n]zg[n],

B= diag[0,1, . . . , M−1] ∈RM×M ,
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and then the required derivations in (3.19) are obtained as follows:

∂ϕg[n]
∂τ

= (
− j2πn

NT
)ρexp( j(φ−2πn

τ

NT
))α(θ)TF̄,

∂ϕg[n]
∂θ

= j
2π
λc

d cosθρexp( j(φ−2πn τ
NT ))α(θ)TBF̄,

∂ϕg[n]
∂ρ

= e jφe− j2πn τ
NT α(θ)TF̄,

∂ϕg[n]
∂φ

= jρe jφe− j2πn τ
NT α(θ)TF̄.

Additionally, the derivatives of the noise variance Cy with respect to the unknown channel

parameters vector can be calculated as

∂Cy

∂ρ
= 2PMρ(1−κtκr),

∂Cy

∂τ
= ∂Cy

∂θ
= ∂Cy

∂φ
= 0.

Then, the FIM can be obtained in the position domain by transforming the channel parameter

vector β to the location parameters vector µ= [px, py,ρ,φ]T. For this purpose, Jµ ∈R4×4, which is

the FIM of µ, can be computed according to the following relationship

Jµ =TJβTT, (3.20)

where T is the transformation matrix defined by

T (def)= ∂βT

∂µ
=


∂τ
∂px

∂θ
∂px

∂ρ
∂px

∂φ
∂px

∂τ
∂py

∂θ
∂py

∂ρ
∂py

∂φ
∂py

∂τ
∂ρ

∂θ
∂ρ

∂ρ
∂ρ

∂φ
∂ρ

∂τ
∂φ

∂θ
∂φ

∂ρ
∂φ

∂φ
∂φ

 , (3.21)

in which all the entries are equal to zero, except:

∂ρ

∂ρ
= ∂φ

∂φ
= 1,

∂τ

∂px
= px

c
√

p2
x + p2

y

,
∂τ

∂py
= py

c
√

p2
x + p2

y

,

∂θ

∂px
= −py/p2

x

1+ (py/px)2 , and
∂θ

∂py
= 1/px

1+ (py/px)2 .

Here, the PEB can also be derived by utilizing the FIM Jµ given in (3.20) as

PEB=
√

[(Jµ)−1](1,1) + [(Jµ)−1](2,2) . (3.22)

The values of
p

CRB(·) can be obtained in a similar way to the PEB values, i.e., by inverting

the FIM Jβ in (16), using the corresponding diagonal entries and taking the square root [71].
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3.1.5 Simulation Results

This subsection presents the computer simulation results obtained for the aforementioned

position estimation process. We investigated the effects of transceiver HWIs on the accuracy

of the localization in the mmwave MISO-OFDM system. For simplicity, it is assumed that the

system is equipped with a BS operating at fc = 60 GHz, with bandwidth B = 40 MHz and the

number of simultaneously transmitted beams K = 1. Unless otherwise stated, it is also assumed

that the BS transmits a known signal from M = 10 antennas by using N = 20 subcarriers at

G = 12 transmission times with power P. Furthermore, without loss of generality, we assume

that both the transmitter and receiver have the same distortion coefficient, κ, which can be

practically measured from the EVM that is specified on the data sheets of the RF transceivers

i.e., κ= 1−EVM2 [11]. The localization process is repeated for ten different locations distributed

over no more than ten meters for θ ∈ [0◦,90◦], wherein each location, the transmitted power P

varies to ensure P|ρ|2
σ2 is the same for the ten locations.

First, RMSE is calculated to assess the performance of the ML estimator based on 1000 MC

trials per position. Accordingly, Fig. 3.2 presents the RMSE values for the position estimation

process using an ML estimator for different HWIs distortion values. This figure also presents

the localization process when the channel is perfectly known i.e., when the first two parameters

of the channel vector β, ρ and φ, are known. As the quality of the received signal increases, the

estimation process accuracy increases, and the RMSE values asymptotically approach zero in the

case of ideal hardware, i.e., κt = κr = 1. However, in the case of non-ideal hardware, the RMSE

values saturate to a certain limit since the quality of the received signal is bounded by (3.10).

Additionally, when the HWIs distortion level increases with decreasing values of κ= κt = κr, the

Figure 3.2: RMSE versus transmission power.
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Figure 3.3: PEB/RMSE versus transmission power with different HWIs distortion levels.

amount of estimation error increases.

Fig. 3.3 presents the effect of transceiver HWIs on the position estimation accuracy, and

this is done in terms of PEB with respect to the different Pρ2

σ2 values. It can be observed that

with increasing transmission power (and thus Pρ2

σ2 values), we can approximate the estimation

error to zero in the ideal case (κt = κr = 1), while the HWIs limits this decrease. This occurs

because increasing the transmission power boosts both the non-noisy signal ϕg[n] and the HWIs

distortion term PMρ2(1−κtκr), simultaneously. In the same context, RMSE achieves the PEB

when MPρ2

σ2 ≥ 25 dB, which we understand from (3.9), where the SNR is also greater than 25 dB.

In the case of non-ideal hardware, from (3.10), the SNR saturates at 6.3 dB and 2.5 dB when

κ= 0.9 and κ= 0.8, respectively, that are lower than the SNR that makes the RMSE achieving

the PEB. Besides, the Fig. 3.3 shows that the estimation accuracy worsens as the effect of the

HWIs increases depending on κt and κr.

Fig.3.4 depicts the effect of the number of BS antennas on the estimation accuracy when P|ρ|2
σ2 =

0 dB. It is clear that increasing the number of antennas enhances the accuracy of localization

with ideal and non-ideal equipment since increasing M also increases the numerator of the SNR

statement, PMρ2κtκr, more so than its denominator PMρ2(1−κtκr), when κtκr ≥ 0.5. However,

it is difficult to enhance the localization accuracy in this way since the accelerating number of

transmitter antennas increases the hardware complexity. Therefore, in the case of non-ideal

transceivers, it is essential to consider the maximum number of antennas that leads to significant

accuracy enhancement. For example, in the current simulation scenario, equipping the BS with

more than 30 antennas only for localization accuracy enhancement purposes is not worth it. We

can also note that localization accuracy decreases with the declining equipment quality.
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Figure 3.4: PEB versus the number of antennas at BS with different HWIs levels.

Figure 3.5: PEB versus the HWIs coefficient κ.

Finally, Fig. 3.5 illustrates the localization accuracy with respect to the HWIs coefficients κt

and κr. This figure illustrates that each transceiver has a similar effect on the accuracy of the

localization process, which can also be noted from (3.9).
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Figure 3.6: Geometry of the considered 3D mmwave MISO-OFDM scenario.

3.2 3D perfect synchronous mmwave MISO system in the
existence of NLoS

This section investigates a more realistic and complex localization process than that in section 3.1.

Specifically, the 3D localization accuracy of mmwave MISO-OFDM systems is investigated when

there are HWIs at both the BS and the MS, and in the existence of NLoS paths from unknown

scatterers. Regarding this, the 3D system model and the relevant mmwave channel are presented.

Besides, the localization is performed by estimating the downlink channel parameters of the LoS

path using the ML estimator at the MS side. Then, we transform these channel parameters into

ones for localization. The FIM is employed to assess the accuracy of the estimation processes,

considering the NLoS paths. After that, the limit of localization is calculated in terms of the PEB.

Finally, Computer simulations are conducted to demonstrate the impacts of HWIs and the NLoS

paths from unknown scatterers on the localization process. 2.

3.2.1 System and Channel Models

Consider an mmwave MISO-OFDM wireless communication system consisting of a single BS

with M antennas and a single-antenna MS as shown in Fig.3.6. A 3D scenario with a URA,

which has MH horizontal antennas, MV vertical antennas and M = MH×MV antennas in total, is

addressed for the BS, which is assumed to be located at the origin [0, 0, 0]. The MS, on the other

hand, is surrounded by R unknown scatters and is placed at an unknown position p= [px py pz]T.

2This work was accepted in IEEE Communications Letters as "Error Bounds for 3D Localization and Maximum
Likelihood Estimation of mmwave MISO-OFDM Systems in the Presence of Hardware Impairments"
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The azimuth and elevation angles between the BS and MS are represented by θ and ψ,

respectively, where the subscript "0" refers to a direct link between the BS and MS and the

subscript "r" refers to an rth NLoS link between them. It is also assumed that the BS and MS are

synchronized to the same clock offset through the use of a preliminary synchronization algorithm

in the uplink channel. The destructive effects of HWIs are considered at both the BS and MS

sides. The channel and the transceiver models are detailed as follows.

The complex channel vector of the ith path between the BS and MS associated with the nth

subcarrier is given by

hi[n]= γiα(θi,ψi)exp
(− j2πn τi

NT
)
, (3.23)

where hi[n] ∈ CM×1, τi is the propagation delay, and T = 1/B is the sampling period, with B

denoting the bandwidth that achieves the typical narrowband condition, i.e., the wavelength

λn = c/( n
NT + fc)≈ λc = c/ fc ∀n ∈ {1,2, · · · , N}, where N is the total number of subcarriers, and c

and fc are the speed of light and the carrier frequency, respectively. ρ i and φi are, respectively,

the modulus and phase of the complex amplitude γi = ρ i e jφi . Finally, α(θi,ψi) denotes the BS

array steering vector associated with the ith path and is a function of the azimuth and elevation

AOD, θi and ψi, respectively, as

α(θi,ψi)=
[

e j 2π
λc

k(θi ,ψi)Tu1 , · · · , e j 2π
λc

k(θi ,ψi)TuM
]T

. (3.24)

Additionally, the wave vector k(θi,ψi) is defined as follows

k(θi,ψi)= [sinψi cosθi, sinψi sinθi, cosψi]T. (3.25)

In (3.24), um represents the location of the mth antenna of the BS, which can be given by

um =
[
0, mod (m−1, MH)×dHλc,

⌊
m−1
MH

⌋
×dVλc

]T
, (3.26)

where dHλc and dVλc stand for the horizontal and vertical inter-element spacing, respectively.

3.2.2 Signaling with HWIs

Similar to section 3.1, it is assumed that the BS transmits G signals sequentially, while the gth

transmission has k simultaneously transmitted OFDM symbols, i.e., zg[n]= [
zg

1 [n], · · · , zg
k [n]

]T

for each subcarrier, a power value of P = E{∥zg[n]∥2}. The precoding process and the transmitter

hybrid beamforming matrix Fg[n] ∈CM×k =FRFFg
BB[n] also are described section 3.1. Considering

these and taking into account the HWIs at the BS, the transmitted signal over the nth subcarrier

at the gth transmission instant can be written as

sg[n]=p
κt Fg[n]zg[n]+η

g
t [n], (3.27)
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where κt ∈ (0,1] denotes the hardware quality factor for the BS and η
g
t [n] ∈CM×1 represents the

distortion noise at the transmitter that is independent of zg[n], and follows CN(0, P
M (1−κt)IM).

This guarantees equal power to all transmitted signals, i.e., E{∥sg[n]∥2}= P ∀n.

At the receiver side, the received signal of the nth subcarrier at the gth transmission time,

which is under the effect of receiver HWIs, can be expressed as follows

yg[n]=pκr
p

κt (h0[n])TFg[n]zg[n]+
R∑

i=1

p
κr

p
κt (hi[n])TFg[n]zg[n]

+p
κr

R∑
i=0

(hi[n])Tη
g
t [n]+η

g
r [n]+wg[n], (3.28)

where κr ∈ (0,1] is the receiver hardware quality factor, η
g
r [n] ∼ CN

(
0,PM(1−κr)

∑R
i=0 ρ2

i
)

rep-

resents the distortion noise at the receiver side and wg[n] ∼ CN(0,σ2) is the additive white

Gaussian noise (AWGN).

3.2.3 Channel Parameters Estimation and Localization

The unknown position of the MS, p, can be expressed by noting that τ0 indicates a circle

centered on the BS with radius r = cτ0 from MS according to r2 = p2
x + p2

y + p2
z, and the geometric

relationships between the BS, scatterers and the MS, can be given by

τ0 = 1
c

√
p2

x + p2
y + p2

z , ψ0 = sin−1

√
p2

x + p2
y√

p2
x + p2

y + p2
z

, and θ0 = atan2(py, px), (3.29)

where atan2(·, ·) defines the four-quadrant inverse tangent function. Hence, p can be predicted

by using the estimation of the LoS channel parameters vector, β. Accordingly, by replacing the

actual values with the estimated ones, i.e., p̂= [r̂sinψ̂0 cos θ̂0, r̂sinψ̂0 sin θ̂0, −r̂ cosψ̂0]T, and then

solving (3.29), an estimation on the MS position can be made by taking also the parameters ρ0

and φ0 into account.

Noting that the LoS path, h0, provides the most useful information for positioning, and that it

can be easily isolated based on the received power due to path orthogonality [61], the estimation

is performed through the LoS path while neglecting the NLoS paths. Thus, the ML estimator

considers the received signal in (3.28) as yg[n]∼CN(µy,σ2
y) with µy =p

κtκr (h0[n])TFg[n]zg[n]

and σ2
y = PM(1−κtκr)ρ2

0 +σ2.

During the estimation process, all parameters are deterministic unknowns except the trans-

mitted symbols, the beamforming matrix, and the AWGN variance that is estimated in the initial

access in mmwave systems [35, 71, 93]. Moreover, the HWIs coefficients are calculated from

the EVM, which is specified in the data sheets of RF components [11]. Considering that, the

parameters τ0, θ0 and ψ0 can be estimated by using the following ML estimation rule

(τ̂0, θ̂0,ψ̂0)= argmax
τ0,θ0,ψ0

[
max
ρ0,φ0

L(τ0,θ0,ψ0,ρ0,φ0)
]
, (3.30)
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where L(τ0,θ0,ψ0,ρ0,φ0)= log( f (y|τ0,θ0,ψ0,ρ0,φ0)) represents the log-likelihood function of y,

which is the set of all observations for given τ0, θ0, ψ0, ρ0 and φ0 values, while f (·) is the PDF of

y. After some simple manipulations, the log-likelihood function can be written as

L(τ0,θ0,ψ0,ρ0,φ0)=− NG
2

ln(2π(PM(1−κtκr)ρ2
0 +σ2))−

∑G
g=1 ||yg−pκt

p
κr ρ0e jφ0wg||2

2(PM(1−κtκr)ρ2
0 +σ2)

, (3.31)

where yg = [
yg[0], . . . , yg[N −1]

]T as given in (3.28), and wg is

wg =


αT(θ0,ψ0)Fg[0]zg[0]

...

e− j2π[N−1] τ0
NT αT(θ0,ψ0)Fg[N −1]zg[N −1]

 . (3.32)

It is worth noting here that the estimated values of φ0 and ρ0, which maximize (3.31)

according to (3.30), should be obtained first, since the sole parameters of interest are τ0, θ0 and

ψ0. Therefore, φ̂0, is calculated from

∂L(τ0,θ0,ψ0,ρ0,φ0)
∂φ0

=
j
p

κtκr ρ0e jφ0
∑G

g=1(wg)H(yg −p
κtκr ρ0e jφ0wg)

PM(1−κtκr)ρ2
0 +σ2

= 0. (3.33)

Following that, the estimated value of e jφ0 is obtained as

e jφ̂0 =
∑G

g=1(wg)Hyg

p
κt

p
κr ρ0

∑G
g=1 ∥wg∥2

. (3.34)

Next, after substituting (3.34) into (3.31), the estimated value of ρ0 is calculated from

∂L(τ0,θ0,ψ0,ρ0)
∂ρ0

=−NGPM(1−κtκr)ρ0

PM(1−κtκr)ρ2
0 +σ2

+
PM(1−κtκr)ρ0

∑G
g=1 ||yg−

∑G
i=1(wi)Hyi∑G
i=1 ||wi ||2 wg||2

(PM(1−κtκr)ρ2
0 +σ2)2

, (3.35)

where ∂L(τ0,θ0,ψ0,ρ0)/∂ρ0 = 0, which leads to

ρ̂0 =

√√√√√ (
∑G

g=1 ||yg −
∑G

i=1(wi)Hyi∑G
i=1 ||wi ||2 wg||2)−NGσ2

NGPM(1−κtκr)
. (3.36)

Now, utilizing (3.31), (3.34) and (3.36), the log-likelihood function of y can be rewritten in terms

of τ0, θ0 and ψ0 as follows

L̂(τ0,θ0,ψ0)=−NG
2

ln(2π(PM(1−κtκr)ρ̂2
0 +σ2))−

∑G
g=1 ||yg −p

κt
p

κr ρ̂0e jφ̂0wg||2
2(PM(1−κtκr)ρ̂2

0 +σ2)
. (3.37)

Unfortunately, (3.37) cannot be defined in any projection matrix, and does not have a closed-

form solution, either. Thus, it can be solved by using a numerical search algorithm. More-

over, (3.37) indicates that the estimation error depends on the value of
∑R

i=1( ρ i
ρ0

)2 in (3.39),

since yg involves both the LoS and the ignored NLoS parameters as seen from (3.28), while
p

κt
p

κr ρ̂0e jφ̂0wg in (3.37) only contains the LoS parameters.
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3.2.4 Fisher Information Matrices and Cramer-Rao lower bound

Here, we derive the FIM for the position estimation problem in the 3D mmwave MISO-OFDM

systems in the presence of transceiver HWIs, and the NLoS paths.

As was stated in the previous section, the first term in (3.28), which is the noiseless part of the

received signal that conveys meaningful information, is defined as ϕg[n]=p
κrκt (h0[n])TFg[n]zg[n],

while the other terms represent the noise in the received signal with a variance value of

Cy =PM(1−κtκr)(ρ2
0 +

R∑
i=1

ρ2
i )+PMκtκr

R∑
i=1

ρ2
i +σ2. (3.38)

Now, the SNR value can be defined by using (3.28) and (3.38). After some simple mathematical

operations, we obtain

SNR= κtκr

(1−κtκr)+∑R
i=1( ρ i

ρ0
)2 + σ2

PMρ2
0

. (3.39)

Assuming that the OFDM signals have high power or the transmitter is equipped with a high

number of antennas, an asymptotic value of the SNR can also be calculated by utilizing (3.39) as

follows

lim
P or M→∞

SNR= κtκr

(1−κtκr)+∑R
i=1( ρ i

ρ0
)2

. (3.40)

This expression proves that the SNR depends on the transmitter and receiver hardware quality

factors, κt and κr, as well as on the LoS to NLoS path gain ratio.

Following that, and according to [85], the elements of the symmetric FIM matrix ,Jβ ∈R5×5,

of the LoS channel parameters vector β= [τ0,θ0,ψ0,ρ0,φ0]T can be calculated from (2.20) or from

(3.19). However, in order to compute the elements of Jβ, the following statements should be

defined

F̄=p
κt

p
κr Fg[n]zg[n]

Bθ0 = diag[
∂k(θ0,ψ0)T

∂θ0
u1, . . . ,

∂k(θ0,ψ0)T

∂θ0
uM] ∈RM×M ,

Bψ0 = diag[
∂k(θ0,ψ0)T

∂ψ0
u1, . . . ,

∂k(θ0,ψ0)T

∂ψ0
uM] ∈RM×M ,

∂k(θ0,ψ0)
∂θ0

= [−cosψ0 sinθ0,cosψ0 cosθ0,0]T,

∂k(θ0,ψ0)
∂ψ0

= [−sinψ0 cosθ0,−sinψ0 sinθ0,cosψ0]T.
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Then, the required derivations are as follows

∂ϕg[n]
∂τ0

= − j2πn
NT

ρ0 exp( j(φ0 −2πn
τ0

NT
))α(θ0,ψ0)TF̄,

∂ϕg[n]
∂θ0

= j
2π
λc

ρ0 exp( j(φ0 −2πn τ0
NT ))α(θ0,ψ0)TBθ0F̄,

∂ϕg[n]
∂ψ0

= j
2π
λc

ρ0 exp( j(φ0 −2πn τ0
NT ))α(θ0,ψ0)TBψ0F̄,

∂ϕg[n]
∂ρ0

= e jφ0 e− j2πn
τ0

NT α(θ0,ψ0)TF̄.

∂ϕg[n]
∂φ0

= jρ0e jφ0 e− j2πn
τ0

NT α(θ0,ψ0)TF̄,

∂Cy

∂ρ0
= 2PMρ0(1−κtκr),

∂Cy

∂τ0
= ∂Cy

∂θ0
= ∂Cy

∂ψ0
= ∂Cy

∂φ0
= 0.

The FIM can be obtained in the position domain by transforming the LoS channel parameters

vector β into the location parameters vector µ= [px, py, pz,ρ0,φ0]T . For this purpose, Jµ ∈R5×5,

which is the FIM of µ, can be computed according to the transformation formula (2.19), similar to

(3.20) in section 3.1, where the transformation matrix T here is defined by

T (def)= ∂βT

∂µ
=



∂τ0
∂px

∂θ0
∂px

∂ψ0
∂px

∂ρ0
∂px

∂φ0
∂px

∂τ0
∂py

∂θ0
∂py

∂ψ0
∂py

∂ρ0
∂py

∂φ0
∂py

∂τ0
∂pz

∂θ0
∂pz

∂ψ0
∂pz

∂ρ0
∂pz

∂φ0
∂pz

∂τ0
∂ρ0

∂θ0
∂ρ0

∂ψ0
∂ρ0

∂ρ0
∂ρ0

∂φ0
∂ρ0

∂τ0
∂φ0

∂θ0
∂φ0

∂ψ0
∂φ0

∂ρ0
∂φ0

∂φ0
∂φ0


, (3.41)

in which, based on (3.29), all the entries are equal to zero, except:

∂ρ0

∂ρ0
= ∂φ0

∂φ0
= 1,

∂τ0

∂px
= px

c
√

p2
x + p2

y + p2
z

,
∂τ0

∂py
= py

c
√

p2
x + p2

y + p2
z

,
∂τ0

∂pz
= pz

c
√

p2
x + p2

y + p2
z

,

∂θ0

∂px
= −py/p2

x

1+ (py/px)2 ,
∂θ0

∂py
= 1/px

1+ (py/px)2 ,

∂ψ0

∂px
= px pz

(p2
x + p2

y + p2
z)

√
p2

x + p2
y

,
∂ψ0

∂py
= py pz

(p2
x + p2

y + p2
z)

√
p2

x + p2
y

,
∂ψ0

∂pz
=

−
√

p2
x + p2

y

p2
x + p2

y + p2
z
.

Here, the PEB can be derived by:

PEB=
√

[(Jµ)−1](1,1) + [(Jµ)−1](2,2) + [(Jµ)−1](3,3) . (3.42)

3.2.5 Simulation Results

In this section, the PEB results are provided for mmwave MISO-OFDM systems under the effect

of transceiver HWIs and the NLoS from unknown scatterers. We consider a scenario where the
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system is equipped by a BS operating at fc = 60 GHz with a bandwidth value of B = 40 MHz

and N = 20 sub-carriers, where λ1 =λ2 = ·· ·λ20 ≈ 5 mm, i.e., typical narrowband conditions. For

simplicity, only one beam is conveyed at each transmission time. It is also assumed that the BS

transmits a known signal from M = 25 URA antennas G = 12 transmission times with power

P, unless otherwise stated. Moreover, the antenna array elements are arranged in a square for

MH = MV =p
M , spaced by length dH = dV = λc

2 . The single antenna MS is surrounded by R

local scatters.

The localization process is repeated for 10 different locations by varying the transmitted

power P to ensure that Pρ2
0

σ2 is the same at each position. Lastly, the severity of the HWIs is

represented by κ= κt = κr, which are measured from the EVM that is specified in the data sheets

of RF transceivers, where κ= 1−EVM2 [11].

In Fig. 3.7, the effect of transceiver HWIs on the position estimation accuracy is presented in

terms of PEB with respect to the different values of Pρ2
0

σ2 . Here, a single LoS link exists between

the BS and MS. It is observed that the estimation error tends to zero in the ideal case (κt = κr = 1)

when we increase the transmission power. On the other hand, the HWIs inhibit the enhancing

effect that increased transmission power has on the accuracy of localization. The reason for this

is that increasing the transmission power boosts both the non-noisy signal ϕg[n] and the HWIs

distortion term PM(1−κtκr)(ρ2
0 +

∑R
i=1 ρ2

i ) in (3.38), simultaneously. Besides, Fig. 3.7 shows that

the increasing severity of the HWIs results in a low estimation accuracy.

Furthermore, Fig. 3.7 compares the case where only the LoS path exists with the case where

both LoS and the NLoS paths exist. In the second case, the ratio between the gain of the LoS path

to the sum of the gains of the NLoS paths “LoS-to-multipath ratio" (LMR) is ρ0
2/

∑R
i=1 ρ2

i . It can

Figure 3.7: PEB versus transmission power with different HWIs distortion levels.
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be seen clearly from this figure that the reflected links from unknown scatters have a harmful

effect on the PEB value. Furthermore, increasing the power, by increasing Pρ2
0

σ2 , increases the

NLoS distortion term PMκtκr
∑R

i=1 ρ2
i even when κt = κr = 1.

Next, the performance of the ML estimator is investigated in Fig. 3.8 in terms of the RMSE.

This is based on 1000 MC trials for each position at varying HWIs distortion levels, where RMSE

is the metric of the remoteness between the predicted values from the real. This figure is clearly

consistent with Fig. 3.7, in which the estimation process accuracy enhances as the quality of

the received signal increases. For instance, in the case of perfect hardware, the RMSE values

asymptotically approximate to zero, while the RMSE values saturate to a certain limit in the case

of non-ideal hardware since the quality of the received signal is bounded by (3.40). Additionally,

when the HWIs distortion level increases with decreasing values of κ, the amount of estimation

error rises.

