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ABSTRACT

A subspace of f5(X) without the approximation property
by
Christopher Chlebovec

The aim of the thesis is to provide support to the following conjecture, which
would provide an isomorphic characterization of a Hilbert space in terms of the ap-
proximation property: an infinite dimensional Banach space X is isomorphic to ¢ if
and only if every subspace of ¢5(X) has the approximation property.

We show that if X has cotype 2 and the sequence of Euclidean distances {d,,(X*)},
of X* satisfies d,,(X*) > a(logyn)? for all n > 1 and some absolute constants a > 0

and 3 > 4, then /5(X) contains a subspace without the approximation property.



CHAPTER I

Introduction

This is a thesis in Geometric Functional Analysis devoted to the study of structural
properties of infinite dimensional Banach spaces.

Among all Banach spaces, the Hilbert space /5 is the “nicest” and most “regular”.
It has lots of symmetries and, in particular, all of its infinite dimensional subspaces
are isomorphic to the entire space. This is not true even for such classical spaces as
y, L, (p # 2), whose subspaces admit much more diversity.

In this thesis we concentrate on constructing (infinite dimensional) Banach spaces
without the approximation property; in particular, such Banach spaces do not admit
a Schauder basis, which is to say that they do not have an infinite dimensional
coordinate system. We are looking for arguments which allow us to obtain these
constructions inside Banach spaces from certain large classes of spaces. This would
support the idea that such a phenomenon is not merely accidental, but it reflects a
common behavior.

We discuss first, in Chapter 111, the very important construction of Szankowski [9]
from the late 70s, who obtained subspaces of ¢, (p # 2) without the approximation
property. As observed in the same paper, his arguments turned out to be more
general and can be easily adapted to obtain the following more general result: an

infinite dimensional Banach space X contains a subspace without the approximation



property, unless X is “very close” to a Hilbert space, which is to say that X has type
(2 —€) and cotype (2 + ¢) for all € > 0.

The objective of the thesis is to provide support to the following conjecture, which
would provide an isomorphic characterization of a Hilbert space in terms of the ap-
proximation property: an infinite dimensional Banach space X is isomorphic to /s
if and only if every subspace of /5(X) has the approximation property. It is known
that the corresponding statement involving only subspaces of X is not true (see, for
example, the discussion in Chapter V).

The proposed question is equivalent to finding subspaces without the approxima-
tion property in f5(X), for every X which is not isomorphic to 5. Due to Szankowski’s
result, one only has to consider the case when X is an infinite dimensional space which
has type (2 — €) and cotype (2 + ¢) for all € > 0. We will investigate the problem
under the additional assumption that there is a certain control on the sequence of
Euclidean distances of X, {d,(X)},. The type and cotype properties of X imply,
in this case, estimates of the form d,(X) < c¢(a)n® and d,(X*) < c¢(a)n® for all
a > 0and n > 1 (see, for example, [7]). In the main result of the thesis, which is
contained in Chapter IV, we show that we can obtain subspaces of ¢5(X) without the
approximation property provided that the sequence {d,(X*)}, is bounded below by
{C(logy n)P},, where C' and 3 are absolute constants.

The result of the thesis and the discussion at the end of Chapter V suggest that
it seems plausible to continue the investigation and obtain a positive answer to the
following question: does ¢5(X) contain a subspace without the approximation prop-
erty provided the sequence of Euclidean distances {d,,(X*)}, is bounded below by
{f(n)}n for some iterate f of log? This would “almost” prove the mentioned isomor-

phic characterization of a Hilbert space in terms of the approximation property.



CHAPTER II

Preliminaries

We will start with some basic definitions needed throughout. For all other nota-

tions and concepts not explained here, we refer the reader to [2] and [4].

Definition II.1. Let X be a vector space over C. A norm on X is a real valued
function || - || : X — R that satisfies the following properties for all x,y € X and

aeC:
o |lz[[>0
e ||z|]| =0 if and only if x =0
o [laz|| = |af - ||z
o [z +yll < |lz|l + [yl

A vector space X equipped with a norm || - || is called a normed vector space, or

simply a normed space.

Definition II.2. A normed spaced X is called a Banach space if it is complete with

respect to the metric induced by its norm.