Lastly, Fig.3.9 depicts the effect of the NLoS path strength on the estimation accuracy when
Pρ2

0
σ2 = 10 dB. Evidently, the greater the LoS gain, the more accurate the localization process will

be regardless of the state of the equipment, since increasing the ratio of ρ2
0/

∑R
i=1 ρ2

i enhances the

quality of the received pilot as seen in (3.39). Moreover, it is clear that when this ratio increases,

the PEB value saturates to the PEB value of the LoS-only case seen in Fig. 3.7.

Figure 3.8: RMSE versus transmission power with different HWIs distortion levels.
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Figure 3.9: PEB versus LMR with different HWIs distortion levels.

3.3 Joint Localization-Synchronization Process in RIS-aided
mmwave MISO system

This section investigates the joint localization-synchronization process in RIS-aided mmwave

MISO-OFDM system. In particular, we target realistic circumstances where the theoretical

assumptions of a perfect synchronous system and ideal transceivers no longer exist. We take

a close look at the MISO-mmwave system implementing OFDM, with the existence of the RIS.

Since the positions of the RIS and BS are known, the single antenna MS can estimate its

position, and jointly synchronize itself with the reference BS. This can be accomplished using

the ML estimator, whose cost function is derived considering the transceivers’ HWIs. Next, we

present the theoretical bounds of the joint localization-synchronization process in the CRB term.

Lastly, we conduct computer simulations to demonstrate the impact of the HWIs on the joint

localization-synchronization process accuracy.

3.3.1 System and Channel Models

This subsection describes the 3D RIS-aided mmwave MISO-OFDM system and the mmwave

channel, where the joint localization-synchronization process is executed. Since this work fo-

cuses on the HWIs in the RIS-aided mmwave MISO-OFDM system, while performing the joint

localization-synchronization process, we are restricted with the same system and the channel

model assumed in the literature as in [35, 36] when the HWIs weren’t considered or in[94] when

considering the HWIs. Consider a single antenna MS, in an arbitrary time sample, occupying

an unknown 3D position in the RIS-aided mmwave MISO-OFDM wireless communication sys-
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tem, as Fig.3.10 illustrates. The MS receives directly from the BS equipped with MB uniform

rectangular arrays (URA), which have MH
B horizontal antennas, MV

B vertical antennas and thus

MB = MH
B × MV

B antennas in total. Simultaneously, the MS has an indirect link with the BS

through an RIS equipped with MR URA elements, which similarly has MH
R horizontal elements,

MV
R vertical elements and thus MR = MH

R ×MV
R elements in total. Moreover, the system operates

at fc carrier frequency with bandwidth B that achieves the typical narrow-band condition, i.e.,

λn = c/( n
NT + fc) ≈ λc = c/ fc for ∀n ∈ {1,2, · · · , N}, where n is the sub-carrier index, N is the sub-

carriers number, and T = 1/B is the sampling period, while λc denotes the wavelength, and c is

the speed of light.

The complex channel vector of the direct link of the nth sub-carrier, h0[n] ∈ CMB×1, can be

defined as

h0[n]= γ0α(θ0,ψ0, MB)exp
(− j2πn τ0

NT
)
, (3.43)

where the subscript “0" refers to the direct link between the MS and the BS, τ0 is the signal

propagation delay over the LoS link from the BS to the MS, which includes the clocks offset ∆,

and γ0 = ρ0e jφ0 with ρ0 and φ0 are the magnitude and the phase of γ0.

Following that, α(θ0,ψ0, MB) ∈CMB×1 denotes the BS array steering vector associated with the

LoS path. Generally, the steering vector α is a function of the number of antennas, the azimuth

AoD, and the elevation AoD, M, θ, and ψ, respectively, where α is given by

α(θ,ψ, M) ∈CM×1 =
[
e j 2π

λc
k(θ,ψ)Tu1 , · · · , e j 2π

λc
k(θ,ψ)TuM

]T
, (3.44)

X

Z

Y

URA

MSBS

RIS

X

Z

Y

Figure 3.10: The RIS-aided mmwave MISO-OFDM system.
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with k(θ,ψ) as the wave vector and defined as

k(θ,ψ)= [sinψcosθ, sinψsinθ, cosψ]T, (3.45)

um is the location vector of the mth antenna of the M URA, which can be given by

um=
[

mod (m−1, MH)×dHλc,0,
⌊

m−1
MH

⌋
×dVλc

]T
, (3.46)

where dHλc and dVλc stand for the horizontal and vertical inter-element spacing, respectively.

Next, as shown in Fig.3.10, the RIS creates an NLoS path between the BS and MS, in which

the incident signal on the RIS from the transmitter over Hr[n] ∈CMB×MR link is beamed to the

MS over h1[n] ∈CMR×1 path. Here, the BS-RIS path over the nth sub-carrier is

Hr[n]=γrα(θr,ψr, MB)(α(θ̄r,ψ̄r, MR))Te
(
− j2πn τr

NT

)
, (3.47)

where the subscript "r" refers to the link between the BS and the RIS, γr = ρre jφr is the complex

amplitude of the BS-RIS link, and τr is the propagation time for the same link. By defining

θr and ψr as the AoD from the BS, while θ̄r and ψ̄r as AoA to the RIS, the steering vectors

α(θr,ψr, MB) ∈ CMB×1 and α(θ̄r,ψ̄r, MR) ∈ CMR×1 are given according to (3.44), while the wave

vectors k(θr,ψr) and k(θ̄r,ψ̄r) are defined according to (3.45), where the RIS’s elements interspace

is dr.

Coming to the RIS-MS link associated with the nth sub-carrier, h1[n] ∈CMR×1, it can be given

as

h1[n]= γ1α(θ1,ψ1, MR)exp
(− j2πn τ1

NT
)
, (3.48)

where the subscript "1" refers to the link between them RIS and MS, τ1 is the RIS-MS link

propagation delay including ∆, γ1 = ρ1e jφ1 is the complex gain over the RIS-MS link, and

α(θ1,ψ1, MR) ∈CMR×1 is the array steering vector.

Accordingly, the BS-MS NLoS link through the RIS, hg
NLOS[n] ∈CMB×1, is given by

hg
NLOS[n]=Hr[n]Ωgh1[n], (3.49)

where Ωg is the phase control matrix of the RIS at transmission g, which is a diagonal matrix

with unit-modulus entries, i.e., Ωg = diag([e jωg
1 , . . . ,e jωg

MR ]), for Ωg ∈CMR×MR .

Consequently, the BS-MS channel including the LoS and the NLoS paths considering the nth

sub-carrier and the gth transmission is

hg[n] ∈CMB×1 =h0[n]+Hr[n]Ωgh1[n]. (3.50)
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3.3.2 Signaling with HWIs

Considering the residual HWIs at the transceivers in the BS and the MS, we model both the

impaired transmitter and the impaired receiver in this subsection. Seeking to perform the joint

localization-synchronization process of MS, the BS broadcasts a well-known sequence as K OFDM

symbols with power P utilizing N orthogonal sub-carriers, G sequenced times as in 3.1 and 3.2

sections. Accordingly, the BS that suffers from HWIs broadcasts in the gth transmission through

the nth sub-carrier the following signal

sg[n]=p
κt Fg[n]zg[n]+η

g
t [n], (3.51)

where κt ∈ (0,1] is the transmitter hardware quality factor coefficient, and η
g
t [n] ∈ CMB×1 is

the transmitter distortion term that is independent of zg[n]. The covariance matrix is de-

noted by Υ[n]= E{(Fg[n]zg[n])(Fg[n]zg[n])H}, where the average power P = tr(Υ[n]). Referring

to the HWIs model, the distortion noise is given as η
g
t [n] ∼ CN(0,Λ[n]), where Λ[n] = (1−

κt)diag(Υ11[n], · · · ,ΥMBMB[n]), and tr(Λ[n])= P(1−κt)∀n. Accordingly,

E{(sg[n])H(sg[n])}= κtP + (1−κt)P = P ∀n.

Following, the received signal through the LoS link over the nth subcarrier at the gth trans-

mission time is

rg
LOS[n]=p

κt (h0[n])TFg[n]zg[n]+ (h0[n])Tη
g
t [n], (3.52)

whereas the received copy through the NLoS link over the nth subcarrier at the gth transmission

time is given by

rg
NLOS[n]=p

κt (h1[n])TΩg(Hr[n])TFg[n]zg[n]+ (h1[n])TΩg(Hr[n])Tη
g
t [n]. (3.53)

The output of the imperfect transceiver of the MS is given according to the model in (2.1).

Therefore, the MS’s distorted signal by the HWIs and the additive white Gaussian noise (AWGN),

wg[n]∼ CN(0,σ2), can be expressed as:

yg[n]=p
κtκr (h0[n])TFg[n]zg[n]+p

κtκr (h1[n])TΩg(Hr[n])TFg[n]zg[n]

+p
κr (h1[n])TΩg(Hr[n])Tη

g
t [n]+p

κr (h0[n])Tη
g
t [n]+η

g
r [n]+wg[n], (3.54)

where κr ∈ (0,1] presents the quality factor of the receiver hardware, and η
g
r [n] ∼ CN(0,Cηr )

represents the receiver HWIs distortion. Here, Cηr = Pr(1−κr) presents the power of the receiver

noise attributed to HWIs, and Pr is the input power to the MS, which equals

Pr = PLOS +PNLOS = PMB(ρ2
0 +M2

Rρ2
rρ

2
1). (3.55)

Specifically, PLOS = PMBρ2
0 is the power reaching the receiver over the LoS path, while PNLOS =

PMBM2
Rρ2

rρ
2
1 is the part of power passing to the receiver through the NLoS path. Besides, the BS
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causes Cηt = Pκr(1−κt)MB(ρ2
0 +M2

Rρ2
rρ

2
1) distortion power at the MS side, and thus the distortion

power accumulative at the receiver based on (3.54) is given by

Cy = Cηt +Cηr +σ2

= P(1−κtκr)MB(ρ2
0 +M2

Rρ2
rρ

2
1)+σ2. (3.56)

Here, it is clear that Cy in (3.56) represents the power of the noisy signals in (3.54), while the

noiseless part of (3.54) is

ϕg[n]=pκtκr ×
[
(h0[n])T + (h1[n])TΩg(Hr[n])T

]
Fg[n]zg[n]. (3.57)

Accordingly, the SNR of the signal in (3.54) is

SNR= κtκrMB(ρ2
0 +M2

Rρ2
rρ

2
1)

(1−κtκr)MB(ρ2
0 +M2

Rρ2
rρ

2
1)+ (σ2/P)

, (3.58)

and its asymptotic value when P →∞, i.e. the OFDM symbols power is high enough, is

lim
P→∞

SNR= κtκr

1−κtκr
. (3.59)

It is also worth mentioning here that when κt = κr = 1, i.e. the case of ideal hardware transceivers,

the received signal in (3.54) becomes

yg[n]= [
(h0[n])T + (h1[n])TΩg(Hr[n])T]

Fg[n]zg[n]+wg[n],

which consists only of the noiseless signal plus the white noise, where the variance of the received

signal becomes Cy =σ2, the variance of the AWGN. As such, the quality of the received signal is

expressed by

SNR= MB(ρ2
0 +M2

Rρ2
rρ

2
1)

(σ2/P)
, (3.60)

and thus

lim
P→∞

SNR→∞, (3.61)

which practically implies that, unlike the perfect systems with AWGN only, improving the quality

of the received pilots by boosting the transmission power is bounded due to the existence of the

HWIs.

3.3.3 Channel Parameters Estimation and Joint Localization-Synchronization
Process

This section addresses the joint localization-synchronization processes along with the tracking

performed by the single antenna MS. In specific, these processes are executed by observing how
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the pilot is distorted by the imperfect transceivers at both the MS and BS, as seen in the received

signal from (3.54).

Accordingly, we first present the relationships between the parameters in (3.54) and the 3D

coordinates of the RIS-aided mmwave MISO-OFDM system in Fig.3.10. Then, we execute the

joint localization-synchronization process based on these relationships and on the MLE, where

its log-likelihood function is reformulated to consider the HWIs. Finally, tracking a MS process is

presented, as it is carried out by the KFT implemented behind the MLE stage. Regarding this,

the KFT is designed based on the errors in estimating the positions and according to the MS

transition model.

Fig.3.11 depicts the relationships between the channel parameters in (3.54) and the 3D coor-

dinates of the unknown position MS at pm = [px, py, pz]T, the known position BS at [bx, by, bz]T,

and the known position RIS at [rx, ry, rz]T. According to Fig.3.11, when the BS positions at the

original point, without loss of generality, the geometric relationships can be expressed as follows

τ0 =
√

p2
x +p2

y +p2
z

c
+∆, ψ0 = sin−1


√

p2
x +p2

y√
p2

x +p2
y +p2

z

 ,

θ0 = atan2(py,px), τ1 =
√

(px −rx)2 + (py −ry)2 + (pz −rz)2

c
+∆,

ψ1 = sin−1


√

(px −rx)2 + (py −ry)2√
(px −rx)2 + (py −ry)2 + (pz −rz)2

 ,

θ1 = atan2((py −ry), (px −rx)). (3.62)

Z

Y

BS

MS

RIS X

Z

Y

Figure 3.11: The RIS-aided mmwave MISO-OFDM system 3D coordinates.
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It is clear that by having the BS and RIS placed at known and fixed positions, the Hr link’s

parameters are known constants, and can be given as

τr =
√

r2
x +r2

y +r2
z

c
, ψr = sin−1


√

r2
x +r2

y√
r2

x +r2
y +r2

z

 ,

θr = atan2(ry,rx), ψ̄r =−π+ψr, θ̄r =−π+θr. (3.63)

Due to the Gaussian white noise and the HWIs noises, the distorted pilot in (3.54) is Gaus-

sian with mean ϕg[n] and variance Cy defined in (3.56) and (3.57), respectively. As such, the

channel parameters in the mean ϕg[n] are unknowns, deterministic, and achieve the geometric

relationships in (3.62) for any position of the MS. Moreover, the transmitted symbols and the

beamforming matrix are known, and estimating the AWGN variance is possible for the initial

access of mmWave systems [36, 71, 93].

For this purpose, the ML estimator is chosen to estimate the MS’s position and the clock drift,

[pm , ∆]. Referring to the ML rule, these parameters can be estimated through

(
p̂m , ∆̂

)= argmax
τ0,θ0,ψ0,τ1,θ1,ψ1

[
max

ρ0,φ0,ρ1,φ1
L
(
τ0,θ0,ψ0,ρ0,φ0,τ1,θ1,ψ1,ρ1,φ1

)]
,

where

L
(
τ0,θ0,ψ0,ρ0,φ0,τ1,θ1,ψ1,ρ1,φ1

)= log
(
f
(
y
∣∣∣τ0,θ0,ψ0,ρ0,φ0,τ1,θ1,ψ1,ρ1,φ1

))
represents the log-likelihood function of y, which is the set of all observations for given τ0, θ0, ψ0,

ρ0, φ0, τ1, θ1, ψ1, ρ1 and φ1 values, while f (·) is the PDF of y. After some simple manipulations,

the log-likelihood function of y can be written as

L
(
τ0,θ0,ψ0,ρ0,φ0,τ1,θ1,ψ1,ρ1,φ1

)=− NG
2

ln
(
2π

(
KP(ρ2

0+M2
Rρ2

rρ
2
1)+σ2))

−
∑G

g=1 ||yg−pκtκr ρ0e jφ0wg
0−
p

κtκr ρ1e jφ1wg
1 ||2

2
(
KP(ρ2

0 +M2
Rρ2

rρ
2
1)+σ2

) , (3.64)

where K = (1−κtκr)MB, and yg = [
yg[0], . . . , yg[N −1]

]T as given in (3.54), while wg
0 and wg

1 are

wg
0=


αT(θ0,ψ0, MB)Fg[0]zg[0]

...

e− j2π[N−1] τ0
NT αT(θ0,ψ0, MB)Fg[N −1]zg[N −1]

 ,

wg
1=


αT(θ1,ψ1, MR)ΩgHT

r [0]Fg[0]zg[0]
...

e−j2π[N−1] τ1
NT αT(θ1,ψ1,MR)ΩgHT

r [N−1]Fg[N−1]zg[N−1]

 .
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It is evident that the estimated values of φ0 and φ1 that maximize (3.64) can be given as

∂L(τ0,θ0,ψ0,ρ0,φ0,τ1,θ1,ψ1,ρ1,φ1)
∂φ0

=
∑G

g=1(wg
0 )H(yg−pκtκr ρ0e jφ0wg

0−
p

κtκr ρ1e jφ1wg
1 )

KP(ρ2
0+M2

Rρ2
rρ

2
1)+σ2

1/ j
p

κtκr ρ0e jφ0

= 0,

∂L(τ0,θ0,ψ0,ρ0,φ0,τ1,θ1,ψ1,ρ1,φ1)
∂φ1

=
∑G

g=1(wg
1 )H(yg−pκtκr ρ0e jφ0wg

0−
p

κtκr ρ1e jφ1wg
1 )

KP(ρ2
0+M2

Rρ2
rρ

2
1)+σ2

1/ j
p

κtκr ρ1e jφ1

= 0,

where after mathematical manipulation, the above equations become

(
ρ0

G∑
g=1

(wg
0 )Hwg

0

)
e jφ0+

(
ρ1

G∑
g=1

(wg
0 )Hwg

1

)
e jφ1 =

∑G
g=1(wg

0 )Hyg

p
κtκr

,

(
ρ0

G∑
g=1

(wg
1 )Hwg

0

)
e jφ0+

(
ρ1

G∑
g=1

(wg
1 )Hwg

1

)
e jφ1 =

∑G
g=1(wg

1 )Hyg

p
κtκr

.

Following that, the estimated values of e jφ0 and e jφ1 are obtained as

e jφ̂0 =
c11

∑G
g=1(wg

0 )Hyg − c01
∑G

g=1(wg
1 )Hyg

p
κtκr ρ0 [c00c11 − c01c10]

= C(0)
p

κtκr ρ0
, (3.65)

e jφ̂1 =
c00

∑G
g=1(wg

1 )Hyg − c10
∑G

g=1(wg
0 )Hyg

p
κtκr ρ1 [c00c11 − c01c10]

= C(1)
p

κtκr ρ1
, (3.66)

where ci j =
G∑

g=1
(wg

i )Hwg
j . Next, after substituting the values of e jφ̂0 and e jφ̂1 into (3.64), the

log-likelihood function of y can be given as

L
(
τ0,θ0,ψ0,ρ0,τ1,θ1,ψ1,ρ1

)=− NG
2

ln
(
2π

(
KP(ρ2

0 +M2
Rρ2

rρ
2
1)+σ2))

−
∑G

g=1 ||yg −C(0)wg
0 −C(1)wg

1 ||2
2

(
KP(ρ2

0 +M2
Rρ2

rρ
2
1)+σ2

) , (3.67)

and then the estimated values of ρ0 and ρ1 are calculated from

∂L(τ0,θ0,ψ0,ρ0,τ1,θ1,ψ1,ρ1)
∂ρ0

= −NGKPρ0(
KP(ρ2

0 +M2
Rρ2

rρ
2
1)+σ2

) + KPρ0
∑G

g=1 ||yg −C(0)wg
0 −C(1)wg

1 ||2(
KP(ρ2

0 +M2
Rρ2

rρ
2
1)+σ2

)2 = 0,

∂L(τ0,θ0,ψ0,ρ0,τ1,θ1,ψ1,ρ1)
∂ρ1

= −NGKPM2
Rρ2

rρ1(
KP(ρ2

0 +M2
Rρ2

rρ
2
1)+σ2

) + KPM2
Rρ2

rρ1
∑G

g=1 ||yg −C(0)wg
0 −C(1)wg

1 ||2(
KP(ρ2

0 +M2
Rρ2

rρ
2
1)+σ2

)2 = 0,

which leads to

ρ̂2
0 +M2

Rρ2
r ρ̂

2
1 =

(∑G
g=1 ||yg −C(0)wg

0 −C(1)wg
1 ||2

)
−NGσ2

NGKP
. (3.68)
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Now, with the substitution of C(0) from (3.65), C(1) from (3.66) and (3.68) into (3.67), the

log-likelihood function of y can be rewritten in terms of τ0, θ0, ψ0,τ1, θ1 and ψ1 as

L
(
τ0,θ0,ψ0τ1,θ1,ψ1

)=−NG
2

− NG
2

ln

(
2π
NG

G∑
g=1

∥∥yg − c11
∑G

i=1(wi
0)Hyi − c01

∑G
i=1(wi

1)Hyi

c00c11 − c01c10
wg

0

− c00
∑G

i=1(wi
1)Hyi − c10

∑G
i=1(wi

0)Hyi

c00c11 − c01c10
wg

1

∥∥2
)

.

(3.69)

Following that, a numerical search algorithm is used to maximize this cost function. Specifically,

a 4D grid search algorithm over the space of [pm , ∆]= [px, py, pz, ∆] is used to find the optimal

point. In particular, each point over the 4D search grid is converted to the channel parameters

[τ0,θ0,ψ0,τ1,θ1,ψ1] according to (3.62). Then the channel parameters are fed into the cost

function, where the optimal point presenting the estimated position and clock offset [p̂m , ∆̂],

is the point that maximizes the cost function. It is important to mention here that works as

in [35, 36, 71] presented adequate initialization and low complex approaches to overcome the

burden of multidimensional optimization.

3.3.4 Fisher Information Matrices and Cramer-Rao lower bound

This subsection presents the achievable accuracy of the joint localization-synchronization process

in the 3D RIS-assisted mmWave MISO-OFDM system, in a system suffering from the HWIs

at the transceivers at both the MS and BS. It presents the FIM that measures the amount of

information obtained from the observations in (3.54). It is worth mentioning here that the pseudo-

inverse of the observation FIM is the CRB that assesses the 3D joint localization-synchronization

process in an RIS-assisted mmWave MISO-OFDM system suffering from HWIs.

Let us start by defining the vector of downlink channel parameters, given as β= [τ0, θ0, ψ0, ρ0,

φ0, τ1, θ1, ψ1, ρ1, φ1]T, and the vector of localization parameter as µ= [px, py, pz, ∆]T, where the

elements of the FIM Jβ ∈R10×10, which measures the amount of information about β obtained

from observing yg[n] in (3.54). These are given according to (2.20) similar to (3.19) in section 3.1,

where the noiseless signal is ϕg[n] in (3.57), while the noise variance is Cy in (3.56).
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In order to compute the elements of Jβ, the following statements should be defined:

Fg[n]=p
κt

p
κr Fg[n]zg[n],

∂k(θi,ψi)
∂θi

= [−cosψi sinθi,cosψi cosθi,0]T,

∂k(θi,ψi)
∂ψi

= [−sinψi cosθi,−sinψi sinθi,cosψi]T,

Bθ0 = diag

[[
∂k(θ0,ψ0)

∂θ0

]T
u1, . . . ,

[
∂k(θ0,ψ0)

∂θ0

]T
uMB

]
∈RMB×MB ,

Bψ0 = diag

[[
∂k(θ0,ψ0)

∂ψ0

]T
u1, . . . ,

[
∂k(θ0,ψ0)

∂ψ0

]T
uMB

]
∈RMB×MB .

Bθ1 = diag

[[
∂k(θ1,ψ1)

∂θ1

]T
u1, . . . ,

[
∂k(θ1,ψ1)

∂θ1

]T
uMR

]
∈RMR×MR ,

Bψ1 = diag

[[
∂k(θ1,ψ1)

∂ψ1

]T
u1, . . . ,

[
∂k(θ1,ψ1)

∂ψ1

]T
uMR

]
∈RMR×MR .

and then compute the derivations of ϕg[n] with respect to vector β are

∂ϕg[n]
∂τ0

= − j2πn
NT

ρ0 exp( j(φ0 −2πn
τ0

NT
))α(θ0,ψ0, MB)T Fg[n],

∂ϕg[n]
∂θ0

= j
2π
λc

ρ0 exp( j(φ0 −2πn τ0
NT ))α(θ0,ψ0, MB)TBθ0Fg[n],

∂ϕg[n]
∂ψ0

= j
2π
λc

ρ0 exp( j(φ0 −2πn τ0
NT ))α(θ0,ψ0, MB)TBψ0Fg[n],

∂ϕg[n]
∂ρ0

= e jφ0 e− j2πn
τ0

NT α(θ0,ψ0, MB)T Fg[n].

∂ϕg[n]
∂φ0

= jρ0e jφ0 e− j2πn
τ0

NT α(θ0,ψ0, MB)T Fg[n],

∂ϕg[n]
∂τ1

= − j2πn
NT

ρ1e jφ1 e− j2πn τ1
NT α(θ1,ψ1, MR)TΩg(Hr[n])T Fg[n],

∂ϕg[n]
∂θ1

= j
2π
λc

ρ1 exp( j(φ1 −2πn τ1
NT ))α(θ1,ψ1, MR)TBθ1Ω

g(Hr[n])T Fg[n],

∂ϕg[n]
∂ψ1

= j
2π
λc

ρ1 exp( j(φ1 −2πn τ1
NT ))α(θ1,ψ1, MR)TBψ1Ω

g(Hr[n])T Fg[n],

∂ϕg[n]
∂ρ1

= exp( j(φ1 −2πn τ1
NT ))α(θ1,ψ1, MR)TΩg(Hr[n])T Fg[n],

∂ϕg[n]
∂φ1

= jρ1 exp( j(φ1 −2πn τ1
NT ))α(θ1,ψ1, MR)TΩg(Hr[n])T Fg[n],
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and calculate the derivatives of the noise variance Cy with respect to the same vector

∂Cy

∂ρ0
= 2P(1−κtκr)MBρ0,

∂Cy

∂ρ1
= 2P(1−κtκr)MBM2

Rρ2
rρ1.

∂Cy

∂τ0
=∂Cy

∂θ0
=∂Cy

∂ψ0
=∂Cy

∂φ0
=∂Cy

∂τ1
=∂Cy

∂θ1
=∂Cy

∂ψ1
=∂Cy

∂φ1
= 0.