Definition I1.3. Let X be a Banach space. A sequence {e;}Z, in X is said to be

l-unconditional if

L
E 0;e;
i=1

L
e
i=1




for all possible signs {0;}L ;.

Definition II.4. Let {X;};>1 be a sequence of Banach spaces and 1 < p < co. The

(,-direct sum of the sequence {X;};> is

o] 0o 1/p
(&@%@~%f=x=@mmmJ€H&ﬂMF<ZNM&) < oo
i=1 i=1

We will write (30, 5, @ Xu)y, = (X1 ® Xo @ -++),, and if X = X; for all i > 1,

LX) = (X&X B ),
We start with some preliminary results:

Proposition IL5. Let X and Y be Banach spaces. Let {e;}}, and {f;}I<, be a
sequence of 1-unconditional vectors in X and Y, respectively. Then, {(e;,0))}, U

{(0, fj)}5<, is a I-unconditional sequence in X @;Y .

Proof. In X &5 Y we have,

L K L K
o0 (300X ns)
i=1 j=1 XY i=1 j=1 XY
- ([se| + |
i=1 x = v
(|5 +|=s
=1 lx =ty
K
(a2
=1 j=1 XY
L K
=D _(e,0)+ > (0. f)
for all possible signs {6;}/~, and {n;} . O



Proposition I1.6. Let p,q € (1,00) be such that % —|—é =1 and let {X;}i>1 be a

sequence of Banach spaces. Then, the dual of (Zi>1 &P Xi)g is isometrically isomor-
- P

phic to (Z¢21 @Xi*)eq'

Proof. Let X = (3,5, @Xi)é and Y = (3,5, @Xi*)g . Let

T

X" —Y

where x}f(z;) = f(0,...,0,2;,0,...) for each z; € X;. Clearly T is linear and each

x; € X[ since

|27 ()| = 1£0, ., 0,24, 0,....) < [fI[- 110, ., 0,5, 0, )l x = [IFI - Vil [,

which implies that ||z} ||x < [[f]| < oo. We will use below that for each 0 < < 1,
there exists a y,, € X,, with 2% (y,,) > d||z%|| and ||y.|| = 1. Now, put z, = ||2%||9" Ly,

Then, for each k,

~1
g(;; 6|z

X3

k k
0 (ZHJL‘Z!%;) ZZIIxZI "l
n=1 n=1
k
< Ml - 2 (vn)
n=1
= f(z1, 22, ..., %,0,0,...)

< IFI - (210 2255 2, 0,0, )] x

k 1/p
=[£Il <Z|Izn|!pn>



1/p
(q—l)p>
X .

k 1/q
we get that § (anl ||:E;“L||‘1> < ||f]| holds for
each k and 0 < § < 1. Hence, |[(z}):|ly < ||f]

k
=[£Il (ZHJJZI
n=1

Since (q—l)p:qandl—%:

Se¥ Q=

x+ < 00. Also, for (z;); € X

|f($17172, .- )| =

o0
<Y fa ()]
n=1

o9
<Y g - [lanllx,
n=1

19 / oo 1/p
) (znxnupn) |
n=1

x- = ||(@})illy-

o0
< (Zuxm
n=1

Therefore, ||f|

x+ < |[(z7)i||y so that || f]

To prove surjectivity let (yi,v5,...) € (X{ ® X5 @ ---),, and define h € (X; &
X5 )}‘p by h(y1, Y2, -.) = D vy Ui (Yn), where (y1,12,...) € (X1 B Xo P - )y, .We
have that h is well defined and thus T'(h) = (y]);. O



CHAPTER III

A subspace of ¢, (p # 2) without the

approximation property

The purpose of this chapter is to present the argument of Szankowski from [9] in

which he obtains subspaces of ¢, (p # 2) without the approximation property.

Definition III.1. A Banach space X has the approximation property if, for every
compact set K in X and ¢ > 0, there is a finite rank operator 7" on X so that
|Tx — z|| <€ for every x € K. A weaker property is obtained if we only require the
operator T to be compact, in which case the space X is said to have the compact
approximation property (C.A.P.).

Examples of Banach spaces with the approximation property include all spaces
with a Schauder basis; a sequence {x;}; in X forms a Schauder basis for X if every
element z € X has a unique representation as an infinite series = ) . a;x;, for some
scalars {a;};. In order to check that such Banach spaces have the approximation
property, one can always verify the definition above for an operator 1" chosen from
one of the finite dimensional natural projections { P, },, defined as P,(z) = >, a;x;
forall x =) a;z;.

The following criterion of a Banach space not having the C.A.P. is a modification

of Enflo’s original [3].



Proposition III.2. Let X be a Banach space. Assume that there are sequences
{z;}%2, and {z}}32, in X and X* respectively, a sequence {F,};2, of finite subsets

of X and an increasing sequence of integers {k,}o>, so that the following hold:
(i) x5(x;) =1 for every j
(ii) x5 =0, sup; ||z;]| < oo

(111) |Bn(T) — Bu1(T)| < sup{||Tx|| : € F,} for every T € L(X,X) and n > 1,
where Bo(T) = 0 and forn > 1,

kn
Bo(T) =k, Y a(Txy)
j=1

(iv) nyn < oo where v, = sup{||z|| : x € F,,}.

n=1

Then X does not have the C.A.P.

€

1711

Proof. Let T € L(X, X) and € > 0. By (iv) there exists an so > 1 with Z T <
n=sg
Now, let r > s > s¢. So, using (iii) we obtain

T

1B:(T) = B(T)| = | Y (BulT) = Bua(T))

n=s+1

< 3 1Bu(T) = Bus (D)

n=s+1
r
<|ITI[- )
n=s+1
0o
n=s+1
<€



Thus, {5,(T)}n>1 is convergent for every T € L(X,X) and so 5(T) := nh~>120 Bn(T)
defines a linear functional § on L(X,X). Let {n,},>1 be a sequence of positive
numbers with 7, — oo such that C' = io:nn% < oo and set K = >, (nnyn) 1 Fy U
{0}. Clearly, K is countable and every gglizero element in K is of the form (1,,7,) ™ yn,
where y, € F,. Since ||(1:7) " Yall = [(0270) | |lyal] < - and = — 0 asn — oo

we see that K is just a sequence tending to 0. Hence, K is compact.

If y € Fy, we have y = (nyx)x for some x € K. Thus,

|6n(T)] =

k=1

> (Bu(T) - ﬁH(T))‘
< Z 181 (T') — B (T)]

<> sup{||Tyll -y € i}
k=1

< (Z%%) sup{||Tz|| : z € K}

k=1

Therefore, we have |3(T)| < Csup{||Tx|| : © € K}. Clearly, if I is the identity
operator on X then (3,(I) =1 for n > 1 and so §(I) = 1. We will prove below that
B(T) = 0 for every compact operator T" € L(X, X). This will conclude the proof

since it will imply that
sup{||Tz —z|| :x2 € K} > CHB(I -T)| =C™*

for every compact operator T € L(X, X).
Let T' be compact and let § > 0. Since sup, ||z;|| < co we have that {Tz;}32,
is compact and hence totally bounded. Thus, we can pick points {y;}7, so that

Bs(y;)}™, is a finite cover of {T'x;}%°,. Equivalently, we have points {y;}™, so that
Yi) si=1 JJj=1 =1



for every j there is an i(j) with |[Tz; — yi;)|| < 9. For n > 1 we get that

kn kn
Ba(T) = kWY "2t (Tay — yiy) + k"> 25 (i)
j=1 j=1

and thus
m kn
Ba(T)] < Gsup |51 + D k' D laf(y)
J i=1 j=1
kn
For each ¢ € {1,...,m}, we notice that k' Z |27 (y:)| is a Cesaro mean and since
j=1

x; =5 0 we get |3(T)| < dsup, ||#}]|. Since § > 0 is arbitrary we get [3(T)| = 0. O
The next lemma is a combinatorial result which plays an important role in Szankowski’s
argument. Before proceeding to Lemma II1.3, we will introduce some notations. For

n=12..,leto, ={2"2"+1,...,2"" — 1}. For each integer j > 8, we define

nine integers {gx(j)}7—; as follows:

g+ 1) =2i+k—1, i=2,34,..., 1=0,1,23, k=12

i+ 1) =4i+(+k—2)modd i=234,..., 1=0,1,23 k=345
gr(4i+1) =8i+k —6, i=2,3,4,..., 1=0,1, k=6,7,89
gr(di+1) =8i+k—2, i=2,3,4,..., 1=23, k=6,7,89

Note that gx(o,) C 0,1 for k =1,2; gr(0,) C o, for k = 3,4,5; and, gx(0,) C 0pniq
for k=6,7,8,9.