Following that, the FIM of the position parameters vector Jµ ∈ R4×4 is according to the

following transformation formula (2.19), similar to (3.20) in section 3.1, where the transformation

matrix T here is defined by

T ∈R10×8 (def)= ∂βT

∂µ
=

∂τ0
∂Mx

∂θ0
∂Mx

∂ψ0
∂Mx

∂ρ0
∂Mx

∂φ0
∂Mx

∂τ1
∂Mx

∂θ1
∂Mx

∂ψ1
∂Mx

∂ρR
∂Mx

∂φR
∂Mx

∂τ0
∂My

∂θ0
∂My

∂ψ0
∂My

∂ρ0
∂My

∂φ0
∂My

∂τ1
∂My

∂θ1
∂My

∂ψ1
∂My

∂ρR
∂My

∂φR
∂My

∂τ0
∂Mz

∂θ0
∂Mz

∂ψ0
∂Mz

∂ρ0
∂Mz

∂φ0
∂Mz

∂τ1
∂Mz

∂θ1
∂Mz

∂ψ1
∂Mz

∂ρR
∂Mz

∂φR
∂Mz

∂τ0
∂ρ0

∂θ0
∂ρ0

∂ψ0
∂ρ0

∂ρ0
∂ρ0

∂φ0
∂ρ0

∂τ1
∂ρ0

∂θ1
∂ρ0

∂ψ1
∂ρ0

∂ρR
∂ρ0

∂φR
∂ρ0

∂τ0
∂φ0

∂θ0
∂φ0

∂ψ0
∂φ0

∂ρ0
∂φ0

∂φ0
∂φ0

∂τ1
∂φ0

∂θ1
∂φ0

∂ψ1
∂φ0

∂ρR
∂φ0

∂φR
∂φ0

∂τ0
∂ρR

∂θ0
∂ρR

∂ψ0
∂ρR

∂ρ0
∂ρR

∂φ0
∂ρR

∂τ1
∂ρR

∂θ1
∂ρR

∂ψ1
∂ρR

∂ρR
∂ρR

∂φR
∂ρR

∂τ0
∂φR

∂θ0
∂φR

∂ψ0
∂φR

∂ρ0
∂φR

∂φ0
∂φR

∂τ1
∂φR

∂θ1
∂φR

∂ψ1
∂φR

∂ρR
∂φR

∂φR
∂φR

∂τ0
∂∆

∂θ0
∂∆

∂ψ0
∂∆

∂ρ0
∂∆

∂φ0
∂∆

∂τ1
∂∆

∂θ1
∂∆

∂ψ1
∂∆

∂ρR
∂∆

∂φR
∂∆



.

and the elements of the transformation matrix T depend on the geometric relationships between

the parameters of the β vector and those of the µ vector described in (3.62). Consequently, the

elements of the transformation matrix T are zero except:

∂τ0

∂∆
= ∂τ1

∂∆
= 1,

∂τ0

∂px
= px

c
√

p2
x+p2

y+p2
z

,
∂τ0

∂py
= py

c
√

p2
x+p2

y+p2
z

,
∂τ0

∂pz
= pz

c
√

p2
x+p2

y+p2
z

,

∂θ0

∂px
= −py

p2
x+p2

y
,

∂θ0

∂py
= px

p2
x+p2

y
,

∂ψ0

∂px
=

∣∣pz
∣∣px

(p2
x+p2

y+p2
z)

√
p2

x+p2
y

,
∂ψ0

∂py
=

∣∣pz
∣∣py

(p2
x+p2

y+p2
z)

√
p2

x+p2
y

,

∂ψ0

∂pz
=

−pz

√
p2

x+p2
y∣∣pz

∣∣ (p2
x+p2

y+p2
z)

,
∂τ1

∂px
= (px−rx)

c
√

(px−rx)2+(py−ry)2+(pz−rz)2
,
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∂τ1

∂py
= (py−ry)

c
√

(px−rx)2+(py−ry)2+(pz−rz)2
,

∂τ1

∂pz
= (pz−rz)

c
√

(px−rx)2+(py−ry)2+(pz−rz)2
,

∂θ1

∂px
=

− py−ry

(px−rx)2

1+ (
py−ry

px−rx
)2

,
∂θ1

∂py
= 1/(px −rx)

1+ (
py−ry

px−rx
)2

,
∂ψ1

∂px
=

∣∣pz−rz
∣∣ (px−rx)/

√
(px−rx)2+(py−ry)2

(px−rx)2+(py−ry)2+(pz−rz)2 ,

∂ψ1

∂py
=

∣∣pz−rz
∣∣ (py−ry)/

√
(px−rx)2+(py−ry)2

(px−rx)2+(py−ry)2+(pz−rz)2 ,
∂ψ1

∂pz
=
−(pz−rz)

√
(px−rx)2+(py−ry)2 /

∣∣pz−rz
∣∣

(px−rx)2+(py−ry)2+(pz−rz)2 .

Finally, the CRB of the joint localization-synchronization process is from the pseudo-inverse

of the later FIM,
(
Jµ

)−1, and thus, the PEB and the SEB are known as

PEB=
√

[(Jµ)−1](1,1)+[(Jµ)−1](2,2)+[(Jµ)−1](3,3) , (3.70)

SEB=
√

[(Jµ)−1](4,4) , (3.71)

where (SEB) refers to the synchronization error bound.

3.3.5 Simulation Results

This subsection conducts numerical experiments to discuss the joint localization-synchronization

process in the 3D RIS-assisted mm-wave MISO-OFDM system under the harmful effects of the

HWIs. We consider the same settings and scenarios of simulation assumed in section 3.2. In

these experiments, the single antenna MS at any unknown position receives two copies of the

known signal. The first copy reaches directly from the known position BS, where the BS is in the

original point [0,0,0] and is equipped with MB = 16 antennas. The second copy is through the

MR = 36 elements RIS which is located in a known position in [0.2,8,0.5] and generates the phase

control matrix (Ωg) by assuming equiprobable binary random variables. Moreover, it is important

to note that the two copies of the pilot are distorted by the transceivers of the BS and MS, as

the transceivers are non-ideal and suffer from HWIs with distortion coefficients κt = κr = κ for

simplicity, and their clocks drift with ∆= NT/8= 62.5 ns.

This subsection discusses performing the joint localization-synchronization process depending

on receiving two copies of the pilot distorted by the HWIs noises, where the destructive impact

of the HWIs is presented in Fig.3.12 and Fig.3.13. Specifically, the figures show the accuracy

and the theoretical accuracy of the joint localization-synchronization process in terms of the

RMSE and CRB at different values of κ and Pρ2
0

σ2 . It is worth mentioning that the RMSE to assess

the performance of the joint localization-synchronization process is calculated based on the MC

computer simulation.

According to these figures, increasing the HWIs of the transceivers deteriorates the quality of

the received signal, which leads to performing a less accurate joint localization-synchronization

process, as the figures depict clearly. Moreover, the figures show that generally boosting the

transmission power to improve the quality of the received signal enhances the accuracy of the joint
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Figure 3.12: PEB and CRB versus the transmission power with different κ.

Figure 3.13: SEB and CRB versus the transmission power with different κ.

localization-synchronization process. Unfortunately, these accuracy enhancements are limited to

a certain level when the hardware qualities of the transceivers are imperfect.

When the transceivers are ideal (i.e., κ= 1), it is clear that increasing the transmission power

eliminates the AWGN impact and causes the errors to approximate zero, as shown by (3.61),

while the existence of the HWIs bounds the position and synchronization errors to a non-zero

level. This is because increasing the transmission power boosts both the non-noisy signal ϕg[n]

and the HWIs distortion term in Cy simultaneously, as seen from (3.56) and (3.57) in the case of
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hardware-impaired transceivers. Besides, as apparent in the figures, in the low power range, the

HWIs distortion is low, so the differences between the accuracy of the processes associated with

the different κ values are negligible, while the differences in their accuracy become notable in

the range of high power.

Moreover, it is observed that the RMSE achieves the CRB when Pρ2
0

σ2 ≥ 25 dB in the ideal

transceiver scenario, and thus the SNR in (3.60) is also greater than 25 dB. In the case of

non-ideal hardware, according to (4.12), the SNR saturates at 12.85 dB and 9.66 dB when

κ= 0.975 and 0.95, respectively, which are lower than the SNR, making the RMSE achieve the

PEB and SEB.

3.4 Summary

This chapter addresses the localization process and CRB in hardware-impaired mmwave-MISO-

OFDM systems, where the BS transmits well-known pilots, and the MS determines its location

by estimating the channel parameters using an ML estimator. Then, the FIM and the CRB of

the channel and the localization processes are computed. In this context, the localization process

and CRB are investigated in three hardware-impaired systems. The first scenario, which is the

simplest, is a 2D mmwave MISO system involving a single LoS link between the BS and the

MS. In the second scenario, the 3D localization accuracy degrades due to the HWIs and the

multipath from unknown positions scatterers. Regarding the third scenario, it is an asynchronous

RIS-aided mmwave MISO system. Accordingly, we perform the synchronization processes jointly

with the localization process depending on the LoS link from the reference BS and the NLoS

link reflected from the known-position RIS. Finally, numerical experiments are conducted for a

detailed explanation and investigation of the processes executed in the three scenarios.
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4
TRACKING PROCESS AND BAYESIAN CRAMER-RAO BOUND

This chapter discusses the tracking process under HWIs and the synchronization errors. In

the first section of this chapter, we present two tracking processes restricted to the HWIs

only in a 3D perfectly synchronous mmwave MISO system. Furthermore, in the second

section, we consider the synchronization errors and the HWIs. Precisely, in the second section,

the tracking process is executed in an asynchronous RIS-assisted mmwave MISO-OFDM system

suffering from the HWIs. The third part of this chapter presents the implementation of MLT

to accomplish the tracking process. For each tracking process, this chapter derives the BCRB

benchmark for tracking process assessment and conducts numerical experiments to discuss the

tracking process and the BCRB.

4.1 3D Perfectly Synchronous mmwave MISO System

This section addresses the tracking process in a perfectly synchronous mmwave MISO system.

Firstly, it presents the BCRB and the tracking process of the range and direction of a MS regarding

the reference BS. Next, it explains tracking the position of the MS and the relevant BCRB. It’s

worth remembering here that the tracking process is considered an estimation process of time-

varying random unknowns, where the tracking process is performed depending on obtaining

measurements about the unknowns and considering the prior information about their transition

or changing as seen in section 2.3.5. For this purpose, this chapter presents the system model

where the tracking processes are executed. Then, it presents the measurement process where

the tracking processes are performed depending on measuring the range and the direction of the

MS relevant to the reference BS. After that, this section presents the transition model and the

tracking solutions based on the measurements’ nature, the transition model, and the relationship

between them.
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4.1.1 System Model and signalling

Fig.4.1 presents the time-varying channel in the mmwave MISO-OFDM system where the

tracking processes are executed. This system runs the same setting described in section 3.2,

except neglecting the NLoS paths from unknown scatterers as their impact is similar to the

HWIs impact and studied in the same section 3.2.

At any arbitrary tth time sample, the BS maintains a direct connection with the MS, hn[t] ∈
CM×1, that over the nth sub-carrier is defined as

hn[t]= γ[t]α[t]exp
(
− j2πn τ[t]

NT

)
, (4.1)

where N is the sub-carriers number, T is the sampling period, the term τ[t] is the ToF between

the BS and MS, and γ[t] = ρ[t]e jφ[t] with ρ[t] and φ[t] are the modulus and the phase of the

complex amplitude γ[t]. Besides, the BS array steering vector, α[t], is

α[t] ∈CM×1 =
[
e j 2π

λc
kT[t]u1 , · · · , e j 2π

λc
kT[t]uM

]T
, (4.2)

where

k[t]= [sinψ[t]cosθ[t], sinψ[t]sinθ[t], cosψ[t]]T. (4.3)

is the wave vector, and θ[t] and ψ[t] are the azimuth and elevation AoD at the tth sample,

respectively. The location vector of the mth antenna of the M URA, um is fixed as defined in

(3.26).

In this system, the BS encodes the well-known pilot, pre-agreed between the BS and the MS,

in K OFDM symbols that are dispatched over N different sub-carriers G times in sequential

transmissions with power P. Consequently, the transmitted signal from the BS is

sg
n[t]=p

κt Fg
n[t]zg

n +η
g
n[t], (4.4)

Z

Y

URA

BS

X

Z

Y

BS

MS

X

Figure 4.1: The 3D mmwave MISO-OFDM system.
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where zg
n ∈ CK×1 =

[
zg(1)

n , · · · , zg(K)

n

]T
is the OFDM symbols presenting the pilot during the gth

transmission with P power over the nth sub-carrier, and Fg
n[t] ∈CM×k is the transmitter hybrid

beamforming matrix. Besides, the transmitter quality is measured by κt ∈ (0,1], and the HWIs

term generated by the non-ideal transmitter, ηg
n[t] ∈CM×1, is independent of zg

n and modeled as

η
g
n[t]∼ CN(0,Λg

n[t]), (4.5)

where Λ
g
n[t] is calculated as

Λ
g
n[t]= (1−κt)diag

(
Υ

g
n(1,1)[t], · · · ,Υg

n(M,M)[t]
)
, (4.6)

accomplishing

tr
(
Λ

g
n[t]

)= P(1−κt)∀n. (4.7)

Regarding, Υg
n[t], it represents the covariance matrix that is defined as

Υ
g
n[t]= E{(Fg

n[t]zg
n)(Fg

n[t]zg
n)H},

and achieves tr(Υg
n[t])= P. Consequently, the total transmitted power from the BS is

E
{
(sg

n[t])H(sg
n[t])

}
= κtP + (1−κt)P = P ∀n.

Moreover, when the OFDM symbols of zg
n have equal power, P

M , for simplicity, then the HWIs at

the transmitter are CN(0, P
M (1−κt)IM) and achieve E{∥sg

n[t]∥2}= P ∀n.

The received signal by the non-ideal MS over the nth subcarrier at the gth transmission time

is

yg
n[t]=p

κtκr
(
hn[t]

)TFg
n[t]zg

n +
p

κr
(
hn[t]

)T
η

g
n[t]+η

g
n[t]+wg

n[t], (4.8)

where wg
n[t]∼ CN(0,σ2) denotes the additive white Gaussian noise (AWGN) at the tth samples,

and κr ∈ (0,1] is the MS hardware quality factor, while η
g
n[t]∼ CN(0, (1−κr)PMρ2[t]) represents

the MS HWIs distortion at the tth sample. Besides, yg
n[t]∼ CN(ϕg

n[t],σ2
y[t]), where the mean

ϕ
g
n[t]=p

κtκr (hn[t])TFg
n[t]zg

n, (4.9)

while the variance is

σ2
y[t]= PM(1−κtκr)ρ2[t]+σ2. (4.10)

Moreover, the SNR of the signal in (4.8) is

SNR= κtκrρ
2[t]

(1−κtκr)ρ2[t]+ (σ2/MP)
, (4.11)
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and its asymptotic value when P →∞ or M →∞ is

lim
P or M→∞

SNR= κtκr

1−κtκr
, (4.12)

while it is

lim
P or M→∞

SNR→∞, (4.13)

in the case of ideal transceivers, i.e. κt = κr = 1. The asymptotic values practically imply that

systems with only AWGN are different from non-ideal systems. In other words, improving the

quality of the received pilots by boosting the transmission power or increasing the number of

antennas is bounded in non-ideal systems due to the existence of the HWIs.

4.1.2 Measurements

The tracking solutions depend on the measurement. Specifically, the single-antenna MS with a

non-ideal transceiver executes the tracking process by observing the pilots dispatched from the

imperfect transceiver of the BS. Consequently, it estimates its range and direction relevant to

the reference BS. In this context, estimating the range τ[t], and the direction θ[t] and ψ[t], for

any arbitrary tth sample, these parameters are approximated using the following ML technique,

specifically by maximizing the log-likelihood function that is:

L̂(τ[t],θ[t],ψ[t])=−NG
2

ln(2π(PM(1−κtxκrx)ρ̂2[t]+σ2))

−
∑G

g=1 ||yg[t]−p
κtxκrx ρ̂[t]e jφ̂[t]wg[t]||2

2(PM(1−κtxκrx)ρ̂2[t]+σ2)
. (4.14)

where yg[t]= [
yg

0 [t], . . . , yg
N−1[t]

]T as given in (4.8),

wg[t]=


αT[t]Fg

0 [t]zg
0

...

e− j2π[N−1] τ[t]
NT αT[t]Fg

N−1[t]zg
N−1

 ,

ρ̂[t]=

√√√√√(∑G
g=1

∥∥∥yg[t]−
∑G

i=1(wi[t])Hyi[t]∑G
i=1 ||wi[t]||2 wg[t]

∥∥∥2)
−NGσ2

NGPM(1−κtκr)
, (4.15)

and

e jφ̂[t] =
∑G

g=1
(
wg[t]

)Hyg[t]
p

κtκr ρ[t]
∑G

g=1

∥∥wg[t]
∥∥2 .

The numerical search is used in finding the optimal values of Θ̂ = [
τ̂[t], θ̂[t], ψ̂[t]

]T, which

maximize the log-likelihood function in (4.14) since it does not have a closed-form solution.
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It is intuitive that the estimated values of Θ̂ are a noisy version of the real values of Θ,

represented as follows

Θ̂[t]=Θ[t]+w[t], (4.16)

where the vector w[t] ∈R3×1 presents the estimation process error at the tth position sample with

the covariance matrix C[t] ∈R3×3. It is known that the ML estimator is an unbiased estimator

and its outputs are Gaussian random variables, and thus Θ̂[t]∼ CN
(
Θ[t],C[t]

)
.

4.1.3 Range-Direction Tracking and Bayesian Cramer-Rao bound

This subsection investigates the range and direction tracking of an MS considering the practical

scenario of hardware-impaired BS and MS. In this regard, we propose estimating the range

and direction values by optimizing (4.14). Then, we treat these estimated values based on KF

sequences, considering the range and the direction transition model. This section adopts KF as it

can achieve an optimal tracking process since the range and direction have a Gaussian transition

model and the estimated range and direction values, output from the ML estimator are also

Gaussian. 1

4.1.3.1 Kalman Filter Based Tracker

Coming to the transition model of Θ, the difference between two successive samples is modeled

as independent Gaussian noise [49, 58, 64]. Consequently, the transition model of Θ from sample

to sample is

Θ[t]=Θ[t−1]+u[t], (4.17)

where u[t]∼ N(0,Q), Q= diag
(
[σ2

τ,σ2
θ
,σ2

ψ]
)
, and the values of σ2

τ,σ2
θ

and σ2
ψ should depend on the

possible change in these components from sample to sample. Moreover, the conditional probability

of Θ[t] given Θ[t−1] is

p
(
Θ[t]

∣∣∣Θ[t−1]
)
∼ N

(
Θ[t−1],Q

)
. (4.18)

Besides, due to independence between any two samples of u[t], then

p
(
Θ[t]

∣∣∣Θ[0 : t−1]
)
= p

(
Θ[t]

∣∣∣Θ[t−1]
)
,

where Θ[0 : t−1] is the collection of tracked values from the first sample to the t−1 sample.

Then, since the signal vector in (4.17) is according to the Gauss-Markov model, and consider-

ing that the signal vector Θ[t] and the ML estimation error w[t] are jointly Gaussian, then the

1This work was accepted as "Range-Direction Tracking and Bayesian Cramer-Rao Bound Analysis in
mmwave Systems Equipped with Imperfect Transceivers," in IEEE Wireless Communications Letters, doi:
10.1109/LWC.2023.3295727.
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KF has an optimal performance regarding the Θ[t] tracking process, where the tracking process

is performed based on the estimated values from the beginning to the tth sample, Θ̂[0 : t], and

using the sequential equations in (2.43) in section 2.3.5.1

It is important to note in these equations that the Kalman gain matrix K determines the

degree of measurement tracking based on the uncertainty level of the measurements matrix C in

comparison to the uncertainty level of the model Q. Concerning the C matrix, it can be concluded

that the accuracy of describing the level of uncertainty in the estimation process leads to accurate

tracking. Therefore, this work selects C according to the CRB of the estimation process. However,

when the ML estimation cannot achieve the CRB (i.e., in the case of HWIs), this work suggests

determining C as the average of the estimation errors based on the MC technique. Specifically,

in this method, we generate a sufficient number of uniformly and randomly distributed Θ[t] in

the area of the range and direction change, where these points are different from those that will

be used later in the tracking scenario. Next, the estimation process and the measurements are

performed for each Θ[t] in a sufficient number of realizations. We assumed a sufficient number of

these random values for the AWGN and HWIs noises. Later, the measurement error matrices

are averaged over the realizations for each Θ̂[t]. After that, the resulting averaged matrices

for all Θ̂[t] are averaged again to obtain the covariance matrix that is used to represent the

measurement error during the tracking process.

4.1.3.2 Bayesian Cramer-Rao bound

Here we derive the BCRB that presents the most achievable accuracy when tracking Θ of

MS moving in mmwave MISO-OFDM system. Initially, we present the observation FIM that

measures the amount of information obtained from the observations in (4.8) distorted by the

HWIs. The inverse of the observation FIM represents the estimation uncertainty matrix used for

tracking gain in (2.43c). Next, we derive the BIM by combining the information obtained from the

observations with the a priori information in (4.18). After that, calculating the BCRB benchmark

is through the inverse of the BIM.

The elements of the observation FIM JΘ[t] ∈R3×3, are given according to the EFIM formula

in (2.24) in section 2.3.2, as Θ[t] is a part of β[t]= [
Θ[t] ,ρ[t] ,φ[t]

]
. In this context, Jβ[t] ∈R5×5,

representing the FIM of β[t] at the tth sample, is calculated according to (3.19) in section 3.1,

where ϕ
g
n[t] and σ2

y[t] are the mean and the noise variance of the received signal in (4.8) at

the tth, respectively. Besides, these elements of Jβ[t] at each sample are calculated as shown in

subsection 3.2.4.

At the tth sample, the BIM of Θ[t], J(B)
Θ

[t] ∈R3×3, counting the information obtained from the

observations in (4.8) and the a priori information in (4.18), is calculated according to (2.29) as

J(B)
Θ

[t]= JΘ[t]︸ ︷︷ ︸
Observations

+G22[t]−G21[t]
[
J(B)
Θ

[t−1]+G11[t]
]−1

G12[t]︸ ︷︷ ︸
A priori Information

, (4.19)
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where the superscript (B) refers to Bayesian, and G11[t]=G22[t]=−G12[t]=−G21[t]=Q−1, ac-

cording to the definition in (2.33) and the derivation in section 2.3.4.

4.1.3.3 Simulation Results

In this subsection, we conduct numerical experiments to investigate the range and direction

tracking process of the single-antenna MS in the system described in section 3.2. In these

experiments, we assume that the initial state of the MS is Θ[0]= [10−8, π/4, π/4], and the dynamic

transition between 300 samples is according to (4.18) with Q= diag
([

10−18, 10−4, 10−4])
.

The tracking process is executed based on two pillars. Firstly, Θ̂ is obtained by optimizing

(4.14), and it is then processed by the KF sequence in (2.43) in subsection 2.3.5.1, and this

is done in combination with the transition model in (4.17). These procedures are repeated

every tth sample. Accordingly, Fig.4.2 presents the range τ and direction angles θ, ψ tracking

errors concerning different values of κ. Firstly, the figure depicts the tracking process accuracy

without processing the estimated data by KFT sequence, which is called Data-Only. Next, the

figure conducts a comparison with KFT-MC illustrating the tracking accuracy gained by KFT

measurement processing, where KFT-MC describes the measurement errors of Θ̂, i.e. the C
matrix, based on the MC computer simulation method. After that, presenting the proposed

KFT-MC advantages, the figure shows a comparison with KFT-CRB that determines the C matrix

based on the CRB analysis of Θ̂. Lastly, it compares all the achievable accuracy with the minimum

possible errors illustrated by the BCRB.

Moreover, the figure illustrates that the tracking accuracy in terms of RMSE and the BCRB

deteriorates as the quality of the transceivers, κ, is reduced. However, increasing pilot transmis-

sion power P enhances the accuracy that is unfortunately bounded by the HWIs, which is not the

case with the ideal hardware. Regarding the ideal case, increasing P continuously enhances the

tracking accuracy that matches the BCRB when the received pilot’s quality, Pρ2

σ2 , is high enough.

On the other hand, the non-ideal hardware saturates the pilot’s quality at a value that is not

high enough to make the tracking accuracy match the BCRB. In the same context, when the pilot
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Figure 4.2: Tracking error and BCRB versus the transmission power with different κ.
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transmission power P is small i.e., small Pρ2

σ2 , then the HWIs noise is low and the reduction of

the tracking accuracy becomes approximately independent of the κ values.

Fortunately, KFT-MC presents significant enhancements in the tracking accuracy for both

impaired and ideal transceivers. Regarding the impaired transceivers, the proposed KFT-MC

overcomes the HWIs limits and improves the tracking accuracy over the Pρ2

σ2 range. However,

with perfect transceivers, the impact of the KFT-MC becomes more significant at the range of

small Pρ2

σ2 values, but has negligible enhancements at the range of high Pρ2

σ2 values.

Furthermore, it can be concluded from Fig.4.2 that an accurate description of the measure-

ment errors, the C matrix, improves the tracking accuracy. In detail, the figure presents that

the tracking accuracy of the KFT-MC scenario is better than that of the KFT-CRB scenario. The

reason for this is that the KFT-MC approach formulates a more realistic covariance matrix C
than the KFT-CRB, which considers the accuracy that is never achieved due to the HWIs or due

to not a high enough value of Pρ2

σ2 in the ideal case. On a side note, when the estimation accuracy

is close to the CRB (as in range τ̂), the KFT-CRB enhances the tracking accuracy, while when

the estimation accuracy is far from the CRB (as in θ̂ and ψ̂), the KFT-CRB slightly enhances the

tracking accuracy.

4.1.4 Position Tracking and Bayesian Cramer-Rao bound

This subsection investigates the tracking process of a maneuvering MS that exists in the mmwave

MISO-OFDM system. More specifically, the MS moves in a maneuvering style and tries to track

its position that evolves with time relying on the broadcast pilots from the reference BS. For

tracking purposes, the MS estimates the channel parameters, i.e. the AoD θ[t],ψ[t] and the ToF

τ[t], periodically at every tth position/time sample. Then, it accomplishes the tracking process

by implementing the EKF for each tth sample, working with all previously estimated values

until the tth current sample. To achieve an accurate tracking process, this work designs the EKF

considering the estimation errors due to HWIs and the MS maneuvering behavior.

4.1.4.1 Extended Kalman Filter Based Tracker

As Fig.4.3 depicts, at any arbitrary tth position/time sample, when the MS occupies the unknown

position P[t]= [
x[t], y[t], z[t]

]T, the channel parameters τ[t], θ[t], and ψ[t] are directly connected

with the system coordinates through the following geometric relationships:

τ[t]=
√

x2[t]+ y2[t]+ z2[t] /c,

θ[t]= atan2
(
y[t], x[t]

)
ψ[t]= sin−1

( √
x2[t]+ y2[t]√

x2[t]+ y2[t]+ z2[t]

)
, (4.20)
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Figure 4.3: The 3D mmwave MISO-OFDM system.

and without loss of generality, this occurs when the BS position is at the origin.

In regard to the dynamics of MS mobility, the MS is considered to have a maneuvering

behavior since it changes its position between any two successive samples as independent

Gaussian noise [58]. Considering that the MS position at the tth sample is P[t], then the Markov

probability transition model introduced for the successive MS tracking problem is given as

P[t]=P[t−1]+u[t], (4.21)

where the random MS motion vector u[t] is modeled as a zero-mean Gaussian random vector with

the covariance matrix Q, i.e. and u[t]∼ N(0,Q). It should be noted that Q= diag
(
[σ2

x,σ2
y,σ2

z]
)
, and

the values σ2
x,σ2

y, and σ2
z are the variances of the random motion in x, y, and z axes. Moreover, Q

is time-invariant, independent of the t, and its diagonal elements only depend on the possible

change in the 3D position components from sample to sample. Moreover, according to [58], for

any two samples t ̸= t′, u[t] and u[t′] are independent and achieve E
{
u[t]uT[t′]

}= 0∀ t ̸= t′, which

implies that u[t] is a vector (WGN).

Besides, the initial state of the position vector P[−1] is modelled as a Gaussian random

variable: P[−1]∼ N
(
P0,Q0

)
, which is also independent of u[t]. It’s important to note here that P0

and Q0 are the initial values of the tracker in subsection 2.3.5.2. Moreover, these initials can be

determined arbitrarily or based on some previous information, and their impact shortly becomes

negligible as the number of samples increases [85]. Coming to the prior information of the MS

movement, based on (4.21), the conditional probability of P[t] given P[t−1] is

p
(
P[t]|P[t−1]

)
∼ N

(
P[t−1],Q

)
. (4.22)

Accordingly, since for any two samples t ̸= t′, u[t] and u[t′] in (4.21) are independent, thus the

MS positions P[t] form a Markov chain satisfying

p
(
P[t]|P[0 : t−1]

)
= p

(
P[t]|P[t−1]

)
, (4.23)
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where P[0 : t−1] is the collection of user positions from the first sample to the t−1 sample.

In arriving at the observation vector, it is obvious that the estimated values of Θ̂[t] rely on

the real values of P[t] as follows

Θ̂[t]= f
(
P[t]

)+w[t], (4.24)

since the real Θ[t] is a function of the signal vector, as can be seen below

Θ[t]= f
(
P[t]

)=


p
x2[t]+y2[t]+z2[t]

c

atan2(y[t], x[t])

sin−1
( p

x2[t]+y2[t]p
x2[t]+y2[t]+z2[t]

)
 . (4.25)

Naturally, the signal vector P[t] and the noises are jointly Gaussian, and thus the KF is an

optimal sequential MMSE estimator for P[t]. Unfortunately, the KF is inapplicable since the

observation vector Θ[t] and the signal vector P[t] have a non-linear relationship [85]. However, by

the linearization of f
(
P[t]

)
, it is possible to implement a suboptimal tracking process depending

on EKF [85]. Consequently, using Taylor’s expansion, the linearized relationship of f
(
P[t]

)
is

given as

F[t] ∈R3×3 = ∂f
(
P[t]

)
∂P[t]

∣∣∣
P[t]=P̂[t|t−1]

, (4.26)

where the elements of the linearized relationship matrix, the Jacobian matrix F[t], are zeros

except the following: [
F[t]

]
(1,1) =

∂τ[t]
∂x[t]

= x[t]

c
√

x2[t]+ y2[t]+ z2[t]
,

[
F[t]

]
(1,2) =

∂τ[t]
∂y[t]

= y[t]

c
√

x2[t]+ y2[t]+ z2[t]
,

[
F[t]

]
(1,3) =

∂τ[t]
∂z[t]

= z[t]

c
√

x2[t]+ y2[t]+ z2[t]
,

[
F[t]

]
(2,1) =

∂θ[t]
∂x[t]

= −y[t]
x2[t]+ y2[t]

,

[
F[t]

]
(2,2) =

∂θ[t]
∂y[t]

= x[t]
x2[t]+ y2[t]

,

[
F[t]

]
(3,1) =

∂ψ[t]
∂x[t]

= |z[t]|x[t]

(x2[t]+ y2[t]+ z2[t])
√

x2[t]+ y2[t]
,

[
F[t]

]
(3,2) =

∂ψ[t]
∂y[t]

= |z[t]| y[t]

(x2[t]+ y2[t]+ z2[t])
√

x2[t]+ y2[t]
,

[
F[t]

]
(3,3) =

∂ψ[t]
∂z[t]

= −z[t]
√

x2[t]+ y2[t]
|z[t]| (x2[t]+ y2[t]+ z2[t])

. (4.27)
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Now this tracking process can be solved using the EKF sequence in section 2.3.5.2. Additionally,

in this tracking process, we use the MC technique in determining the measurement uncertainty

level represented by matrix C. Specifically, since the ML estimation cannot achieve the CRB (i.e.,

in the case of HWIs), this work suggests determining C as the average of the estimation errors

based on the MC technique, the same technique used in subsection 4.1.3.

4.1.4.2 Bayesian Cramer-Rao bound

This subsection derives the benchmark of the position tracking process running in a 3D mmwave

MISO-OFDM system suffering from HWIs. To do so, we start by computing the BIM that heavily

depends on two types of information, the first being that around the tracked positions obtained

from the observations in (4.8), and the second being that which is a priori known in (4.22).

Regarding the first type, it is represented by the observation FIM that is computed for each

position sample, assuming the MS is fixed at each sample and taking into account the harmful

impact of the HWIs. As well, in the same context, it is significantly useful to obtain the observation

FIM of Θ̂[t] and then its CRB as they are exploited in the design of C[t] matrix in (2.52c).

We then look at the a priori information in (4.22), which describes the uncertainty in MS

motion. Next, the useful information from the observations and the priori information is incorpo-

rated together with the purpose of calculating the BIM. This way, we can obtain the BCRB from

the pseudo-inverse operation of the BIM.

Let’s define J(B)
P [t] ∈R3×3 as the BIM of the position at the arbitrary t sampleis, and J(M)

P [t] ∈
R3×3 as the observation FIM, then BIM is given by (2.29), where according to section 2.3.4 and

the a priori information in (4.22), the G[t] matrices are:

G11[t]=G22[t]=−G12[t]=−G21[t]=Q−1 ∈R3×3. (4.28)

Coming to the useful information gained from the observations, it is clear that the pilot in

(4.8) is not directly dependent on the MS coordinates P. Instead of, it is a function of the

channel parameters that are connected with coordinates by the geometric relationships in (4.20).

Therefore, we find the FIM that measures the amount of information from the pilots around the

channel parameters first, and then we transform it into the FIM of the position according to the

formula in (2.19). Accordingly, we define the vector of the downlink channel parameters at the tth

position as follows

β[t]= [τ[t], θ[t], ψ[t], ρ[t], φ[t]]T,

and find the FIM of β[t], J(M)
β

[t] ∈R5×5, from (2.20).

Following that, we transform the J(M)
β

[t] matrix to FIM of the position vector J(M)
P [t] ∈R3×3 as

J(M)
P [t]=TT[t]J(M)

β
[t]T[t], (4.29)
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where T[t] is the transformation matrix at the tth sample that is defined in (2.19). It is worth

noting the following transformation matrix[
T[t]

]
(1:3,1:3) = FT[t], (4.30)

where F[t] is defined in (4.26), and the remaining elements of the transformation matrix T are

zeros. It is also important to note that the following vectors and matrices β,J(M)
β

,T, and J(M)
P

depend on MS location and are updated from one position to another.

By initializing the BIM as J(B)
P (0), according to (2.36), the BIM at the tth position can be

evaluated recursively as in (2.29), and consequently the BCRB of tracking P[t] at the tth sample

is given by computing the inverse of J(B)
P [t]. In this way, the dynamic PEB is given by

PEB[t]=
√[

J(B)
P [t]

]−1

(1,1)
+

[
J(B)

P [t]
]−1

(2,2)
+

[
J(B)

P [t]
]−1

(3,3)
. (4.31)

4.1.4.3 Simulation Results

In this subsection, we conduct numerical experiments to investigate tracking the position of

a maneuvering MS, considering a realistic scenario where the MS and the BS are non-ideal

transceivers in the perfectly synchronized 3D mmwave MISO-OFDM system. The configurations

of the numerical experiments are described in the simulation subsection 3.2.5. For tracking pur-

poses, the MS initializes its journey from the position [5, 5, 5] and moves between S = 300 sample

positions according to the (4.22). Moreover, it is assumed that the average movement distance

of the MS between adjacent samples is determined by Q = diag
(
[0.1, 0.1, 0.1]

)
accomplishing

E
{∥∥P[t]−P[t−1]

∥∥
2
} = p

0.3 m. To evaluate the tracking process, we present the theoretical

accuracy in terms of PEB defined in (4.31) when discussing BCRB. Besides, the performance of

EKF is presented in the RMSE that is defined as

RMSE=
√√√√E

{∥∥P[t]− P̂[t]
∥∥2

2

S

}
.

Figs.4.4 and 4.5 present the achieved accuracy of the tracking process based on the mobile

motion uncertainty and the noisy measurements, Θ̂. Regarding the latter, Fig.4.4 depicts the

tracking process accuracy considering two causes of noise affecting the measurements. As ex-

pected, the quality of the measurements is highly related to the perfectness of the transceivers, as

well as to the accuracy of the optimization algorithm of (4.14). It is worth remembering here that

the accuracy of the search algorithm for optimizing (4.14) is affected by the number of searching

points in the 3D grid over Θ= [
τ, θ, ψ

]T.

This figure considers two levels of HWIs distortion κ= 0.95,0.9, and two levels of estimation

accuracy, A and L for accurate and low accuracy, respectively. Moreover, the figure presents

the accuracy of the tracking process that only depends on the measurement accuracy without
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Figure 4.4: Tracking error versus transmission power with different Θ̂[t] estimation accuracy.

processing by EKFT, which is titled as "Data-Only" tracking process. Then, the figure compares

the Data-Only tracking process with the tracking process that takes into account both the

measurement accuracy and the mobility model, "EKFT". It is clear from the figure that as

the quality of the measurements increases, i.e. enhancing the estimator accuracy and/or the

transceiver quality, the tracking accuracy improves. Additionally, it is noted that the tracking

with EKFT is more accurate than Data-Only tracking as it benefits from prior information around

the MS motion.

Fig.4.5 illustrates in greater detail the tracking process, where the figure compares EKFT and

Data-Only in the case of ideal transceivers, κ= 1. As in the previous figure, EKFT outperforms

the Data-Only method in accuracy. However, unlike the Data-Only model, the accuracy of EKFT

is bounded when Pρ

σ2 ≥ 30[dB]. We consider the case of high-quality observations, where Pρ

σ2 ≥
30[dB] simultaneously with an accurate optimizer, and which leads to perfect and noiseless

measurements. In the case of perfect measurements, the EKFT accuracy is limited due to the

linearization inaccuracy, and thus, it is worth depending on the noiseless measurements that

however are not easy to achieve.

Fig.4.6 presents the accuracy of the tracking process in terms of RMSE and the BCRB at

different values of κ. The figure clarifies that the tracking accuracy deteriorates as the HWIs noise
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Figure 4.5: Tracking error versus transmission power with different Θ̂ estimation accuracy given
to no HWIs κ= 1.

becomes more significant (represented by κ). Besides, it is clear that increasing the transmission

power improves the tracking accuracy, as the BCRB and RMSE of EKFT indicate. However, the

accuracy enhancements due to increasing the transmission power are limited since increasing

the transmission also magnifies the HWIs noise as seen in (4.10). On the other hand, in the

case of ideal transceivers, boosting the transmission power improves the tracking accuracy

constantly, and with no limit in the case of the theoretical assumption Data-Only, or reaching the

linearization bound in the EKFT case. Importantly, the linearization bound prevents the EKFT

method from matching the BCRB, while the Data-Only approach achieves the BCRB when the
Pρ

σ2 values are high enough.

Fig. 4.7 demonstrates that a more appropriate selection of the C matrix helps the EKFT

compensate for the lack of measurement accuracy, where the figure presents the accuracy of the

tracking process in terms of RMSE, with different κ and C matrix values. Specifically, the figure

presents two scenarios with the EKFT, where the first scenario, referred to as the CRB, occurs

when the C matrix is the average of the CRBs of the Θ estimation processes. The second scenario

occurs when the C matrix is the average of the RMSE for the estimation processes of Θ based on

the MC computer simulation.
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Figure 4.6: Tracking error and BCRB versus transmission power with different HWIs levels κ.

In Fig.4.7, we can note improvements to the tracking accuracy of the MC scenario, leading it

to outperform the CRB scenario for both impaired and ideal transceivers. Regarding the perfect

transceivers, the impact of the MC becomes more significant at low-quality received pilots, i.e.

the range of small Pρ2

σ2 values, but no difference in the tracking accuracy at the range of high Pρ2

σ2

values. The reason is that the MC approach formulates a more realistic covariance matrix C than

that from the CRB case. The matrix C in the CRBcase represents the accuracy of the estimation

process, which never achieves the bound due to the HWIs or due to the low values of Pρ2

σ2 in the

ideal case. However, when the Pρ2

σ2 value is high enough, there are no differences between the

accuracy associated with the case of CRB and that of the MC case.

Fig.4.8 investigates the impact of the number of antennas at the BS on the tracking accuracy,

as indicated by the BCRB. Evidently, adding more antennas to the BS improves the tracking

accuracy at the cost of hardware complexity. However, these improvements in accuracy are

bounded because of the HWIs, which is not the case when the transceivers are ideal. It is clear

from (4.9) and (4.10) that the addition of more antennas enhances the power of the received pilot

and the distortion of HWIs, at least in the case of imperfect transceivers. On the other side, the

harmful noise distorting the received pilot in the case of ideal transceivers is independent of the

number of antennas, which means that adding more antennas is equivalent to achieving more
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Figure 4.7: Tracking error versus transmission power with different C design and HWIs levels κ.

accuracy.

4.2 Tracking in asynchronous RIS-assisted mmwave
MISO-OFDM system

This section investigates the tracking in a RIS-assisted mmwave MISO-OFDM system, targeting

realistic circumstances where the theoretical assumptions of a perfectly synchronous system and

ideal transceivers no longer exist. We implement KF for tracking purposes paying attention to

synchronization errors and HWIs-driven accuracy degradation. Specifically, the tracking process

depends on the estimated positions obtained from the 4D grid search algorithm and the cost

function in (3.69) in section 3.3, additionally to the transition model of the MS described in (4.34).

Next, we present the theoretical bounds of the accuracy of the tracking process in the BCRB

term. Lastly, we conduct computer simulations to discuss the tracking process and the BCRB

considering the mentioned circumstances.
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Figure 4.8: BCRB versus the number of BS’s antennas M.

4.2.1 Position Tracking and Bayesian Cramer-Rao bound

In this section, the tracking process is executed in the same system described previously in

section 3.3. Therefore, the channel’s parameters and the MS’s position are dependent on time and

involve from one position/sample to another. Here with the mobile terminal scenario, we append

the independent variable [t] to the equations to refer to the values at the tth position sample. For

example, the position of the MS in the tth sample is p[t] and the estimated position becomes p̂[t].

4.2.1.1 Kalman Filter Based Tracking Process

This subsection introduces tracking a MS that moves between two consecutive positions, p[t−1]

and p[t], according to the Gaussian transition model. The ML localizes the MS by optimizing

(3.69) at each sample, and then each estimated position is fed into the KF. Concerning the KF,

its matrices are determined depending on the transition model of the MS and the localization

accuracy harmed by the HWIs and synchronization errors.

Initially, it is self-evident that the estimated position p̂ in the previous subsection is a noisy

version of the real p. Therefore,

p̂[t]=p[t]+w[t], (4.32)
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where the vector w[t] ∈R3×1 presents the localization process error at the tth position sample with

the covariance matrix C[t] ∈R3×3. According to [95], the estimated positions can be approximated

to Gaussian random variables, and thus P̂[t]∼ CN
(
P[t],C[t]

)
.

In arriving at a model for the dynamics of the MS mobility when the MS is maneuvering as

it changes its position and moves with uncertain rates and steps perturbed by slight undesired

position corrections, street fraction, wind gusts, etc. Regarding this, the change in the position

of the MS can be modeled as a zero-mean Gaussian random variable with variance depending

on the physical capabilities in the change in the velocity components from sample to sample

[58, 85, 95]. Accordingly, the difference between two successive positions at any two adjacent

samples is modeled as independent Gaussian noise. Thus, the Markov state transition model

introduced for the successive MS tracking problem is given as

p[t]=p[t−1]+u[t], (4.33)

where u[t]∼ N(0,Q), Q= diag([σ2
x,σ2

y,σ2
z]), and the values of σ2

x,σ2
y, and σ2

z should depend on the

possible change in the position components from sample to sample. Thus, based on (4.33), the

conditional probability of p[t] given p[t−1] is

p (p[t]|p[t−1])∼ N(p[t−1],Q). (4.34)

Moreover, according to [58], for any two samples t ̸= t′, u[t] and u(t′) are independent, and

thus the user positions pm[t] form a Markov chain satisfying

p (p[t]|p(0 : t−1))= p (p[t]|p[t−1]) , (4.35)

where p(0 : t−1) is the collection of user positions from the first sample to the t−1 samples.

Now, it is clear that (4.33) evolves according to the Gauss-Markov model, while (4.32) rep-

resents the observation vector that is modelled by the Bayesian linear model. Accordingly, the

tracking of p[t] can be implemented sequentially based on p̂(0 : t) observations and using the KF

described in subsection 2.3.5.1, where in (2.43), A= I3, B= I3 and H= I3.

4.2.1.2 Bayesian Cramer-Rao bound

This section presents the best achievable accuracy of the tracking process in the 3D RIS-aided

mmwave MISO-OFDM system. Precisely, the tracking process in this system suffers from syn-

chronization errors and the HWIs at the transceivers at both the MS and BS. Initially, it presents

the FIM that measures the amount of information obtained from the observations in (3.54). Next,

it formulates the BIM by considering the priori information in (4.34) simultaneously with the

information obtained from the observations. Now, the BCRB benchmark that evaluates tracking

a non-stationary MS in the RIS-aided mmwave MISO-OFDM system suffering from HWIs is the

inverse of the BIM.
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By defining µ= [px, py, pz, ∆]T, for an arbitrary t sample, the BIM of µ[t] vector, J(B)
µ [t] ∈R4×4,

can be computed according to (2.29). Considering the priori information represented in (4.34),

then

p
(
µ[t]|µ[t−1]

)
= p

(
P[t]|P[t−1]

)
.

Consequently, according to the definition in (2.33), and taking into account that ∆ is constant over

the different samples, then the G matrices are expressed as: G11[t]=G22[t]=−G12[t]=−G21[t] ∈R4×4,
where

G11[t]=

E

{
−∂2 log p

(
P[t]|P[t−1]

)
∂P[t−1](∂P[t−1])T

}
0

0 0

 ,

(4.36)

and

E

−
∂2 log p

(
P[t]|P[t−1]

)
∂P[t−1](∂P[t−1])T

=Q−1.

The remain term in (2.29), J(M)
µ [t], that represents the information obtained from the obser-

vations in (3.54), is updated as follows

J(M)
µ [t]=T[t]Jβ[t]TT[t]∀t, (4.37)

where T[t] and Jβ[t] are presented in subsection 3.3.4. It should be noted that when the MS

transits to a new location in a given sample tth, the following vectors and matrices β,Jβ,T,µ

and Jµ that depend on the location of the MS change from their previous state to a new one.

Consequently, at each sample, β[t], Jβ[t], and T[t] are updated according to (3.62) and Subsection

3.3.4.

Now, by initializing J(B)
µ (0)= E

−
∂2 log p

(
P(0)

)
∂P(0)(∂P(0))T

 , the BCRB of the estimation of µ[t] at the

tth sample is given by computing the inverse of J(B)
µ [t].

4.2.1.3 Simulation Results

In this section, we conduct numerical experiments to discuss tracking in the 3D RIS-aided

mmwave MISO-OFDM system under the harmful effects of HWIs. We consider the same settings

and scenarios of simulation assumed in section 3.3.5. In these simulations, it is assumed that the

MS starts from the initial position in [7, 7, 2] mobility between 300 sample positions according to

the p (pm(t)|pm(t−1))∼ N(pm(t−1),Q) transition model. Moreover, it is assumed that the average
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movement distance of MS between adjacent samples is determined by Q= diag
([

0.03, 0.07, 0.01
])

that achieves E {∥pm(t)−pm(t−1)∥2} =p
0.11 m.

Fig.4.9 presents the accuracy of the tracking process at varying values of κ when the C
matrix, the matrix that describes the errors in the estimated position, is determined based on

the MC approach. This approach suggests determining C as the average of the estimation errors.

Specifically, in this method, we generate 300 uniformly and randomly distributed θ[t] in the area

of the range and direction change, where these points are different from those that will be used

later in the tracking scenario. Next, the estimation process and the measurements are performed

for each θ[t] in 500 of realizations. Later, the measurement error matrices are averaged over the

realizations for each θ̂[t]. After that, the resulting averaged matrices for all θ̂[t] are averaged

again to obtain the covariance matrix that is used to represent the measurement error during the

tracking process. Notably, the tracking accuracy in the BCRB and RMSE terms deteriorates when

we boost the HWIs noise represented by κ. On the other hand, when the HWIs noise attenuates

as a consequence of reducing the transmission data power P, and thus the Pρ2
0

σ2 value is small, the

precision of the tracking process remains virtually the same regardless of the different values κ.

Moreover, it is clear that in the case of ideal hardware, the accuracy of the tracking process,

the RMSE term, can match the theoretical BCRB when the quality of the received signal is high

enough. On the other hand, the nonideal hardware saturates the accuracy of the tracking process,

as it saturates the accuracy of the localization process that is the base for the tracking process.

Fortunately, the more appropriate selection of the matrix C helps the KF compensate for the lack

of accuracy, as shown in Fig. 4.10.

Fig. 4.10 presents the accuracy of the tracking process in terms of RMSE, with different

κ and C matrix values. Firstly, the figure plots the accuracy of the tracking process without

Figure 4.9: Tracking error and BCRB versus the transmission power with different κ.
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Figure 4.10: Tracking error and BCRB versus the transmission power with different C matrix
and κ.

implementing the KF, the raw output of the localization process, which we referred to as Without.

At the same time, the figure presents two scenarios with the KF, where the first scenario, referred

to as the CRB, is when the C matrix is the average of the CRBs of the localization processes,

while the second scenario is when the C matrix is the average of the RMSE of the localization

processes based on the MC approach, the MC scenario.

In Fig.4.10, a significant improvement in tracking accuracy due to KF for both impaired

and ideal transceivers. Regarding the perfect transceivers, the impact of the KF becomes more

significant in low-quality received pilots, that is, the range of small Pρ2
0

σ2 values, but no difference

in tracking accuracy in the range of high Pρ2
0

σ2 values. More interestingly, in the case of non-ideal

transceivers, where the KF improves the tracking accuracy over the Pρ2
0

σ2 range.

Moreover, Fig.4.10 declares that selecting the C matrix that represents the accuracy of the

estimator, or the accuracy of the localization process as here, affects the accuracy of the tracking

process. In other words, this figure shows that the precision of the tracking process of the CRB

scenario is less than that seen in the MC scenario. The reason is that the MC technique formulates

a more realistic covariance matrix C than the one from the CRB case, where the matrix C in the

CRB case represents the localization process accuracy never achieved due to the HWIs or due to

a not high enough value of Pρ2
0

σ2 in the ideal case. However, when the Pρ2
0

σ2 value is high enough,

there are no differences between the accuracy associated with the CRB case and that of the MC

case. Even more, their accuracy equals that of the Without case.
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4.3 Machine Learning Solution

The process of tracking the position of an MS jointly with its velocity, known as joint position-

velocity tracking, is executed in the 3D mmwave MISO-OFDM system illustrated in Fig.4.11.

Specifically, this section discusses the joint position-velocity tracking process of a moving MS

in the hardware-impaired mmwave MISO-OFDM system. where the system is perfectly syn-

chronized, and its configurations and signalling are described in section 4.1. Subsequently, we

introduce the joint position-velocity tracking problem, including the MS transition model and its

relation with the measurements. Later on, the BCRB benchmark of the joint position-velocity

tracking is derived. Finally, two tracking solutions are proposed: a solution using EKF, and based

on MLT.

4.3.1 The Joint Position-Velocity Tracking Problem

The joint position-velocity tracking depends on the same measurements described in subsection

4.1.2, where these measurements, ToF and AoDs relevant to reference BS, are related to the MS

position at the tth sample, according to

τ[t]=
√

x2[t]+ y2[t]+ z2[t]
c

, (4.38a)

θ[t]= atan2
(
y[t], x[t]

)
, (4.38b)

ψ[t]= sin−1

( √
x2[t]+ y2[t]√

x2[t]+ y2[t]+ z2[t]

)
, (4.38c)

where the BS, without loss of generality, is located at the origin. Moreover, the 3D velocities can

be obtained by counting how fast the position changes between two samples in time as

URA

X

Z

Y

BS

MS

Figure 4.11: The joint position-velocity tracking process in mmwave MISO-OFDM system.
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ẋ[t]= x[t]− x[t−1]
∆

, (4.39a)

ẏ[t]= y[t]− y[t−1]
∆

, (4.39b)

ż[t]= z[t]− z[t−1]
∆

, (4.39c)

where ∆ is the time difference between any two consecutive samples. In this regard, the MS

measures the ToF and the direction periodically every ∆ time. In addition, the MS transition

model is counted during the joint position-velocity tracking process.

Coming to the transition model of a moving MS, the MS is maneuvering as it changes its

speed, or it moves at a constant velocity perturbed only by slight speed corrections due to street

fraction, wind gusts, etc. Accordingly, changes in the velocity of the MS can be modelled as a

zero-mean Gaussian random variable with variance depending on the physical capabilities in the

change in the velocity components from sample to sample [85, 95].

For the 3D transition model, we define the 3D position-velocity vector at the tth sample as

p[t]= [
x[t], y[t], z[t], ẋ[t], ẏ[t], ż[t]

]T, ∈R6×1 (4.40)

where the x[t], y[t], and z[t] represent the 3D components of the MS position at the tth sample,

while ẋ[t], ẏ[t] and ż[t] are the velocity components in 3D coordinates for the same sample. Then,

the transition model for the MS motion is

p[t]=Ap[t−1]+Bu[t], (4.41)

where the derivation of this model and the definitions of the constant matrices A and B are in

appendix A. Besides, u[t] presents the random MS motion vector and is given by

u[t]= [
ux[t], uy[t], uz[t]

]T, (4.42)

where it is modelled as a zero-mean Gaussian random variable, i.e. u[t] ∼ N(0,Q). Here, Q =
diag

(
[σ2

x,σ2
y,σ2

z]
)

is time-invariant, t-independent, and the variance values σ2
x,σ2

y, and σ2
z of the

random motion in x, y, and z axis should depend on the possible change in the 3D velocity

components from sample to sample. Furthermore, for any two samples t ̸= t′, u[t] and u[t′] are

independent and achieve E
{
u[t]uT[t′]

} = 0 ∀ t ̸= t′, which results in u[t] being a vector (WGN)

[58].

It is worth noting here that since for any two samples t ̸= t′, u[t] and u[t′] in (4.41) are

independent, so the MS positions-velocity vector P[t] forms a Markov chain satisfying

p
(
P[t]

∣∣P[0 : t−1]
)= p

(
P[t]

∣∣P[t−1]
)
, (4.43)
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where p
(
P[t]

∣∣P[t−1]
)

is the conditional probability of P[t] given P[t−1], and P[0 : t−1] is the

collection of user position-velocity from the first sample to the t−1 sample. Following that and

based on (4.41) and the probability distribution of u[t], it is easy to conclude that

p
(
P[t]

∣∣P[t−1]
)∼ N

(
AP[t−1],BQBT)

. (4.44)

Coming to the initial conditions, the initial state of the position-velocity vector P[−1] is inde-

pendent of u[t] and follows the distribution of a Gaussian random variable, i.e. P[−1]∼ N
(
P0,BQ0BT

)
.

It is noteworthy here that P0 and Q0 can be determined arbitrarily or based on some previous

information. Next, they are fed as the initial values of the EKF in section 2.3.5.2, where their

impact soon becomes negligible as the number of samples increases [85].

To accomplish the position-velocity tracking process, we measure [τ[t], θ[t], ψ[t]] after ∆

time by observing the distorted version of the pilots broadcast from the BS. Specifically, these

measurements are obtained using the ML estimator described in Subsection 4.1.2 because it

takes into account the HWIs during the measurement process. The measurement accuracy and

the model play a crucial role in the performance of the tracking process, as they determine the

filter gain and correct the estimation step in the filter, as explained when the MC technique is

used to enhance the tracking performance in the chapter 4.

4.3.2 Bayesian Cramer-Rao bound

The assessment and performance analysis of the joint position-velocity tracking process in a 3D

mmwave MISO-OFDM system suffering from HWIs are derived here. Specifically, we derive the

BCRB considering the maneuvering of the MS and the HWIs in the system. With respect to this,

we calculate the BIM, which accounts for the information obtained from the measurements by

observing the pilots in (4.8), in addition to the information gained from the a priori knowledge

described in (4.44). The BIM of the non-linear joint position-velocity tracking process at the

tth sample, J(B)
P [t] ∈ R6×6, is performed based on (2.29) in section 2.3.4, similar to the tracking

processes here in chapter 4.

The measurements FIM, J(M)
P that present useful information about P gained from the

pilots received, cannot be calculated directly. The reason is that there is no direct relationship

connecting P with the pilots received in (4.8), the mean in (4.9), and the variance in (4.10).

Alternatively, P has a non-linear relationship, seen in (4.51), with the channel parameters vector

β[t]= [
Θ[t], ρ[t], φ[t]

]T that is directly related to the pilots and their mean and variance. In this

context, firstly, we find the FIM of β[t], J(M)
β

[t], and then, we extract the FIM of Θ[t], J(M)
Θ

[t]. Next,

J(M)
P is obtained in terms of J(M)

Θ
[t] based on the relationship between P[t] and Θ[t].

In this context, the matrix J(M)
β

[t] is obtained based on the receive pilots yg
n[t] in (4.8) that

have complex Gaussian distributions, with ϕ
g
n[t] in (4.9) as the mean and σ2

y[t] in (4.10) as its

variance, where the derivatives of these elements of J(M)
β

[t] are in Subsection 3.2.4.
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It is clear that not all of the elements of the J(M)
β

[t] are associated with Θ[t]; therefore, the

FIM of Θ[t] is obtained using the Equivalent FIM formula as described in (2.3.2) in subsection

2.24. In the lower bound, the measurements Θ̂[t] in (4.50) achieve the best accuracy and then

C[t] =
(
J(M)
Θ

[t]
)−1

, where J(M)
Θ

[t] is the FIM of Θ̂[t]. Consequently, the measurements have the

following probability distribution

p
(
Θ̂[t]

∣∣P[t]
)
∼ N

(
f
(
p[t]

)
,
(
J(M)
Θ

[t]
)−1 )

, (4.45)

and thus

J(M)
P = (F[t])TJ(M)

Θ
[t]F[t]. (4.46)

where F[t] is the Jacobian matrix defined in (4.52). It is worth noting that the vectors and

matrices β,J(M)
β

,J(M)
Θ

, J(M)
P , and F[t] should be updated from one sample to another because they

depend on the position of the MS.

Regarding the FIM of the priori information, J(I)
P , it measures the amount of useful information

for the tracking process from knowing the MS transition model described in (4.41). The G matrices

related to J(I)
P and defined in (2.33) are

G11[t] ∈R6×6 =AT(
BQBT)−1A,

G12[t] ∈R6×6 =−AT(
BQBT)−1,

G21[t] ∈R6×6 =−(
BQBT)−1A,

G22[t] ∈R6×6 = (
BQBT)−1, (4.47)

as shown in subsection 2.3.4.

Finally, the BCRB of the joint position-velocity tracking process in the tth sample is given by

computing the inverse of the BIM. Consequently, the PEB and the velocity error bound (VEB) in

the tth sample, respectively, are given by

PEB[t]=
√[

J(B)
P [t]

]−1

(1,1)
+

[
J(B)

P [t]
]−1

(2,2)
+

[
J(B)

P [t]
]−1

(3,3)
, (4.48)

VEB[t]=
√[

J(B)
P [t]

]−1

(4,4)
+

[
J(B)

P [t]
]−1

(5,5)
+

[
J(B)

P [t]
]−1

(6,6)
. (4.49)

4.3.3 The Proposed Solutions

This subsection seeks to present solutions for the tracking process explained in subsection 4.3.1.

Taking into account the nature of the measurements and the transition model, the KF is the

optimal solution for this process. However, due to the non-linear relationship in the tracking

process, the KF is inapplicable, and so the EKF is proposed as a suboptimal alternative. In
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conclusion, the solution to this tracking problem is performed by combining the measurements

with the transition model and implementing the EKF sequence at each ∆ time.

Next, based on scrutinizing the EKF solution, this section investigates the execution of

an accurate tracking process while reducing the tracking complexity, and mitigating the prior

knowledge about the transition model and the initial conditions. In response, we suggest and

investigate the implementation of MLT as a solution for the joint position-velocity tracking

process. In this solution, all we need to do is train the MLT on position-velocity values obtained

from (4.38) and (4.39) based on the output from (4.14). Another important point in this context is

to have fast, simple learning, since the learning and the tracking are executed on the MS board.

Therefore, we use the ELM because it can offer significant advantages, such as fast learning

speed, ease of implementation, and minimal human intervention [89].

4.3.3.1 Extended Kalman Filter Tracker

Based on (4.16), the estimated values and measurements of Θ̂[t] are noisy versions of Θ[t], which

are functions of the real values of position parameters in P[t] as follows

Θ̂[t]=Θ[t]+w[t],

= f
(
p[t]

)+w[t], (4.50)

where

Θ[t]= f
(
p[t]

)=


p
x2[t]+y2[t]+z2[t]

c

atan2(y[t], x[t])

sin−1
( p

x2[t]+y2[t]p
x2[t]+y2[t]+z2[t]

)
 . (4.51)

In addition, (4.41) and (4.16) show that the signal vector p[t] with the noises is jointly

Gaussian, and thus the KF is an optimal sequential MMSE estimator for p[t]. However, since

the measurements vector Θ[t] is a non-linear relationship of the signal vector p[t], the KF

is inapplicable in this case. Fortunately, a suboptimal tracking process can be achieved by

linearizing the f
(
p[t]

)
and then implementing the EKF [85]. By leveraging the Taylor expansion,

the linearized relationship of f
(
p[t]

)
can be given as

F[t] ∈R3×6 = ∂f
(
p[t]

)
∂
(
p[t]

) ∣∣∣
p[t]=p̂[t|t−1]

, (4.52)

and consequently, the linearized version of the measurements equation in (4.50) is

Θ̂[t]= F[t]p[t]+w[t]+
(
f
(
p̂[t|t−1]

)−F[t]p̂[t|t−1]
)
, (4.53)

where the Jacobian Matrix, F[t], elements:[
F[t]

]
(1,1),

[
F[t]

]
(1,2),

[
F[t]

]
(1,3),

[
F[t]

]
(2,1),

[
F[t]

]
(2,2),

[
F[t]

]
(3,1),

[
F[t]

]
(3,2),

[
F[t]

]
(3,3),
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are the same in (4.27) in section 4.1.4.1, while the following terms:

[
F[t]

]
(1,4) =

∂τ[t]
∂ẋ[t]

,
[
F[t]

]
(1,5) =

∂τ[t]
∂ ẏ[t]

,
[
F[t]

]
(1,6) =

∂τ[t]
∂ż[t]

,

[
F[t]

]
(2,4) =

∂θ[t]
∂ẋ[t]

,
[
F[t]

]
(2,5) =

∂θ[t]
∂ ẏ[t]

,

[
F[t]

]
(3,4) =

∂ψ[t]
∂ẋ[t]

,
[
F[t]

]
(3,5) =

∂ψ[t]
∂ ẏ[t]

,
[
F[t]

]
(3,6) =

∂ψ[t]
∂ż[t]

,

equal zero.

Now, tracking the signalling vector p[t] according to the EKF can be implemented sequentially

based on Θ̂[0 : t] measurements and considering (4.41) and (4.53) as described in subsection

2.3.5.2. Regarding this solution, the tracking accuracy and the convergence of the solution depend

on the Kalman gain matrix that is given based on matrix C, as seen in (2.43c). Specifically, the

matrix C specifies the errors in the measurements process, defined in (4.50). In this context,

according to [85], the matrix C is determined from the CRB of the estimated values. Nonetheless,

the estimation process cannot achieve the CRB due to HWIs [96, 97]. Therefore, we expect that

the enhancements in the tracking accuracy are limited. Besides, it is notable that the EKF

requires prior information and initial conditions about the MS transition besides the matrix C.

Furthermore, the tracking process using EKF proposes complexity as it consists of recursive

procedures as seen in subsection 2.3.5.2.

4.3.3.2 Machine Learning Tracking Solution

This subsection targets performing a simple and accurate tracking process based on MLT instead

of EKF, without the need for prior knowledge or initial conditions. Specifically, it is shown in

Subsections 2.3.5.1 and 2.3.5.2 that as the accuracy of the measurements increases, the outputs

of the KF and EKF tend to be the measurements themselves and do not take into account

the transition model. In response, MLT is carried out to attain accurate and reliable tracking

results. Furthermore, this simplifies the tracking process as it replaces the sequential equations

in subsection 2.3.5.2, and the mathematical operations therein with simpler mathematical

operations as shall be seen in this subsection. Moreover, this subsection demonstrates that this

matrix is constructed without any information about the transition model or the initial conditions.

As illustrated in Fig.4.12, the output measurements from the estimator in (4.14) are converted

to a noisy position-velocity vector, p̃[t] ∈ R6×1 , using the geometric relationship in (4.38) and

(4.39). After that, the noisy position-velocity vector, p̃[t], is processed by an ELM block described

in subsection 2.4.2. The definitions and the description of the entities of the ELM block in Fig.4.12

are as follows:

• In the training phase, we collect N records of the noisy position-velocity vectors as XN×6 ={
(p̃i[t])T , i = 1, · · · , N

}
. We also record the target matrix of N real position-velocity vectors

p[t] in (4.40), TN×6 = {
(pi[t])T , i = 1, · · · , N

}
. After that, the output weight matrix β is
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Figure 4.12: Based ELM tracker block diagram.

obtained based on equations from (2.55) to (2.58), and using the Sigmoid function as the

non-linear activation function in this work, which is

φ
(
x,w,b

)= 1
1+exp

(− (wT.x+b)
) , (4.54)

where w ∈R6×1 is the input weight vector, b is the bias, and x ∈R6×1 is the noisy position-

velocity sample. In this phase, the output weight matrix β is obtained by the pseudo-inverse

operation in (2.58) in subsection 2.4.2.

• In the implementation phase, for each noisy position-velocity vector, p̃i[t], the tracked

vector after the ELM block in Fig.4.12, is given according to (2.59) as

(p̂[t])T =H
(
w1, · · · ,wL,b1, · · · ,bL, (p̃[t])T

)
1×L

×βL×6, (4.55)

where the definition of H is in (2.55) in subsection 2.4.2.

4.3.4 Simulation Results

This subsection discusses the numerical results of the joint position-velocity tracking process for a

3D mmwave MISO-OFDM system under the harmful effects of the HWIs, where the settings are

described in subsection 3.2.5. Besides, we assume that the single-antenna MS starts its mobility

between 1000 sample positions from the initial position-velocity in [5, 5, 5, 0, 0, 0], where the MS

physical capabilities never exceed 0.5 m/s on any axis, and the samples are taken every ∆= 0.1 s.

Within the discussion of the results, we present the BCRB as a benchmark to assess the

tracking process accuracy measured in the RMSE term. In fact, we present three methodologies

for tracking purposes. In detail, the first method is called (M-only), where it calculates the MS

position and velocities depending on the measurements only using the geometric relationship in

(4.38) and (4.39). The second method, called (EKFT), is the EKF tracker specified in subsection

4.3.3.1. Lastly, the third method is called (ELMT) and is based on the ELM algorithm described in

subsection 4.3.3.2. In this approach, the neural network is a single layer with L = 10 neurons. We

obtained our results using 5000 training samples, each of which is a raw vector of six elements in

size.

The accuracy of the joint position-velocity tracking process with different levels of the

transceivers’ quality is presented in Fig.4.13 - Fig.4.15. Specifically, these figures depict the

impact of the pilots’ power, presented in the Pρ2
0

σ2 term, on the tracking accuracy considering

different κ values. Next are the general conclusions that can be delineated from the figures.
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4.3. MACHINE LEARNING SOLUTION

It is clear that improving the transceiver hardware quality enhances tracking accuracy.

Furthermore, by boosting the pilots’ power, the tracking accuracy also improves. Besides, EKFT

and ELMT trackers demonstrate an improvement to the tracking accuracy over M-only. Regarding

the EKFT tracker, we see improvements because it considers the transition model of the MS

besides the measurements, which is not the case in M-only. In the context of the ELMT tracker,

accuracy improvement rises from the training phase of the ELM algorithm by minimizing the

difference between the output of the geometric relationship in (4.38) and (4.39) and the real

values. The following are the specific details and differences in the position and velocity results.

Fig.4.13 shows that the accuracy improvement with the non-ideal transceivers case is bounded

to a certain level due to the bounded nature of the received pilot quality as seen in (4.12). On the

other hand, in the case of ideal transceivers, the tracking accuracy more readily approcahes the

PEB as the pilots’ power increases. Besides, the figure shows that the performance of EKFT and

ELMT trackers saturates at Pρ2
0

σ2 ≥ 35 dB. Considering the EKFT tracker, the saturation results

from the difference between the real and the linearized values as seen in (4.53). Regarding the

ELMT tracker, the output weight matrix from the training is not accurate enough to minimize

the error and achieve the BCRB. However, the direct calculation in M-only achieves the BCRB

at high-quality received pilots, i.e. the measurements are approximately real, and thus relying

on the measurements only in the high-quality measurements case is preferable as it is more

accurate and simpler.
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Figure 4.13: Position RMSE and PEB versus the transmission power and κ.
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Regarding the velocity, Fig.4.14 and Fig.4.15 discuss the achieved accuracy associated with

the velocity. It is clear that the EKFT and ELMT trackers have significant enhancements in

velocity accuracy in comparison to the M-only solution. However, none of the solutions/trackers

including M-only achieve the VEB, neither in the case of ideal transceivers nor in the case of

imperfect transceivers. The reason for this is that the velocity calculations are independent of

the received pilots and the measurements ˆΘ[t], which is different from the position. Instead of

that, they are calculated only by relying on the estimated position and then using the geometric

relationship in (4.39). Consequently, the achieved enhancement by the EKFT is gained from the

useful information about the transition model, while the achieved accuracy by ELMT gained from

the training phase on minimizing the difference between the output of the geometric relationship

and the actual values.

4.4 Summary

In this chapter, we discuss the tracking process paying attention to HWIs and the synchronization

errors. Subsequently, we started with a perfectly synchronized but hardware-impaired 3D per-

fectly synchronous mmwave MISO system. The second part counts for the synchronization error

in addition to the HWIs, where the tracking is executed in an asynchronous RIS-assisted mmwave

MISO-OFDM system. The third part investigates utilizing the MLT for the joint position-velocity
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Figure 4.14: Velocity RMSE and VEB versus the transmission power and κ.
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Figure 4.15: Velocity RMSE versus the transmission power and κ.

tracking process.

In the perfectly synchronized system, section 4.1, we investigated two tracking processes: the

range-direction tracking process, and the position tracking process. The two tracking processes in

this system rely on estimating the AoD and ToF relevant to the reference BS. For range-direction

tracking, the measured AoD and ToF have a Gaussian statistical model and are connected with

linear relationships to range and direction, the tracked parameters that also are modelled as a

Gaussian random variable. Consequently, KF is the proposed tracking solution as it provides

the optimal solution for this tracking problem. However, for position tracking, the ToF and AoD

measurements have nonlinear relationships with position. Accordingly, KF is inapplicable and

EKF is implemented to deal with the non-linear relationships, where it can achieve a suboptimal

solution.

Regarding position tracking in the asynchronous RIS-assisted mmwave MISO-OFDM sys-

tem, section 4.2, it depends on the estimated position resulting from the joint localization-

synchronization described in subsection 3.3.3. The estimated positions are approximated to the

Gaussian measurements, and clearly, they are linearly connected with the tracked positions.

Consequently, KF is the optimal solution for this tracking operation. In the context of KF and

EKF, this chapter suggests the MC approach to enhance the tracking accuracy distorted by the

HWIs and synchronization errors when they exist.

Exploring the application of the MLT for tracking, we leverage its capabilities to offer a
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streamlined and highly accurate tracking solution that doesn’t rely on prior information for the

joint position-velocity tracking process. In this section, we employ the ELM algorithm for this

task and assess its performance in comparison to the EKF-based solution. ELM is chosen in this

context due to its speed and simplicity in learning, making it a suitable choice for both learning

and tracking operations on the MS board.

For evaluation, this chapter derives the BCRB benchmark for each tracking scenario. Follow-

ing, this chapter presents simulations where the results reveal that the HWIs distortion prevents

the tracking process from achieving the theoretical bound, presented by the BCRB which is

only possible in the case of ideal transceivers. Finally, computer simulation results illustrate

the ability of the MC techniques to improve tracking accuracy, since it involves more accurate

information around measurement errors. Besides, the computer simulation experiments show

the enhancement in the tracking accuracy when using the MLT for tracking purposes.
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5
CONCLUSIONS AND FUTURE RESEARCH

This chapter presents the ultimate findings within this thesis and explores pertinent

limitations and areas of inquiry for both the immediate and distant future. In general,

this thesis delves into the study of localization and tracking processes and derives the

relevant benchmarks in terms of CRB and BCRB. Specifically, the investigation focuses on

localization and tracking processes within mmWave systems, considering the impact of HWIs

and synchronization errors whenever they are present. The following detailed conclusions are

based on the contributions outlined in Section 1.5. Subsequently, this chapter underscores the

limitations of the thesis and then proposes future research.

5.1 Conclusions

• In Chapter 3, we conducted localization procedures within a MISO-OFDM mmWave system

under ideal synchronization conditions but with the presence of HWIs. In this context, a

2D localization process was executed, relying on estimating the LoS downlink parameters.

The accuracy of this localization process was solely affected by the presence of HWIs.

• Continuing in Chapter 3, we extended our investigation to a 3D localization process,

which encountered HWIs and the challenges posed by NLoS conditions caused by unknown

scatterers. Additionally, we delved into the consequences of synchronization errors alongside

HWIs by implementing a joint localization-synchronization process within an asynchronous

RIS-aided mmWave MISO-OFDM system.

• Chapter 3 introduced a method for estimating the range and direction of a single-antenna

MS in relation to a multiple-antenna BS. This estimation relied on observing the well-

known pilot signals transmitted from the BS in the downlink. The utilization of the
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ML estimator was chosen due to its suitability for handling complex scenarios and its

capability to yield optimal estimates. Besides, for assessment, this chapter derived the CRB

benchmark for the localization process in the existence of the HWIs. It started with the

derivations of the FIM of the estimated downlink channel parameters. Then, it transformed

the channel parameters FIM to the localization FIM, which is inverted to obtain the CRB

of the localization processes.

• In Chapter 4, diverse tracking processes were explored. Initially, it monitored the range,

direction, and location of the MS relative to the reference BS within the framework of

a perfectly synchronized MISO-OFDM mmWave system while considering the presence

of HWIs. Subsequently, the chapter investigated tracking the MS’s position within an

asynchronous RIS-aided mmWave MISO-OFDM system, accounting for the influence of

HWIs and synchronization errors. These tracking processes relied on estimating Time of

Flight (ToF) and AoD, incorporating MS maneuvering and transition models, and utilizing

KF and EKF techniques.

• In the context of tracking range and direction, these parameters exhibited a linear relation-

ship with the measurements. Consequently, the KF emerged as the ideal choice to deliver

an optimal solution for this tracking task. Likewise, when considering the tracking process

in the RIS-aided mmWave system, the tracked position depended on the outcomes of the

joint localization-synchronization processes, making KF the optimal solution once again.

However, when it came to position tracking and position-velocity tracking, the straight-

forward application of KF was not feasible. In these cases, the EKF served as a viable

alternative, capable of providing a suboptimal yet effective solution.

• Furthermore, Chapter 4 introduced a position-velocity tracking approach that addresses

HWIs, employing MLT, and compared its performance with the EKF-based method. It’s

worth mentioning here that Chapter 4 proposed MC techniques and MLT to significantly

enhance tracking accuracy and mitigate the adverse effects of HWIs and synchronization

errors whenever they exist.

• Finally, in Chapter 4, for the assessment of the tracking process, benchmarks for tracking

performance were established in each scenario, and quantified through the BCRB. To be

specific, the BCRB is calculated as the inverse of the BIM, where the BIM is constructed by

merging the FIM obtained from the received pilot measurements with the FIM associated

with the MS’s transition model.

The primary achievement of this thesis lies in the acknowledgment that idealized assumptions,

such as flawless transceivers and perfectly synchronized systems, obscure the true accuracy of

localization and tracking processes. This assertion is substantiated both theoretically, through

the examination of the CRB and BCRB benchmarks, and empirically, through the execution of
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localization and tracking procedures. Additionally, this thesis endeavours to underscore that

the adverse effects of HWIs and synchronization errors can be mitigated, offering two distinct

approaches: MC techniques and MLT. In this context, the thesis introduces a robust mathematical

framework for investigating localization and tracking processes across various systems and within

realistic scenarios. Furthermore, it highlights the capability of mitigating the harmful impact of

HWIs and synchronization errors during the execution of the localization and tracking processes.

Nevertheless, this work carries certain assumptions that may be regarded as constraints

within the scope of this research. Furthermore, our study has the potential to inspire fellow

researchers to delve into additional inquiries and explorations

5.2 Limitations and Future Directions

While exploring the keystone of this thesis, which is the influence of the practical aspects on

the localization and tracking processes, we carry out our study on mmwave systems considering

some assumptions that can be counted as limitations to this thesis.

• Wide-band systems: We assumed the mmwave system was a narrow-band system without

discussing wide-band systems. Consequently, future research could explore localization and

tracking processes in wide-band mmwave systems.

• Doppler effect: Given the assumptions for narrow-band and low-speed mobility, the

impact of the Doppler effect and its variation over the subcarriers was negligible. Therefore,

future research could focus on tracking considering high-speed mobility and the Doppler

effect or explore systems that address the Doppler effect, such as those implementing the

orthogonal time-frequency space (OTFS) concept.

• Sources of individual HWIs: This thesis addressed the impact of residual HWIs on

the localization and tracking processes. However, future work could involve investigating

localization and tracking processes under specific HWIs sources.

• Comprehensive MLT: This thesis provided the ELM technique as an example to highlight

MLT as a promising candidate for mitigating the adverse impact of HWIs and synchroniza-

tion errors on localization and tracking processes. Future research could delve deeper into

utilizing MLT in the localization and tracking process.

• Accuracy enhancement: This thesis implemented ML estimator, KF, and EKF as trackers,

and MLT and MC for accuracy enhancement. However, future research could explore

different estimators and trackers and propose various approaches to overcome and mitigate

the factors causing accuracy degradation.
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THE MS POSITION-VELOCITY TRANSITION MODEL

The changes in velocity on one axis between any two adjacent samples are

ḋ[t]= ḋ[t−1]+u[t], (A.1)

where ḋ[t] is the velocity at the tth sample, and u[t] is the MS maneuvering and motion uncer-

tainty that should be derivable from the physics of the motion of MS. Consequently, the change

in the MS position can be approximately modelled as

d[t]= d[t−1]+ 1
2

(
ḋ[t]+ ḋ[t−1]

)
∆,

= d[t−1]+ (
ḋ[t−1]+ 1

2
u[t]

)
∆, (A.2)

while ∆ is the time interval between two adjacent samples. We must note here that this approxi-

mation is perfect when the average velocity over ∆ equals 1
2
(
ḋ[t]+ ḋ[t−1]

)
.

To guarantee the physical capabilities and that the MS movement is limited by the physical

constraints, the term α is plugged into the velocity equation in (A.1) to be

ḋ[t]=αḋ[t−1]+u[t], (A.3)

where α=
√

v−σ2

v , σ2 = E{u2[t]}, and v present the MS motion capability that is the same for all

samples, i.e., v = E{ḋ2[t]}∀t.

In order to expand the 3D state space model for the MS motion, we define the 3D position-

velocity vector at the tth sample as

p[t]= [
x[t], y[t], z[t], ẋ[t], ẏ[t], ż[t]

]T, (A.4)

then, the transition model for the MS motion is

p[t]=Ap[t−1]+Bu[t], (A.5)
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where the x[t], y[t], and z[t] represent the 3D components of the MS position at the tth sample,

while ẋ[t], ẏ[t] and ż[t] are the velocity components in 3D coordinates for the same sample.

Moreover, the constant matrices A and B, respectively, can be defined as

A=



1 0 0 ∆ 0 0

0 1 0 0 ∆ 0

0 0 1 0 0 ∆

0 0 0 αx 0 0

0 0 0 0 αy 0

0 0 0 0 0 αz


, (A.6)

and

B=



∆
2 0 0

0 ∆
2 0

0 0 ∆
2

1 0 0

0 1 0

0 0 1


. (A.7)
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PHYSICAL LAYER SECURITY IN DOWNLINK OF CELL-FREE MASSIVE

MIMO WITH IMPERFECT CSI
Abstract

This paper1 investigates the threat of passive eavesdropping on downlink cell-free mas-
sive MIMO (CF-MaMIMO) systems, examining in a particular system under the effects of
imperfect channel estimation. Physical layer security (PLS) techniques and power allocation
algorithms are typically adopted to deteriorate the quality of eavesdropped signals. In the
downlink stream, artificial noise (AN) is broadcasted simultaneously with the users‚Äô data
streams, with the aim of jamming the eavesdropper’s signal without sacrificing the quality
of service (QoS). However, imperfect channel estimation results in AN leakage to legitimate
users. Our work considers this condition, and the power allocation algorithms we present
determine the minimum power that is needed to maintain the user’s Qos even in the presence
of leaked AN. We first propose the cooperative PLS algorithm (COP), which facilitates AN
broadcasting via access point (AP) cooperation. Unfortunately, this cooperation wastes some
of the power used to send the AN and, in most cases, increases the computational complexity.
We then present the independent PLS algorithm (IND), where the goal is to regain this
power by allowing each AP to broadcast AN independently. However, to meet the feasibility
criterion, this occurs at the cost of increasing the number of used antennas. This technique
reduces the power allocation complexity but increases the computational complexities of the
precoder design and the channel estimation process. Our results reveal that the proposed
algorithms enhance the security performance of CF-MaMIMO. We evaluate such performance
from numerous angles including the number of users, number of APs, QoS, beamforming, AN
leakage, and channel estimation techniques.

Physical Layer Security, Cell-Free, Massive MIMO, Eavesdropper, Artificial Noise, Estimation.

1This project was conducted as part of the PhD program, but it has not been incorporated into the thesis. This work
was published as: D. A. Tubail, M. Alsmadi and S. Ikki, "Physical Layer Security in Downlink of Cell-Free Massive
MIMO With Imperfect CSI," in IEEE Transactions on Information Forensics and Security, vol. 18, pp. 2945-2960,
2023, doi: 10.1109/TIFS.2023.3272769.
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B.1 Introduction

Massive multiple-input multiple-output (MaMIMO) technologies are pivotal towards the real-

ization of 5G networks requirements (e.g., the ever-increasing demand for higher data rates,

stronger connectivity and greater area coverage) [98]. An up-and-coming descendant of MaMIMO

systems that has garnered significant attraction takes a cell-free form (CF-MaMIMO), where

a large number of distributed access points (APs) serves a smaller number of distributed users

over a certain coverage area using the same time-frequency resources as those in beamforming

technology [99, 100].

The distributed APs are connected to an extremely powerful central processing unit (CPU)

via a backhaul link. In this way, each AP is able to transmit the received uplink data to the CPU,

which can then send the downlink data to the other APs using its power control coefficient. This

cooperation between the APs and CPU can be easily implemented as a way to resist large-scale

fading effects, minimize inter-user interference, enhance signal quality, increase capacity and

reliability, improve energy efficiency, and mitigate the effects of hardware impairments [99–102].

That being said, CF-MaMIMO systems face many challenges. For example, the use of a mas-

sive number of APs causes significant energy consumption and leads to astronomical hardware

costs[99]. Moreover, as security becomes more and more of a concern in wireless communication

systems, witnessed the emergence of increasingly demanding security requirements, especially

in cases where enormous amounts of data need to be safely transmitted [103].

Physical layer security (PLS) is considered an alternative solution to traditional, computa-

tionally expensive, technologies. It aims to reinforce secure communications by exploiting the

physical properties of wireless channels in protecting the system against passive and active

eavesdropping [104].

The concept of using PLS for degraded wire-tap channels was studied early on in [105]. Fur-

thermore, the works in [106] and [107] discussed the PLS of wireless systems with quasi-static

fading channels and Free-Space optical links, respectively. In these works, a single-antenna trans-

mitter aims to send confidential messages over a half-duplex communication network without

external helpers and in the presence of an eavesdropper. The receiver begins by broadcasting

pseudo-random AN, which is then used by the transmitter to mask the confidential signal being

sent. These works analyzed security performance by assessing the probability of exposure, and

performed power allocation in an attempt to maximize system throughput under certain security

and reliability constraints.

However, it is important to note that the receiver can only decode the confidential message if

it has knowledge of the instantaneous channel state information (CSI), the power transmitted in

each phase, the channel gain, the transceiver noise variance, and the power distribution among

the signal and the AN. Unfortunately, these criteria are difficult to satisfy.

There are also similar difficulties in the PSL of MIMO systems. The work in [108], for instance,

looked at securing communication over a fading wireless medium from a hidden eavesdropper.
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Part of the available power was used to target-broadcast AN directly towards the eavesdropper.

This work discussed two scenarios, the first of which assumed a multiple-antenna transmitter

broadcasting AN into the null of the user. However, this scenario neglects the case where the

eavesdropper’s channel is highly correlated to that of a legitimate user i.e., the eavesdropper

is also in the null space of the users. The second scenario was a two-phase securing approach

similar to that in [106, 107], and it greatly capitalized on the use of relays. It should be noted

that the two-phase securing approach performed by two transmissions over two time slots in

[106–108] wastes bandwidth and necessitates greater power consumption for each transmission

in a single-user communication system.

Furthermore, these scenarios neglected practicality upon the assumption of perfect CSI

knowledge being shared between all nodes. Besides, these works only consider the case of

one communicating pair, one transmitter and one receiver, not the multi-user communication

case. Next, the work in [109] analyzed security degradation due to the use of imperfect CSI

in the precoding design. The work then presented an optimal power allocation approach to

simultaneously meet the security and QoS requirements of a single-user MIMO system. Moreover,

the work in [110] optimized the regularization parameter in a regularized channel inversion

precoder, and this was used to maximize the secrecy sum rate of a multi-user multi-eavesdropper

MIMO system.

The authors in [111] also proposed a joint precoding algorithm to simultaneously send the

legitimate streams and AN, with the hopes of maximizing the secrecy rate in multi-user MIMO

systems in the presence of multiple multi-antenna eavesdroppers. Unfortunately, the proposed

algorithm failed to consider QoS requirements and could lead to confusion when users have

highly correlated channels with eavesdroppers.

PLS was also studied and implemented by those in [104, 112] in the context of relay-aided

multi-user MIMO systems. The authors in [112] secured the system by broadcasting legitimate

streams simultaneously with the AN in the null of the legitimate users/relay as users/relay were

multiple-antenna entities. In [104], the terminals mixed the legitimate streams with fake streams

and sent them together to a relay that amplified and forwarded them to their destinations.

The works in [113–117] investigated the PLS in MaMIMO. The work in [113] specifically

derived the secrecy sum rate of the downlink given to passive eavesdropping and maximum ratio

transmission precoding. The work in [114] analyzed the impact of imperfect CSI on the PLS in a

multi-user MaMIMO system, all the while taking into account the channel estimation error due

to white noise. They also considered the existence of outdated CSI errors during the time users

are non-stationary. However, the error estimation due to non-orthogonal pilots (caused by the

users’ mobility and asynchronous pilots) was not incorporated into this assessment.

The authors of [115] proposed different legitimate data and AN precoders targeting the

maximization of the secrecy rate lower-bound in multi-cell MaMIMO systems. They considered a

hidden eavesdropper as well as the effects of non-orthogonal pilots. However, this work overlooked
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The current work The existing literature

Enables broadcasting the AN from distributed None of the existing literature broadcasted AN from distributed
antennas antennas
Secures the system by performing optimal power [109, 110, 114, 116–122] secured the system by performing optimal
allocation and enabling the broadcasting of the AN power allocation only without enabling the broadcasting of the AN
Addresses imperfect channels estimation and the [104, 106–108, 110, 112, 113] considered perfect channels
leaked AN estimation and no AN leakage
Addresses passive and hidden eavesdropping [111, 117–123] addressed non-hidden and active eavesdropping

Table B.1: Summary of the comparison between the current work and the existing literature.

system requirements during precoder design, resulting in AN being leaked to legitimate users.

This ultimately demonstrates the importance of proper power allocation between the users and

AN streams. This work used its AN null-space precoder in conjunction with the known precoders

in [116], where the downlink secrecy rate of a relay-assisted MaMIMO system was derived.

Here, the legitimate user employed the zero-forcing precoder for the data, and the null-space

precoder for the AN. In this way, the secrecy rate was maximized against an active imposter by

proposing optimal power allocation all the while considering the QoS of the system. Furthermore,

joint power and time allocation were optimized to maximize the secrecy outage capacity of

passive eavesdropping in a relay-assisted MaMIMO system considering imperfect instantaneous

legitimate CSI in [117].

PLS in CF-MaMIMO systems was addressed in [118–122]. The work in [118] presented the

secrecy performance of a downlink CF-MaMIMO system over spatially correlated Rayleigh fading

channels in the presence of an active pilot spoofing attack. Next, the works in [119–122] presented

power allocation as a solution to secure the downlink transmission against active eavesdropping.

The rest of this paper is organized as follows: Section II presents the comparison with the

existing literature and the contributions, and Section III describes the system model including

the channel estimation and beamforming techniques. Section IV and Section V discuss the COP
and the IND algorithms, respectively. Section VI discusses the hardware and computational

complexities of the proposed algorithms while section VII presents the simulation results. Finally,

the paper is concluded in Section VIII.

B.2 Related-Works Comparison and Contributions

Considering the importance of this topic, and motivated by what has already been done in the

literature, we present a CF-MaMIMO system with a hidden eavesdropper. We compare the

contributions of this work with the existing literature, summarizing it all in Table I.

Firstly, to the best of our knowledge, this work is the first to broadcast AN in CF-MaMIMO

systems with distributed antennas. Moreover, we transmit data streams and beamform AN into

the null of legitimate users after optimizing power budget allocation. This strategy outperforms,

in terms of security performance, the power allocation scheme without AN used in [109, 110, 114,

116–122].
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Furthermore, our work differs from [111, 118–123] in that we address the problem of passive

and hidden eavesdropping. We specifically take into account that the eavesdropper usually

tries to remain hidden, passive and with unavailable CSI [117]. On the other hand, the active

eavesdropper places itself physically close to the user in order to tap into its CSI, or to exploit the

weakness of the channel estimation stage by capturing the predetermined pilot sequence and

using it to pose as a legitimate user [124]. A myriad of different methods can be implemented

to combat active eavesdropping. In this way, power allocation can minimize leaked data rates,

as was done in [117–122]. Furthermore, knowing the CSI of the eavesdropper can be used to

beamform the data streams to users and AN toward the eavesdropper, as in [123].

In our case, we target AN broadcasting towards the null space of the legitimate channel. This

technique both confuses the passive eavesdropper and prevents any jamming that could be done

to legitimate users. Moreover, in terms of the achievable secrecy rate gains, the performance of

null space-based AN precoders is superior to that of all other AN precoders [116]. In addition, this

precoder design is unrelated to that of the users. As such, the beamforming techniques employed

for user data streams (e.g., zero-forcing, regular zero-forcing, minimum mean square error etc.)

can also be implemented when sending the AN. Besides, the leaked AN amount to users is not at

all related to the number of eavesdroppers or to their situation. Rather, it depends on the errors

committed when estimating the legal users’ channels, i.e., zero leakage in the perfect estimation

case.

Regarding estimation errors and AN leakage, unlike the works in [104, 106–108, 110, 112,

113], we assume the practical case where the estimation of the channels between the APs and

the users is imperfect. Using these estimated channels when precoding the AN consequently,

and inevitably, results in AN power leakage to legitimate users. Fortunately, this leakage can be

managed by 1) using more accurate channel estimators, as demonstrated by [114], 2) modifying

the data and the AN precoders as in [115, 123], or 3) optimizing the power allocation between

the data and the AN as in [116]. We consequently adopt a power allocation algorithm to treat

the impact of the leaked AN and to guarantee the required SNR. Besides, the power control

approach degrades the quality of the eavesdropped signal even in the case of a highly correlated

eavesdropper channel.

To supplement the strategies currently present in the literature regarding PLS, this work

proposes two algorithms that enhance the security performance of a CF-MaMIMO system with

multiple antennas hidden and a passive eavesdropper, i.e., the wiretap CSI is unknown. Moreover,

this work assumes the worst-case scenario, where the eavesdropper has perfect knowledge of its

own channels and can extract and separate the intended users’ signals [104, 112, 119, 125]. In

specific, we impede eavesdropping by broadcasting AN into the null of legitimate users, where

the beamforming of AN in the null of users only depends on the legal user’s CSI.

In addition to blurring the eavesdropped signal with AN, we can degrade its quality even

more by transmitting downlink data streams using minimal power (i.e., enough to maintain QoS).
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This strategy is especially relevant when the eavesdropper possesses a channel that is strongly

correlated to a legitimate user link, thus allowing him to avoid AN. Hence, the contributions of

this work can be summarized as:

• It is well-known that the estimated channel (the one used in AN precoding) contains estima-

tion errors, which leads to an imperfect AN broadcasting scheme into the null space of users.

This causes a portion of the AN to leak to legitimate users, reducing their QoS (illustrated

by the impact on their SNR). To address this, we propose an optimization problem to maxi-

mize the security performance without sacrificing QoS. In fact, the optimization problem

is formulated so as to first guarantee system QoS, then enhance the security. Specifically,

the optimization problem determines the minimum power that guarantees system QoS

and then dedicates the rest of the AP power budget to AN broadcasting. Moreover, this

power allocation process is independent of the wiretap channel and depends only on the

legal users’ estimated channels.

• We propose a cooperative PLS algorithm, (COP), in which the APs cooperate to broadcast

AN in the null of the users without the need for extra antennas. Here, the number of APs

is greater than the number of users. However, this cooperation wastes some of the power

dedicated to AN distribution. As such, an iterative power allocation algorithm must be in

place, which introduces more computational complexity.

• We also propose an independent PLS algorithm (IND) that dispatches more AN than

the COP algorithm. This is achieved by increasing the number of antennas at the APs,

enabling them to independently broadcast AN. Besides, the additional antennas increase

the beamforming gain in the AN channel, which actually enhances the security performance.

Moreover, this technique reduces the computational complexity in terms of power allocation

because there is no longer need for an iterative solution like the one seen in the case of the

COP algorithm. However, this approach requires additional channel estimation, here a

simple estimator has been consequently proposed to reduce the computational complexity

applicable here.

• We investigate the security performance of the CF-MaMIMO system considering various fac-

tors such as the number of users and APs, QoS, as well as AN leakage. Furthermore, since

the AN beamforming technique matrix is designed independently of those for user data

streams, the proposed algorithms can be implemented with beamforming techniques tradi-

tionally used for user data streams (e.g., maximum ratio, zero-forcing, regular zero-forcing,

or minimum mean square error. This work also analyzes the hardware and computational

complexities of the proposed algorithms.

• We conducted extensive computer simulations, the results of which prove the capability

of the proposed algorithms to enhance security in CF-MaMIMO systems. Moreover, the

120



B.3. THE CELL-FREE MASSIVE MIMO SYSTEM

Notation Description

a, a, A scalar, vector and matrix
(.)T, (.)H, (.)-1 transpose, conjugate transpose, and inverse
A(i, j), A∗

(i, j) the element (i, j) in the matrix A
and its conjugate

A(i,:) the ith row in the matrix A
D(:,i) the ith column in the matrix A
D(i,:) the diagonal matrix that contains in

its diagonal the elements of the row A(i,:)
D(:,i) the diagonal matrix that contains in

its diagonal the elements of the column A(:,i)
CN(µ,σ2) complex Gaussian random variable

distribution with mean µ and variance σ2

E{·} statistical expectations

Table B.2: Summary of notations
results indicate that the IND algorithm outperforms the COP algorithm in terms of security

performance and computational overhead, of course at the expense of additional hardware

maintenance and cost. Different parameters can impact security, such as the power budget,

number of users, QoS, number of APs, and channel estimation accuracy. Factors such as an

increased power budget, a greater number of APs and channel estimation accuracy leads to

improved security, while increasing QoS or the number of users has a negative effect.

B.3 The Cell-Free Massive MIMO System

This section presents the CF-MaMIMO system model and discusses its transmission protocol,

TDD [126]. Here, communication is carried out in three stages. In the first "uplink training"

stage, all users broadcast their pilot sequences synchronously. In the second "estimation" stage,

the links between the users and APs are estimated based on the transmitted uplink pilots. In the

third "downlink transmission" stage, all APs precode the data streams and broadcast them to

the users simultaneously. Therefore, in addition to the system model, this section discusses the

channel estimation of the links between the APs and the users, which are crucial later on for the

beamforming techniques that the APs can apply to minimize interference between the users.

B.3.1 System model

Fig. B.1 illustrates the CF-MaMIMO system, as described in [127], which consists of M single

antenna APs. These APs are connected to a CPU that is not shown in this figure. The APs serve

K single-antenna users simultaneously, where M >> K and both the APs and users are randomly

distributed over a wide area. Here, the propagation conditions include an NLoS environment

with sufficient scattering between the APs and the terminals, and where different sets of scatters
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Figure B.1: Eavesdropping cell-free massive MIMO system model.

are likely to be for each AP and each user. Then the downlink signal reaches the receiver through

many different NLOS paths and the superimposed received signals can either reinforce or cancel

each other out. By the superposition principle and the central limit theorem, the channels

between the APs and the terminals are modelled as circularly symmetric Gaussian. Moreover,

the channel between the AP and a terminal comprises two components: The first part is a positive

real number, termed the large-scale fading coefficient, which embodies distance-dependent path

loss, shadowing, antenna gains, and penetration losses in NLoS propagation. This coefficient

evolves slowly and can hence be accurately estimated and tracked. The second part is a complex-

valued number, representing small-scale fading. It models range-dependent phase shift as well

as constructive and destructive interference among different propagation paths. We assume that

this coefficient is an independent and identically distributed (i.i.d) random variable that remains

constant during a coherent interval and is independent across different coherent intervals.

The kth user connects with the mth AP through the wireless link hkm that suffers from flat

fading for each orthogonal frequency division multiplexing (OFDM) subcarrier. In this case, the

subcarrier’s index is ignored for simplicity. The hkm link between the mth AP and the kth user is

hkm =
√

βkm κkm, (B.1)

where βkm is the large-scale fading coefficient while κkm ∼ CN(0,1) is the small-scale fading

coefficient. Both coefficients are assumed to be i.i.d random variables, constant during a coherent

interval and independent over different coherent intervals. The small-scale fading, in wide-band

OFDM, is frequency-dependent and has a Nyquist sampling interval equal to the reciprocal of

the channel delay-spread. On the other hand, the frequency-independent βkm coefficient changes

slowly and can be estimated accurately by the CPU. This system also assumes that the area

coverage is small enough to ensure that the maximum propagation time between any two APs is

smaller than the duration of the OFDM cyclic prefix [120, 127, 128].
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The transmitted signal from the mth AP can be written as

xm =p
pd G(m,:)D

1
2

(:,m)s, (B.2)

where s ∈CK×1 is a vector of K symbols intended for K users with E{ssH}= IK and G ∈CM×K is the

downlink beamforming matrix. The diagonal matrix D(:,m) ∈RK×K contains the power coefficients

associated with the mth AP, where those coefficients ensure that the total transmitted power of

the AP is not greater than pd, thus satisfying TR(G(m,:)D(:,m)GH
(m,:))≤ 1∀m and E{|xm|2}≤ pd. In

the same context, the power coefficient matrix D ∈ RK×M contains all the non-negative power

control coefficients ηkm.

Then, the received signal at the kth user can be written as

yk=p
pd H(k,:)D

1
2

(k,:)G(:,k)sk︸ ︷︷ ︸
Desired Signal

+p
pd

K∑
i=1,i ̸=k

H(k,:)D
1
2

(i,:)G(:,i)si︸ ︷︷ ︸
Users’ Interference

+ nk︸︷︷︸
noise

, (B.3)

where H ∈ CK×M is the complex fading channel matrix between M APs and K users, nk ∼
CN(0,σ2

k) is the additive white Gaussian noise (AWGN) at the kth user, D(k,:) ∈CM×M is a diagonal

matrix that contains the power control coefficients ηkm associated with the kth user (i.e., the kth

row of the power coefficient matrix D). Undergoing the normalization process at each coherence

block allows the beamforming vector to satisfy E{∥G(:,k)∥2} = 1, and the allocated power to kth

user to become pd
∑M

m=1 ηkm.

A multiple-antenna passive eavesdropper taps the mth AP through the wireless link hem ∈
CME×1. Let h j

em be the channel gain between the mth AP and the jth antenna at the eavesdropper.

In that case,

h j
em =

√
βem κ

j
em j = 1, · · · , ME, (B.4)

where βem is the large-scale fading coefficient, and κ
j
em ∼ CN(0,1) is the small-scale fading

coefficient. Finally, the eavesdropped signal can be expressed as

ye =p
pd

M∑
m=1

hemG(m,:)D
1
2

(:,m)s+ne, (B.5)

where ne ∈ CME×1 is the independent and identically distributed (i.i.d) AWGN vector at the

eavesdropper.

B.3.2 Uplink Training

At this stage, each kth user transmits its pilot ψk ∈C1×τp
, with a sequence length of τp, in each

coherent interval with unit-magnitude elements such that ||ψk||2 =ψkψ
H
k = τp. Then, the received

signal sequence at the mth AP is

yp
m =p

pu

K∑
k=1

hkmψk +nm, (B.6)

where yp
m ∈C1×τp

, pu is the uplink power and nm ∼CN(0,σ2
m) is the AWGN at the mth AP.
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B.3.3 Channel Estimation and Error Modeling

During the second stage, each AP estimates its channel with the kth user by correlating its

observation yp
m with the pre-known pilot sequence ψk. As a result, the processed observation at

the mth AP is

yp
mk = yp

mψH
k =p

pu hkmψkψ
H
k︸ ︷︷ ︸

Desired Pilot

+p
pu

K∑
i ̸=k

himψiψ
H
k︸ ︷︷ ︸

Pilot Contamination

+nmψH
k︸ ︷︷ ︸

Noise

. (B.7)

The second term represents estimation quality degradation due to pilot contamination and is

determined by the inner product ψiψ
H
k = τPI ik. The degree of pilot contamination is influenced

by user mobility and pilot synchronization, where eliminating the contamination is possible in

perfect pilot synchronization and low-speed mobility scenarios. In detail, pilot orthogonality can be

achieved when a large number of perfectly synchronized and orthogonal pilots are available [127–

129]. When the users’ pilots are orthogonal (i.e., I ik = 0), the corresponding pilot contamination is

eliminated and therefore does not affect estimation quality. Moreover, some sources of estimation

errors, such as outdated CSI, can trigger compounding errors that seriously degrade the quality

of the estimation error.

In this system, the minimum mean square error (MMSE) estimator outputs the estimated

channel ĥkm ∼CN(0,αkm) by minimizing E{||hkm − ĥkm||2} as follows

ĥkm = (p
pu τpβkm yp

mk

)
/E{yp

mk(yp
mk)H}. (B.8)

The variance of the estimated channel can be given as

αkm = (
puτ

pβ2
km

)
/
(
puτβkm + puτ

p
K∑

i ̸=k
βimI2

ik +σ2
m

)
. (B.9)

Moreover, according to chapter (11) in [130], the estimation error h̃km = hkm − ĥkm is a complex

Gaussian distribution with h̃km ∼ CN(0,βkm −αkm), and is uncorrelated with the estimated

channel ĥkm.

B.3.4 Beamforming Techniques

The purpose of beamforming is to render the desired signal at each user much stronger than

the sum of interfering signals and noise. Different techniques in (B.10) are used to beamform

downlink data streams, each of which has an appropriate usage depending on a variety of factors.

These factors vary in optimality, in computational complexity and in the degree to which we can

analyze them mathematically [131].
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B.3.4.1 Minimum Mean Squared Error Beamforming (MMSE)

MMSE beamforming the optimal technique for the maximization of signal-to-interference-plus-

noise ratio (SINR). It determines the best balance between amplifying the desired signal and

suppressing the interference in the spatial domain, however at the cost of a high computational

complexity. This is due to the fact that computing an M×M matrix inverse requires a considerable

amount of channel estimation.

B.3.4.2 Regularized Zero-Forcing Beamforming (RZF)

RZF beamforming is a simpler version of MMSE that can be used when good channel condi-

tions exist and interfering signals are relatively weak. RZF requires inverting a K ×K matrix

instead of an M×M one, which reduces the amount of channel estimation needed, ultimately

resulting in decreased computational complexity. Moreover, this technique judges whether to

go for interference suppression or signal maximization by considering the regularization term

[132, 133].

B.3.4.3 Zero-Forcing Beamforming (ZF)

When the signal-to-noise ratio (SNR) is sufficiently high, the RZF precoding matrix can be

approximated to a ZF beamforming matrix, which usually exists in a CF-MaMIMO system

because M > K . However, due to estimation error, it is more than likely that interference is not

canceled completely. Above that, it is expected that the ZF scheme has a lower SNR than that of

RZF because not all users exhibit high SNR in practice.

B.3.4.4 Maximum Ratio Beamforming (MR)

In contrast with the ZF and low SNR cases, the RZF precoding matrix can be approximated to

a MR beamforming matrix, which does not require any matrix inversion. Since not every user

exhibits a low SNR, it is expected that MR will provide a lower SINR than RZF [134].

The precoding matrices W of the discussed beamforming techniques can be written as

W=



WMMSE = (
ĤHPuĤ+∑K

k=1 pk
uEk +σ2

ULIM
)−1ĤHPu

WRZF = ĤH(
ĤĤH +σ2

ULP−1
u

)−1

WZF = ĤH(
ĤĤH)−1

WMR = ĤH,

(B.10)

where Ĥ ∈ CK×M is the estimated channel matrix between M APs and K users. Pu ∈ RK×K is

a diagonal matrix containing the transmission power from the users, Pu = puIK , when they

transmit using pu. The diagonal matrix Ek ∈ CM×M contains the channel estimation errors
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(βmk −αmk) between the kth user and the APs. Finally, the normalized vector of the kth user can

be obtained as G(:,k) =W(:,k)/
∥∥W(:,k)

∥∥.

B.4 Cooperative Physical Layer Security Algorithm (COP)

This section investigates broadcasting AN in the null space of the users’ channel matrix via

cooperating APs. We include an AN beamforming matrix design, formulate a power allocation

optimization problem, discuss its feasibility conditions, and present a solution to the optimization

problem.

B.4.1 Adding the Artificial Noise

Now, when the mth AP simultaneously broadcasts AN and the data stream, the transmitted

signal in (B.2) can be written as

xm =p
pd G(m,:)D

1
2

(:,m)s︸ ︷︷ ︸
Users’ Data

+√
p̄d Ḡ(m,:)s̄︸ ︷︷ ︸

AN

, (B.11)

where s̄ ∈Cd̄×1 such that d̄ is the number of AN streams, p̄d is the AN power, E{∥s̄∥2}= Id̄, and

Ḡ ∈CM×d̄ is the AN pre-coding matrix.

The signal tapped by the hidden eavesdropper is consequently distorted by the AN and

received as

ye=ppd

M∑
m=1

hemG(m,:)D
1
2

(:,m)s+
√

p̄d

M∑
m=1

hemḠ(m,:)s̄+ne. (B.12)

Unfortunately, due to imperfect channel estimation, some of the power used to send out AN is

leaked to the legitimate users. Based on that, the received signal in (B.3) becomes

yk =p
pd H(k,:)D

1
2

(k,:)G(:,k)sk︸ ︷︷ ︸
Desired Signal

+p
pd

K∑
i=1,i ̸=k

H(k,:)D
1
2

(i,:)G(:,i)si︸ ︷︷ ︸
Users’ Interference

+√
p̄d H(k,:)Ḡs̄︸ ︷︷ ︸
AN leakage

+ nk︸︷︷︸
noise

. (B.13)

The desired signal of the kth user propagates over the beamformed channel H(k,:)D
1
2

(k,:)G(:,k).

Here, the user does not know the exact beamformed channel, but can approximate it to a mean

value E{H(k,:)D
1
2

(k,:)G(:,k)}. Based on this, (B.13) can be rewritten as

yk = p
pd E{H(k,:)D

1
2

(k,:)G(:,k)}sk︸ ︷︷ ︸
Desired signal over average channel

+p
pd

K∑
i=1,i ̸=k

H(k,:)D
1
2

(i,:)G(:,i)si︸ ︷︷ ︸
Users’ Interference

+p
pd (H(k,:)D

1
2

(k,:)G(:,k) −E{H(k,:)D
1
2

(k,:)G(:,k)})sk︸ ︷︷ ︸
Desired Signal over unknown channel

+√
p̄d H(k,:)Ḡs̄︸ ︷︷ ︸
AN leakage

+ nk︸︷︷︸
noise

. (B.14)
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SINRk =
pd

∣∣∣∣E{
H(k,:)D

1
2

(k,:)G(:,k)

}∣∣∣∣2
pd

∑K
i=1E

{∣∣∣∣H(k,:)D
1
2

(i,:)G(:,i)

∣∣∣∣2}
− pd

∣∣∣∣E{
H(k,:)D

1
2

(k,:)G(:,k)

}∣∣∣∣2 + p̄dE
{∣∣H(k,:)Ḡ

∣∣2}
+σ2

k

. (B.15)

The first term in (B.14) presents the desired signal over the deterministic average beamformed

channel, while the other terms are treated as noise.

Lemma B.4.1. The ergodic channel capacity of the kth user is lower-bounded using a hardening

bound, that is

Rk =
τd

τc log2
(
1+SINRk

)
,

where τc is the number of samples per coherence block, τd is the number of downlink data samples

per coherence block and SINRk can be given as in (B.15) in the top of the next page.

In this case, based on (B.12), the eavesdropper’s data rate is

Re = τd

τc log2

∣∣∣∣∣IME +
(

pd

M∑
m=1

hemG(m,:)D(:,m)GH
(m,:)h

H
em

)
×

(
Qe + p̄d

M∑
m=1

hemḠ(m,:)ḠH
(m,:)h

H
em

)−1∣∣∣∣∣ ,

(B.16)

where Qe is the covariance matrix of ne.

B.4.2 Design and Feasibility Condition

To broadcast AN into the users’ null space, the AN streams are pre-coded through the matrix Ḡ
which is chosen from the columns of the Ĥ null space. This null space of Ĥ exists when the number

of transmitting antennas is larger than that of the receiving antennas. In the CF-MaMIMO

systems, this typically occurs when the number of APs M is much higher than the number of

users K . Moreover, to beamform the AN into the null space, the AN power p̄d has to be a fixed

number that is independent of the APs (i.e., all APs have the same p̄d value) and achieves the

following power constraint:

pdG(m,:)D(:,m)GH
(m,:) + p̄dḠ(m,:)ḠH

(m,:) ≤ pd, ∀m, (B.17)

where E{∥Ḡ∥2}=1. The proof can be found in the appendix B.9.1.
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B.4.3 Power Allocation

From (B.16), decreasing the eavesdropper’s data rate Re requires boosting the AN power p̄d

and minimizing the signal power as much as possible. Unfortunately, the APs have to keep the

transmission power at its limit to maintain the system’s QoS. Denoting γk as the QoS (i.e., the

minimum SINRk) condition, the optimization problem P1 can be formulated as

P1 : min
ηkm

M∑
m=1

G(m,:)D(:,m)GH
(m,:) (B.18a)

s.t. : SINRk ≥ γk ∀k, (B.18b)

ηkm ≥ 0 ∀k,m, (B.18c)

pdG(m,:)D(:,m)GH
(m,:) + p̄dḠ(m,:)ḠH

(m,:) ≤ pd ∀m. (B.18d)

Here, (B.18a) is the cost function that minimizes the transmission power of users’ data, (B.18b) is

the constraint that guarantees the user’s QoS and (B.18d) is the power constraint. Now, we need

to rewrite (B.18) in the standard form for semidefinite programming (SDP) problems so that it

can be solved efficiently [125, 135].

Lemma B.4.2. After some mathematical manipulations, the optimization problem P1 can be

rewritten as

P2 : min
Wη

TR(WηV0), (B.19a)

s.t. : pdTR(WηVk)≥ C(0)
k ∀k, (B.19b)

Wη ≥ 0, (B.19c)

pdTR
([

WηV0]
(L(m),L(m))

)
+ p̄dḠ(m,:)ḠH

(m,:) ≤ pd ∀m, (B.19d)

where wη is the power coefficient vector and Wη =wηwT
η . Moreover, V0 is the matrix of constants

that achieves the trace of the multiplication Wη×V0 representing the cost function, while Vk is the

matrix of constants that makes the trace of the multiplication Wη×Vk, which represents the QoS

constraint for the kth user. pdTR
([

WηV0]
(L(m),L(m))

)
represents the data streams’ power at the mth

AP and C(0)
k contains the power of the leakage AN and the AWGN. The conversion into SDP form

can be found in Appendix B.9.2.

Lemma B.4.3. When the power coefficients are only functions of the users (i.e., they are independent

of the APs), ηk1 = ·· · = ηkM = ηk, ∀k, and thus, D(k,:) = ηkIM , such that while using ZF, RZF and

MMSE beamforming techniques, where the APs cooperate in beamforming the users’ data streams

and the power coefficients are functions only of k [127], the optimization problem P1 can be

simplified to
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P3 : min
wη

wT
ηv0 (B.20a)

s.t. : pdwT
ηvk ≥ C(0)

k ∀k, (B.20b)

wT
η ≥ 0, (B.20c)

pd

K∑
k=1

ηkξkm + p̄dḠ(m,:)ḠH
(m,:) ≤ pd ∀m, (B.20d)

where the proof is in Appendix B.9.3. P3 is now a linear programming (LP) optimization problem

and can be solved much more easily than the optimization problem P2.

However, these optimization problems are joint since they depend on two unknown parame-

ters, the users’ data stream power coefficients and the AN power p̄d. Therefore, the iterative

optimization algorithm in [136] is used to separate such a problem into two distinct mathematical

parts. In the first part, one of these parameters is fixed and the optimization problem is solved

with respect to the other parameter. After that, the result of the previous optimization solution is

utilized in determining the value of the second one. This process continues until the algorithm

converges. We implement this technique when solving P2/P3.

First, the AN power p̄d is fixed and set to zero as an initial value. Then, the power coefficient

matrix is obtained from the optimization problem. After that, the values of the power coefficients

are utilized to calculate p̄d, where this value of p̄d is input into the optimization problem as a

fixed value again and the process continues until the convergence 1. The value of p̄d is calculated

as

p̄d=
min

{
pd

(
1−TR

([
WηV0]

(L(m),L(m))
))

/
(
Ḡ(m,:)ḠH

(m,:)

)}
, ∀m in P2

min
{
pd

(
1−∑K

k=1ηkξkm
)
/
(
Ḡ(m,:)ḠH

(m,:)

)}
, ∀m in P3.

(B.21)

However, when the system cannot achieve the QoS of all users, raising the users’ data rates is

prioritized, and, for simplicity, the power is allocated equally between them There are a few key

details that should be noted about the algorithm:

• Steps 5-6: We select the value p̄ that achieves the (B.19d)/(B.20d) constraint, and make the

left side equal to pd for at least one AP. However, a portion of this value is re-input into the

optimization problem as the AN power p̄d = f × p̄, trying to leave an amount of (1− f )× p̄

power available to compensate for the QoS damage caused by the leaked AN power.

• Steps 9-14: The steps (5-6) are repeated so long as (1− f )× p̄ power can compensate the

damage done to the QoS.

• Steps 15-17: If (1− f )× p̄ is unable to compensate the damage done to the QoS, the value

of f × p̄ is decreased until the QoS is achieved.

• Steps 19: Here we have the system’s energy efficiency constraint, where PEE represents

the maximum AN power that can be broadcast from the AP.
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Algorithm 1 The iterative power allocation algorithm
1: Initialize p̄d = 0, f = 0.5, p̄dlast = p̄d

2: Compute C(0)
k

3: if Problem P2/P3 is solved then
4: Save Wη/wη and p̄d = 0
5: Obtain p̄ from (B.21).
6: Calculate p̄d = f × p̄.
7: Compute C(0)

k
8: Solve Problem P2/P3 and get Wη/wη.
9: if Problem P2/P3 is solved then

10: Save Wη/wη and p̄d
11: Define p̄dlast = p̄d
12: Obtain p̄ from (B.21).
13: Define f = 0.5
14: Calculate p̄d = p̄dlast + f × p̄.
15: else
16: Calculate f = 0.5× f
17: Calculate p̄d = p̄dlast + f × p̄
18: end if
19: Go to step 7 Until p̄d converge OR p̄d

∑M
m=1 Ḡ(m,:)ḠH

(m,:) ≥PEE
20: Return saved values.
21: else
22: Equal power allocation
23: end if

B.5 Independent Physical Layer Security Algorithm (IND)

In this section, we present the IND PLS algorithm merely to boost AN distribution and enhance

security performance. Considering the COP algorithm, the cooperation between APs imposes

drawbacks because of the per AP power constraint problem: When any AP transmits data and

fulfills its power budget, the other APs cannot boost their transmission power even if they have yet

to reach their own power limit. In addition, the iterative algorithm increases the computational

complexity of the system. The IND algorithm, on the other hand, adds M antennas to each AP,

enabling each of them to independently broadcast AN from these M antennas, thereby increasing

the total power dedicated to AN distribution and ultimately enhancing security. Besides, adding

the AN antennas improves the beamforming gain of the AN channel between them and the

hidden eavesdropper, which severely reduces the quality of the eavesdropped signal. Furthermore,

the independent values of p̄dm reduce the complexity of the iterative power allocation process.

B.5.1 Adding the Artificial Noise

The transmitted signal from the mth AP is given by

xm =
 ppd G(m,:)D

1
2

(:,m)s√
p̄dm Gms̄

 ,

while the received signals at the kth user and the eavesdropper, respectively, are
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SINRk =
pd

∣∣∣∣E{
H(k,:)D

1
2

(k,:)G(:,k)

}∣∣∣∣2
pd

∑K
i=1E

{∣∣∣∣H(k,:)D
1
2

(i,:)G(:,i)

∣∣∣∣2}
− pd

∣∣∣∣E{
H(k,:)D

1
2

(k,:)G(:,k)

}∣∣∣∣2+ pd
∑M

m=1 ckm − pd
∑M

m=1
∑K

i=1 ηimckim +σ2
k

,

(B.25)

yk =p
pd H(k,:)D

1
2

(k,:)G(:,k)sk︸ ︷︷ ︸
Desired Signal

+p
pd

K∑
i=1,i ̸=k

H(k,:)D
1
2

(i,:)G(:,i)si︸ ︷︷ ︸
Users’ Interference

+
M∑

m=1

√
p̄dm Hmk Gms̄︸ ︷︷ ︸

AN

+ nk︸︷︷︸
noise

, (B.22)

ye =p
pd

M∑
m=1

hemG(m,:)D
1
2

(:,m)s+
M∑

m=1

√
p̄dm Hem Gms̄+ne, (B.23)

where s is the vector symbol defined in Eq.(B.2), Gm ∈CM×d̄ is the AN precoding matrix at the

mth AP. The term Hmk ∈C1×M represents the AN antenna links at the mth AP and the kth user,

while Hem ∈CME×M is the link between the AN antennas at the mth AP and the eavesdropper.

Both Hmk and Hem are characterized by uncorrelated Rayleigh fading due to the rich scatter

set mentioned in the system model. Accordingly, the channel gain between the jth AN antenna

element at the mth AP and the kth user is ∼CN(0,βkm). Similarly, the channel gain between the

same jth element and the ith element of the eavesdropper’s antennas is ∼CN(0,βem).

The independent AN power p̄dm at the mth AP is

p̄dm=min
(
pd(1−G(m,:)D(:,m)GH

(m,:)) ,PEE/M
)
∀m, (B.24)

where PEE represents the maximum AN power that can be broadcast from the AP, and is

determined according to the system’s energy efficiency constraint.

Lemma B.5.1. The data rate at the kth user can be bounded by the SINRk as follows in (B.25) in

the top of the next page, while the eavesdropper’s data rate can be calculated as

Re = τd

τc log2

∣∣∣IME +
(
pd

M∑
m=1

hemG(m,:)D(:,m)GH
(m,:)h

H
em

)
×

(
Qe +

M∑
m=1

p̄dmHem Gm G
H
m H

H
em

)−1∣∣∣,
where ckm, ckim, following the proofs in Appendix B.9.4.

B.5.2 Design and Feasibility Condition

The AN precoding matrix is selected from the null matrix, where the null matrix at the mth AP is

W
m = null

{[
Ĥ

H
m1,Ĥ

H
m2, · · · ,Ĥ

H
mK

]H}
,
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and the AN precoding matrix is Gm = (
W

m
(:,1:d̄)

)
/
∥∥∥W

m
(:,1:d̄)

∥∥∥. It is worth mentioning that the null

matrix, and consequently the AN precoder matrix, exists for the mth AP when the mth AP is

equipped with M > K antennas.

B.5.3 Power Allocation

Adding antennas at the APs leads to independent p̄dm at each AP, which makes the QoS (B.18b)

and power (B.18d) constraints independent of the AN power as shown in Appendix B.9.4. Con-

sequently, the joint optimization problem P2 becomes an individual optimization problem as

follows

P4 : min
Wη

TR(WηV0) (B.26a)

s.t. : pdTR(WηVk)≥ C(0)
k ∀k, (B.26b)

Wη ≥ 0, (B.26c)

pdTR
([

WηV0]
(L(m),L(m))

)
≤ pd ∀m. (B.26d)

Applying the same idea to problem P3 gives

P5 : min
wη

wT
ηv0 (B.27a)

s.t. : pdwT
ηvk ≥ C(0)

k ∀k, (B.27b)

wT
η ≥ 0, (B.27c)

pd

K∑
k=1

ηkξkm ≤ pd ∀m. (B.27d)

Now, the SDP and LP optimization problems P4 and P5 can be solved individually. The

power used to broadcast AN, p̄dm , is calculated from (B.24), removing the need for any iterative

optimization algorithms and consequently decreasing the computational complexity of the system.

Note that the structure of matrices Wη,V0 and Vk is the same as in the optimization problem P2,

and the structure of vectors wη,v0 and vk is the same as in the optimization problem P3, but the

values inside V0,Vk,v0, vk and C(0)
k are re-defined in Appendix B.9.4.

B.6 Hardware and Computational Complexities

This section investigates the additional hardware and computational complexities of the proposed

algorithms, where the latter are evaluated by counting the number of arithmetic operations

similar to those in works that discuss the computational complexity in massive MIMO and

cell-free massive MIMO (i.e., those in [131, 137, 138]). Accordingly, this work evaluates the

computational complexity for every access point as per the following: signal processing for

channel estimation, signal processing for data reception and transmission, fronthaul signaling

for data and CSI sharing, and power control optimization.
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Hardware Complexity: It is quite evident that COP offers the simplest hardware of the two

algorithms since no extra antennas are added to the system. This is not the case for the IND
algorithm, where M = K +1 antennas are added at each AP. This is a reasonable number of

antennas per AP. It is also applicable to CF-MaMIMO, where a number of works in the literature

equipped each AP with a higher number of antennas than users. For example, in [139], the

number of antennas per AP reached 64 antennas for 20 users.

Computational Complexity: There is no additional computational complexity due to fronthaul

signaling for data and CSI sharing nor due to the signal processing for channel estimation. The

reason for this is that the CPU utilizes the original users’ CSI Ĥ to design the AN beamforming

matrix in the COP algorithm. Moreover, in the case of the IND algorithm, the AN beamforming

matrix is built inside the AP not in the CPU, so there can be no additional security computational

complexity due to fronthaul signaling for data and CSI sharing. However, building the AN

precoding matrices in the IND algorithm requires estimating Hmk for all m and k values, which

intensifies the computational complexity. It can be concluded from Chapter 3 in [131] that

the correlation process between the pilot ψk and yp
m=ppu

∑K
k=1H

H
mkψk+nm ∈ CM×τp

requires

M×τp = K2 +K mathematical operations, where M = K +1 is the minimum number of antennas

to achieve the feasibility condition, and τp = K ensures that orthogonality is achieved between

pilots.

During the precoding design stage, the computational complexities of both algorithms are

computed when the null is performed using singular value decomposition (SVD). From [140], the

IND algorithm requires K3 +K2 mathematical operations performed by the AP while the COP
requires only MK2 operations performed by the CPU.

Furthermore, the CPU already optimizes the power allocation for the users’ data streams.

It does so based on different utility functions that determine the most appropriate approach to

each optimization problem [138]. In this work, we just adopt a utility function that is suitable

for security purposes, where it aims to minimize the transmission power to the amount that

maintains the system’s QoS, i.e., optimization problems P2 & P3. According to [141–143], the

solutions of these problems using the interior-point method require (K M)3.5 and (K + M)2K

operations, respectively. Moreover, (B.21) and steps (5 & 12) in algorithm 1 require only M

operations.

Consequently, the IND algorithm requires negligible computational complexity for AN power

allocation since the AN power is calculated directly from Eq.(B.24), while the additional computa-

tional complexity in the case of the COP algorithm comes from solving the optimization problem

N times to search for the AN power each time. Fortunately, the convergence of the iterative

optimization algorithm is relatively quick, as seen in the simulation results section.

Considering all mentioned calculations, the IND performs K(K +1)2 operations at the AP,

which can be neglected (see Table 5 in [138]). Furthermore, the COP algorithm adds a very afford-

able computational complexity to the CPU, a unit that can comfortably perform the significant
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number of operations mentioned in [138].

B.7 Discussion and Simulation Results

In this section, we evaluate the proposed PLS algorithms by applying them to the CF-MaMIMO

system described in [127], where M = 64 single antenna APs and K = 8 single antenna users

are uniformly distributed over a 1km×1km coverage area. To avoid boundary effects, and to

imitate a network with an infinite area, the square area is wrapped around at the edges. The

Hata-COST propagation model is used to model the large-scale coefficient as 10log10(βkm) =
−136−35log10(dkm)+Xkm, where dkm is the distance (in kilometers) between the mth AP and the

kth user, and Xkm ∼N(0,σ2
shadow) represents the shadow fading with σshadow = 8 dB. The AWGN

variance at each receiver is σ2
w = T0 ×KB×BW ×NF, where T0 = 290 (in Kelvin) is the noise

temperature, KB = 1.381
p

ó10‚àí23 (in Joules per Kelvin) is the Boltzmann constant, BW = 20 (in

MHz) is the bandwidth and NF = 9 dB is the noise figure.

In this simulation, specifically during the uplink training stage, the user utilizes pu = 100 mW

to transmit an orthogonal pilot with sequence length τP, i.e., the case of low-speed mobility users.

In the channel estimation stage, each AP estimates its channels with all users using the MMSE

estimator, while in the downlink stage, all APs cooperate to serve the users simultaneously using

the MMSE beamforming technique. The total downlink PT in the system is divided between the

M APs equally such that pd=PT
M . Then, pd is allocated optimally, where the users’ QoS is γk=4.

The IND algorithm adds M=9 antennas to broadcast an independent p̄dm for each AP. These

specifications are the default unless otherwise mentioned.

In the same context, we used MATLAB to run all simulations. We built 250 different networks,

each of which had a uniform geometrical distribution of APs and users. Within these networks,

the eavesdropper occupied different locations, where it had distances to the APs in the range of

[5−1330] m and distances to the users in the range of [15−1270] m. Moreover, in each network, we

obtained the results by averaging 1000 random realizations for each distribution. The MATLAB

toolbox ’CVX’ in [144] was used to solve the optimization problems.

B.7.1 The Proposed Algorithms

To evaluate the improvements seen in security performance thanks to the proposed PLS algo-

rithms, we compared them with two different scenarios. The first scenario, Full, transmits data

streams with a complete PT that is equally divided between users. This scenario neither performs

power control nor broadcasts any AN to enhance security. The second scenario, QoS, secures

the transmission by performing optimal power control without broadcasting the AN [119–122].

Specifically, QoS transmits the data streams with only enough power to achieve the users‚Äô

QoS while minimizing the attainable data by the eavesdropper.
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Figure B.2: Eavesdropper data rates versus the transmission schemes.

Moreover, we use the term IND-M to indicate a scenario that aims to maximize the security

performance using the IND algorithm (i.e., by using the leftover component after achieving QoS to

broadcast AN). On the other hand, we use IND-L to denote a scenario that prioritizes maintaining

the desired energy efficiency simultaneously while enhancing the security performance. In this

scenario, the IND algorithm limits the AN power to the amount that ensures that the energy

efficiency in the system is accepted. Furthermore, for the COP algorithm, we always consider

maximizing the security performance since the nature of the COP algorithm limits AN power.

Since this work investigates the PLS of CF-MaMIMO systems that aim to transmit a large

amount of data, we present the secrecy performance in terms of the leaked data. More precisely,

we use the number of tapped data streams i.e., the "eavesdropper data rate" as a benchmark to

evaluate the security performance. As such, we present the concept of secrecy sum-rate as a way

to represent the secured data, and we define it as the difference between the users’ sum rate and

the eavesdropped data streams [111, 113, 115, 116, 119].

Fig. B.2 presents the eavesdropper data associated with the different techniques proposed for

securing the downlink of the CF-MaMIMO system. The figure demonstrates that as the system

has accurate knowledge about users’ CSI, the proposed algorithms become more efficient in

securing the system. This occurs because the AN power is perfectly broadcast in the null of the
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Figure B.3: AN powers of the proposed algorithms.

users and none of it leaks to the users. Consequently, the users’ QoS is accomplished with a

smaller amount of power and thus more is available for AN.

Moreover, Fig. B.2 shows, the QoS scheme more effectively limits the eavesdropper’s data rate

than the Full scheme by minimizing the users’ data stream power to the amount that guarantees

the QoS. While the COP and IND algorithms increase this limitation by broadcasting AN, the

IND algorithm jamming has more of an effect than the COP algorithm.

Fig. B.3 interprets the reasons behind the advanced security performance of the IND algo-

rithm over the COP algorithm. The first reason is that the amount of power dedicated to AN

broadcasting is greater in the former than in the latter, because the cooperation between the

APs in the COP scheme inevitably comes across an AP power constraint problem. When one

AP point reaches its power constraint, the others cannot consume more power even if they are

below their own power constraints, and hence the total consumed power in the COP cannot reach

the PT. This constraint is relaxed when using the IND algorithm, meaning that the amount of

consumed power reaches the PT because each AP has an independent AN power value p̄dm , and

thus consumes its PT completely as in (B.24) which maximizes the AN power.

The security performance is bolstered additionally by a multiple-antenna AN channel gain,

which is achieved by using M antennas to broadcast the AN. Although the AN power of the IND-L
is limited and approaches that of the COP algorithm, as seen in Fig. B.3, the security performance

of the IND-L algorithm is still superior to that of COP, as seen in Fig. B.2. Consequently, we
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Figure B.4: COP. algorithm powers at different pilot contamination levels.

henceforth simulate and analyze while aiming to maximize the security performance, i.e we

use the IND-M algorithm, where all the conclusions and analysis are applicable for the IND-L
algorithm.

Figs. B.4 and B.5 illustrate the amount of power used to distribute user data and AN versus

the PT for different levels of pilot contamination. It is worth noting that the extent of pilot

contamination is determined by the users’ mobility. In low-speed mobility scenarios, it is possible

to achieve orthogonal pilot signals, which can reduce the impact of pilot contamination and

improve channel estimation accuracy. Many points can be concluded from these figures. First,

the amount of power used to stream user data is almost the same in both algorithms for each

contamination level because both of them prioritize QoS. The small difference between them

occurs because of the AN leakage, as was seen in Fig. B.6. Second, the channel estimation error

has a minor effect on the AN power when using the IND algorithm, where almost the same AN

power can be observed for all contamination levels. Third, at a low power budget (PT <−2.5 dBW),

when the PTs are not enough to achieve the QoS, the data stream powers are approximately the

same at all contamination levels because these PTs fail in achieving the QoS and thus equal

power allocation is performed. Fourth, at a high power budget (PT >−2.5 dBW), when the PTs

are enough to satisfy the QoS, the more accurate channel estimation accomplishes the QoS with

a smaller amount of power, saving up more power to broadcast AN. This occurs because as the
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Figure B.5: IND. algorithm powers at different pilot contamination levels.

estimation becomes more accurate, the APs perform more accurate beamforming, which boosts

the signal’s power at the users and reduces the interference between them. The leaked AN is also

decreased. Finally, we can conclude from these figures that AN power increases by boosting the

PT, which also enhances security performance.

Fig. B.6 plots the leaked AN power, which is determined by the AN power and estimation

error as in (B.15) and (B.25), against the PT. The results in this figure agree with the ones in

Figs. B.4 and B.5, where for the COP algorithm, when PT < -7.5 dB, the estimation errors have

a dominant role in determining the leaked AN power at the users. Moreover, when PT > -7.5

dB, the AN powers have different quantities at each pilot contamination value and thus have a

dominant effect in the leaked AN power at the eavesdropper. On the other hand, for the IND
algorithm, the AN power value is high and increases with estimation accuracy. Therefore, it

has more of an effect on the leaked AN than the estimation errors (i.e., the leaked AN power is

proportional to the AN power regardless of the pilot contamination).

As discussed before, the IND algorithm requires using a less complicated estimator. Fig. B.6

presents the difference between the leaked AN power when using the LS estimator in lieu of

the MMSE one in conjunction with the IND algorithm. This figure confirms that the LS is less

accurate than the MMSE at all pilot contamination levels. In addition, it shows that as pilot

contamination increases, the amount of leaked AN intensifies, which implicitly leads to a greater

degradation to the QoS. However, these variations in the amount of leaked AN between using the
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Figure B.6: AN Leakage power at different pilot contamination levels.

Figure B.7: Convergence time of algorithm 1.

MMSE estimator or the LS are negligible with respect to the amount of AN leakage seen in Fig.

B.6.
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Fig. B.7 presents the convergence of the algorithm (1) by plotting the AN power against the

number of iterations when the pilot contamination has an inner product of 0.1. The iterative

optimization algorithm converges to 90% of the steady-state in less than nine iterations and

converges after two and four iterations to 60% from the final value of the AN power. It is clear that

increasing the iterations boosts the AN power at the cost of increasing computational complexity.

Therefore, the number of iterations can be two iterations when minimizing the computational

complexity or nine when maximizing the security performance.

B.7.2 Network’s Factors Impact on Security

Fig. B.8 illustrates the eavesdropper data rates at various numbers of users. This figure implies

that the number of users determines the amount of power supplied to the users’ data streams, thus

also impacting the power reserved for AN distribution. The enhancement in security performance,

measured by the degradation of eavesdropper’s data-rate, becomes greater as the number of

users decreases. It is evident that as the number of users increases, the amount of secured data

decreases because more power is consumed when serving the users. This ultimately reduces the

amount power dedicated to AN broadcasting. On another note, the secured data rate increases as

the PT increases. Moreover, for the IND algorithm, as the number of users increases, the AN

channel’s beamforming gain also increases due to the elevated number of AN antennas. This

can compensate for the degradation of the security performance because of the reduction in AN

power. As a result, the reduction in security performance due to an increase in the number of

users in the case of the IND case is limited in comparison to that of the COP case.

Fig. B.9 presents the role of the users’ QoS on the security performance. As the users’ QoS

level increases along with the power used to stream the users’ data, there is an increase in the

amount of power received by the eavesdropper, which mitigates the effect of AN and undermines

security performance. However, the IND algorithm demonstrates an excellent performance, where

more AN power is exploited at all QoS levels which degrades the eavesdropper’s performance.

Specifically, this figure highlights an important feature regarding the IND algorithm in the

presence of the per AP power constraint. When γk = 8, the eavesdropper’s data rate associated

with QoS scheme and COP algorithm, is approximately equal to that of the case of the FULL
transmission scheme. This means that satisfying the system’s QoS is accomplished by increasing

the data streams’ power until facing the per AP power constraint challenge, so the COP algorithm

is unable to broadcast AN power. On the other hand, due to the independence property in the

IND algorithm, it can exploit the remaining power at the APs after the per AP power constraint

limit in broadcasting the AN power.

Fig.B.10 discusses the effect of the number of APs on security performance. The PT is fixed at

0 dBW to avoid its role in security performance. Although increasing the number of APs improves

the connectivity of the users and the eavesdropper, the users’ sum-rate (USR) in the FULL
scheme increases with M while the eavesdropper’s data rate (EDR) remains constant because of

the beamforming techniques that maximize the power used for users and mitigate it otherwise.
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Figure B.8: Eavesdropper data rates at different number of users (K).

Besides, it is clear that the QoS scheme conserves the users’ sum-rate above the lower bound and

decreases the eavesdropper’s data-rate because it bounds the power of the users’ data streams.

Moreover, since increasing the number of APs improves the connectivity, the COP and the IND
algorithms achieve the QoS with a minimum amount of power, resulting in more power left over

for the distribution of AN and ultimately decreasing the eavesdropper’s data rates.

Fig. B.11 demonstrates the impact of the number of antennas (M̄) on the secrecy performance

when using the IND algorithm, where this impact depends on the channel estimation accuracy.

Increasing the number of AN antennas amplifies the jamming signal at the eavesdropper. How-

ever, in the case of imperfect channel estimation, increasing the number of antennas exacerbates

AN leakage to legitimate users, which in turn necessitates the use of more power to achieve

the QoS, ultimately reducing the amount of broadcast AN. Moreover, enhancing the channel

estimation accuracy leads to more effective security performance as the figure presents in the

case of perfect CSI.

Fig.B.12 proves that beamforming the AN in the null of users is independent of the user’s

data stream beamforming techniques. Here, we secure the system when using different users’

data beamforming techniques in the presence of pilot contamination with an inner product 0.1,

where the AN beamformer is fixed with all of these users’ data beamformers. The specifications

of these different beamforming techniques can be noted in the figure, where the MR precoder
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Figure B.9: Eavesdropper data rates at different QoS (γk) levels.

has the worst performance in these interfering environments and consumes more power than

others to achieve the QoS, which degrades its security performance. However, the RZF and ZF

beamforming techniques demonstrate performance approaching that of the MMSE technique.

B.8 Conclusion

In this paper, PLS is used to protect downlink data streams in CF-MaMIMO systems from

passive eavesdropping. We broadcast both data streams and AN into the null of users. The COP
algorithm achieves the feasibility conditions through the cooperation of APs; however, it prevents

the APs from utilizing their total PTs. The IND algorithm achieves the AN feasibility conditions

by increasing the number of AP antennas, which enables them to broadcast AN independently

and allows them to consume their PTs completely. An optimization problem is formulated to

maximize the AN power and to keep the QoS in a system affected by AN leakage due to estimation

error. Both the hardware and the computational complexities of the proposed algorithms are

compared, and then their security performances are evaluated regarding the number of users,

number of APs, QoS, beamforming techniques, estimation errors and AN leakage. Our simulation

results demonstrate that the proposed algorithms enhance the security of the system under

multiple conditions. In future work, we plan to study the implementation of these proposed

algorithms in the context of non-ideal transceivers at the BS and users. After that, the analysis in
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Figure B.10: Data-rate at different numbers of AP (M).

Figure B.11: Eavesdropper data rates versus the number of antennas (M̄).
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Figure B.12: secrecy sum-rate with different beamforming techniques.

terms of secrecy outage probability will be conducted to probe the possibility of satisfying system

security requirements in the presence of non-ideal transceivers.
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B.9 Appendices

B.9.1 Proof of the power constrain in (B.17).

Considering a system composed of K users and M APs, where H ∈CK×M is the channel matrix

between the users and the APs, while the pre-coding matrix Ḡ ∈CM×1 is chosen from the columns

of the null(H) and thus HḠ= 0K×1.

The transmitted signal from the mth AP

xm =p
pd G(m,:)D

1
2

(:,m)s︸ ︷︷ ︸
Users’ Data

+√
p̄m Ḡ(m,:)s̄︸ ︷︷ ︸

AN

, (B.28)

and the received AN at the kth user is
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yAN
k =

M∑
m=1

√
p̄m H(k,m)Ḡ(m,:)s̄︸ ︷︷ ︸

AN

=


H(k,1)

H(k,2)
...

H(k,M)


T

︸ ︷︷ ︸
H(k,:)


p

p̄1 0 · · · 0

0
p

p̄2 · · · 0
... · · · · · · 0

0 · · · 0
p

p̄M


︸ ︷︷ ︸

P


Ḡ(1,:)

Ḡ(2,:)
...

Ḡ(M,:)

 s̄

︸ ︷︷ ︸
Ḡ

. (B.29)

When
p

p̄1 = p
p̄2 = ·· ·pp̄M = p

p̄d , then PḠ = p
p̄d Ḡ, and since HḠ = 0K×1, then yAN

k =p
p̄d H(k,:)Ḡs̄= 0. However, when

p
p̄1 ̸= p

p̄2 ̸= · · · ̸=p
p̄M , then PḠ results in new columns that

are outside the space of the null(H) and thus the expression in (B.29) becomes yAN
k =H(k,:)PḠs̄ ̸=

0.

Consequently, to beamform the AN into the null space, the AN power p̄d has to be a fixed

number and the same in all APs. Thus, the power constraint at the mth AP becomes

pdG(m,:)D(:,m)GH
(m,:) + p̄dḠ(m,:)ḠH

(m,:) ≤ pd, ∀m. (B.30)

B.9.2 Proof of Lemma B.4.2

The cost function of the optimization problem P1 is

M∑
m=1

G(m,:)D(:,m)GH
(m,:) =

M∑
m=1

K∑
k=1

ηkmξkm, (B.31)

where ξmk =G(m,k)G∗
(m,k). Besides, the numerator of (B.15) can be simplified to

∣∣∣ppd E
{
H(k,:)D

1
2

(k,:)G(:,k)

}∣∣∣2 ≜ pd

( M∑
m=1

p
ηkm E

{
G(m,k)Ĥ(k,m)

})2

= pd

( M∑
m=1

p
ηkm ckm

)2

= pd

M∑
m=1

M∑
m̀=1

p
ηkm

p
ηkm̀ × ckmckm̀,

where ckm = E
{
G(m,k)Ĥ(k,m)

}
and (≜) refers to the independence between the different random

elements (i.e., channel estimate and the estimation error).

Correspondingly, the first term in the denominator of (B.15) can be simplified as

pd

K∑
i=1

E
{∣∣∣H(k,:)D

1
2

(i,:)G(:,i)

∣∣∣2}
≜ pd

K∑
i=1

E
{∣∣∣Ĥ(k,:)D

1
2

(i,:)G(:,i)

∣∣∣2}
+ pd

K∑
i=1

E
{∣∣∣H̃(k,:)D

1
2

(i,:)G(:,i)

∣∣∣2}
≜ pd

K∑
i=1

E
{∣∣∣ M∑

m=1

p
ηim Ĥ(k,m)G(m,i)

∣∣∣2}
+ pd

K∑
i=1

M∑
m=1

ηimckim

= pd

K∑
i=1

M∑
m=1

M∑
m̀=1

p
ηimηim̀ cki

mm̀ + pd

K∑
i=1

M∑
m=1

ηimckim,
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where cki
mm̀ = E

{
Ĥ(k,m)G(m,i)Ĥ∗

(k,m̀)G
∗
(m̀,i)

}
, and ckim = (βkm −αkm)E

{|G(m,i)|2
}
.

The third term in the denominator can also be presented as

p̄dE
{∣∣H(k,:)Ḡ

∣∣2}
⊜ p̄dE

{∣∣H̃(k,:)Ḡ
∣∣2}

= p̄dTR
(
E
{
H̃H

(k,:)H̃(k,:)ḠḠH
})

≜ p̄dTR
(
E(βkm−αkm)E

{
ḠḠH

})
= p̄d

M∑
m=1

(
βkm −αkm

)
E
{
Ḡ(m,:)ḠH

(m,:)

}
= p̄d cAN

k ,

where E(βkm−αkm) ∈CM×M is a diagonal matrix that contains the variances of the channel estima-

tion errors between the kth user and the APs, and (⊜) indicates the null effect, Ĥ(k,:)Ḡ= 0. Now

let us define the following terms

Cηkm = (1+γk)c2
km −γk(ckk

mm + ckkm),

Cηkmm̀ = ((1+γk)ckmckm̀ −γkckk
mm̀),

Cηkim
=−γk(cki

mm + ckim),

Cηkimm̀ =−γkcki
mm̀,

and

C(0)
k = γk(p̄d cAN

k +σ2
k),

meaning that constraint (B.18b) in the optimization problem P1 becomes

M∑
m=1

ηkmCηkm+
M∑

m=1

M∑
m̀ = 1,
m̀ ̸= m

p
ηkmηkm̀ Cηkmm̀+

K∑
i = 1,
i ̸= k

M∑
m=1

ηimCηkim
+

K∑
i = 1,
i ̸= k

M∑
m=1

M∑
m̀ = 1, m̀ ̸= m

p
ηimηim̀ Cηkimm̀ ≥ C(0)

k .

(B.32)

It is clear that the cost function in (B.31) and in the constraints of (B.32) are a sum of multiplica-

tions between the power coefficients and constants. Therefore, let’s define

wη ∈RK M×1 =
([

η11,η21, · · · ,ηK1︸ ︷︷ ︸
D(:,1)

,η12,η22, · · · ,ηK2︸ ︷︷ ︸
D(:,2)

, · · · ,η1M ,η2M , · · · ,ηK M︸ ︷︷ ︸
D(:,M)

] 1
2
)T

,
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Wη ∈RK M×K M =wηwT
η =



η11, · · · pη11ηK1 , p
η11η12 · · · pη11ηK2 · · · pη11η1M · · ·pη11ηK M

...
. . .

...
...

...
...

...
...

...
...

p
ηK1η11 · · · ηK1, p

ηK1η12 · · ·pηK1ηK2 · · ·pηK1η1M · · ·pηK1ηK Mp
η12η11 · · · pη12ηK1 , η12 · · · pη12ηK2 · · · pη12η1M · · ·pη12ηK M

...
...

...
...

. . .
...

...
...

...
...

p
ηK2η11 · · ·pηK2ηK1 , pηK2η12 · · · ηK2 · · ·pηK2η1M · · ·pηK2ηK M

...
...

...
...

...
...

. . .
...

...
...

p
η1Mη11 · · ·pη1MηK1 ,pη1Mη12 · · ·pη1MηK2 · · · η1M · · ·pη1MηK M

...
...

...
...

...
...

...
...

. . .
...

p
ηK Mη11 · · ·pηK MηK1 ,pηK Mη12 · · ·pηK MηK2 · · ·pηK Mη1M · · · ηK M



,

V0 ∈RK M×K M =



ξ11 0 · · · · · · · · · · · · · · · · · · · · · 0

0
. . . 0

...
...

...
...

...
...

...
... 0 ξK1 0

...
...

...
...

...
...

...
... 0 ξ12 0

...
...

...
...

...
...

...
... 0

. . . 0
...

...
...

...
...

...
...

... 0 ξK2 0
...

...
...

...
...

...
... 0

. . . 0
...

...
...

...
...

...
...

... 0 ξ1M 0
...

...
...

...
...

...
...

... 0
. . . 0

0 · · · · · · · · · · · · · · · · · · · · · 0 ξK M



.

As a result, the cost function in (B.31) can be rewritten as

M∑
m=1

G(m,:)D(:,m)GH
(m,:) =

M∑
m=1

K∑
k=1

ηkmξkm =TR
(
WηV0)

.

Note that the sum of the L(m) = [K(m−1)+1 : Km] elements in the diagonal line of [WηV0]
matrix, pdTR

([
WηV0]

(L(m),L(m))

)
, represents the power of the users’ data stream at the mth AP.

Following the same logic, constraint (B.32) can be written in matrix form by multiplying Wη

by the Vk ∈CK M×K M matrices ∀k, where their elements are the coefficients of (??) and zeros. To
explain this matrix form, we show a case study when K = 2 and M = 3 at k = 1 and i = 2 as follows

Wη=



η11
p

η11η21
p

η11η12
p

η11η22
p

η11η13
p

η11η23p
η21η11 η21

p
η21η12

p
η21η22

p
η21η13

p
η21η23p

η12η11
p

η12η21 η12
p

η12η22
p

η12η13
p

η12η23p
η22η11

p
η22η21

p
η22η12 η22

p
η22η13

p
η22η23p

η13η11
p

η13η21
p

η13η12
p

η13η22 η13
p

η13η23p
η23η11

p
η23η21

p
η23η12

p
η23η22

p
η23η13 η23


,
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V1 =



Cη11 0 Cη121 0 Cη131 0
0 Cη121

0 Cη1221 0 Cη1231

Cη112 0 Cη12 0 Cη132 0
0 Cη1212 0 Cη122

0 Cη1232

Cη113 0 Cη123 0 Cη13 0
0 Cη1213 0 Cη1223 0 Cη123


.

The other matrix V2 is derived in the same way. Now it is evident that

TR
(
WηV1)= η11Cη11 +η12Cη12 +η13Cη13 +

p
η11η12 Cη112 +

p
η11η13 Cη113

+p
η12η11 Cη121 +

p
η12η13 Cη123 +

p
η13η11 Cη131 +

p
η13η12 Cη132

+η21Cη121
+η22Cη122

+η23Cη123
+p

η21η22 Cη1212 +
p

η21η23 Cη1213

+p
η22η21 Cη1221 +

p
η22η23 Cη1223 +

p
η23η21 Cη1231 +

p
η23η22 Cη1232 .

B.9.3 Proof of Lemma B.4.3

When ηk1 = ·· · = ηkM = ηk, ∀k, D(k,:) = ηkmIM , D(:,1) = D(:,2) = ·· · = D(:,M), and thus, the cost

function of the optimization problem P1 is

M∑
m=1

G(m,:)D(:,1)GH
(m,:) =

K∑
k=1

ηk

M∑
m=1

ξkm =wT
ηv0,

where wη ∈CK×1 = (
[η1,η2, · · · ,ηK ]

1
2
)T, and v0 ∈CK×1 = [∑M

m=1 ξm1,
∑M

m=1 ξm2, · · · ,
∑M

m=1 ξmK
]T.

The numerator of (B.15) becomes

∣∣ppd E
{
H(k,:)D

1
2

(k,:)G(:,k)
}∣∣2 = pdηk

M∑
m=1

M∑
m̀=1

ckmckm̀,

and the first term in the denominator of (B.15) becomes

pd

K∑
i=1

E
{∣∣H(k,:)D

1
2

(i,:)G(:,i)
∣∣2}= pd

K∑
i=1

ηi

M∑
m=1

M∑
m̀=1

cki
mm̀ + pd

K∑
i=1

ηi

M∑
m=1

ckim.

However the third term in the denominator of (B.15) does not change. As such, the QoS

constraint (B.32) is

ηk

( M∑
m=1

Cηkm +
M∑

m=1

M∑
m̀ = 1,
m̀ ̸= m

Cηkmm̀

)
+

K∑
i = 1,
i ̸= k

ηi

( M∑
m=1

Cηkim
+

M∑
m=1

M∑
m̀ = 1,
m̀ ̸= m

Cηkimm̀

)
≥ C(0)

k . (B.33)

For an arbitrary desired user k, where the other users are interfering users, the multiplication

of wT
η with Vk ∈CK×1, (wT

ηvk), constructs the left side of constraint (B.33), where
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Vk ∈CK×1 =



∑M
m=1 Cηk1m

+∑M
m=1

∑M
m̀ = 1,
m̀ ̸= m

Cηk1mm̀

...∑M
m=1 Cηk(k−1)m

+∑M
m=1

∑M
m̀ = 1,
m̀ ̸= m

Cηk(k−1)mm̀∑M
m=1 Cηkm +∑M

m=1
∑M

m̀ = 1,
m̀ ̸= m

Cηkmm̀∑M
m=1 Cηk(k+1)m

+∑M
m=1

∑M
m̀ = 1,
m̀ ̸= m

Cηk(k+1)mm̀

...∑M
m=1 CηkKm

+∑M
m=1

∑M
m̀ = 1,
m̀ ̸= m

CηkKmm̀



.

B.9.4 Proof of Lemma B.5.1

Based on (B.22), the data rate at the kth user is bounded by (B.25). By substituting (B.24) into

the AN term, the latter becomes

M∑
m=1

E{|√p̄dm HmkGm|2}⊜ pd

M∑
m=1

E{|H̃mkGm|2 × (1−G(m,:)D(:,m)GH
(m,:))}

= pd

M∑
m=1

ckm − pd

M∑
m=1

K∑
i=1

ηimckim,

where ckm = E{|H̃mk Gm|2}, ckim = E{|H̃mk GmG(m,i)|2}. Then, the coefficients of the QoS constraint

become independent of p̄dm and are given

Cηkm = ((1+γk)c2
km −γk(ckk

mm + ckkm − ckkm),

Cηkimm̀ =−γkcki
mm̀,

Cηkmm̀ = ((1+γk)ckmckm̀ −γkckk
mm̀),

Cηkim =−γk(cki
mm + ckim − ckim),

C(0)
k = γk(pd

M∑
m=1

ckm +σ2
k).

Moreover, since the AN power at the mth APs is the remaining amount of the power (that is

above the QoS power), then the constraint (B.18d) in the problem P1 becomes

pdG(m,:)D(:,m)GH
(m,:) + p̄dm = pd, ∀m,

which leads to pdG(m,:)D(:,m)GH
(m,:) ≤ pd, ∀m, and then the AN power, p̄dm , is calculated from

(B.24). Now, both the QoS and power constraints are independent of the AN power, which converts
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the joint optimization problems P2 and P3 to the separated optimization problems P4 and P5,

respectively.
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