Lemma II1.3. There exist partitions A, and V,, of o, into disjoint sets and a se-

quence of integers {m,}2 | with m, > 2"/%72 n =23 4..., so that
(i) If A € V,,, then m,, < |A| < 2m,,.
(1) If A€ V,, and B € A, then |ANB| < 1.
(11i) For every A € V, and 1 <k <9, gx is an injective function on A.

(iv) For every A € V,, there is an element B of A,_1, A, or A,.1 such that

10



gx(A) C B foralln >3 and 1 <k <09.

Proof. Forn >2and = 0,1,2,3 we will denote ¢!, = {j € 0,, : j =1 mod 4}. Define

¢l 00 — ol by ¢l(j) = j+ 1 and for r = 0,1 define ¢y, : 62 — 0.4 by ¥, (j) =

2j+4r. The above maps are injective and ¢!, (09) = b, and ¢, (00) Uty 1(09) = ob. ;.
Since {0}, }?_, partitions o,, and {1, (c2)};_, partitions ¢2, , the maps have disjoint

ranges.

For n > 2 we will represent ¢! as 00 = C,, x D,,, where

|D2m| - |D2m+1| - |02m—1| - |02m| - 2m—1’ m = 1727' ..

so that for n > 3 we have the following:

e For each ¢ € C,, thereisanr = 0,1 and a d € D,,_y with ¢, ,(Cp,—1 x {d}) =
{c} x D,

e For each ¢ € C,,, there is a d € D,y with ¢, o({c} X D,) U,1({c} x D,,) =
Cn—l—l X {d}

Indeed, we will proceed inductively. Let C,, = {¢1,...,¢c.} , Dn = {dy,... ,E| Do}
such that ¢? = C, x D, and by this we mean that there exists a bijection F), :

Cn X Dn — 0'2. Let CnJrl = {Cl,CQ,...,CQ|Dn|} and Dn+1 = {dl,dg,...,d|cn|} be

arbitrary sets of the prescribed cardinality. We will denote Cfllll ={c1,¢2,.. ., ¢, }
and 07(12421 = {C|Dn|+1,C|Dn|+2, . ,CQ‘Dn‘} so that Cn+1 = 7(;21 U 07(1221 In order to

obtain the claim for ¢, we first define F,,11; : Cpipq X {d;} — 00,4 by

Uno(Fu(@i, dy)) if ¢ € CS)
Fn+1,i(cj7di) = ’ ’ o .
Una(F(@, djoip,)) i o € O,

|Cn|
Then, if we let F,,, = U Fo11,, we get a bijection Fy,11 @ Chyq X Dy — 02+1,

=1

11



which gives the representation 00, = Cy 41 X Dyy1. It is easy to see that if ¢; € C,(Llle,
Uno(Co x {d;}) = {¢;} X Dyyy and if ¢; € CP) 01 (Co x {d;_ 1oy }) = {5} X Do
Also, ¥, 0({¢} x D) Utb,1({G} x D,) = Cpy1 x {d;} so that the above conditions
are satisfied.

Now, having o0 represented as 02 = C,, x D,,, we will represent D, further as
D, = ﬁ D! so that

=0

Dl < |Dy| < D] < | D] < 2Dy
We are now ready to define our partitions.

V, = {wg({f} xD;):feCanD;,z:o,1,2,3}

il

A,

{cpln (Cn xHD;x {d}) :deD;,zzo,Lz,s}

i#l

Let m, = |DC| and pick an arbitrary A € V,, say A = ¢, ({f} x D.) for some
1=0,1,2,3and f = ' x Hi#l fi, where f' € C,, and f; € D!. We are now ready to

prove the four claims of Lemma I11.3:
(i) Clearly, |A| = |D!| and so m,, < |A| < 2m,,.

(i) Let B € A, be such that B = ¢ (cn x TTis, D {d}), where d € Ds. If
[ # s then AN B = (. Otherwise we have AN B = {¢.(f x d)}.

(iii) Any element in A can be written as 4m + [, for some m € o,. Then, for all
k=1,...,9, it is easy to see that gx(4i+1) = gr(4j +1) implies ¢ = j and hence

gk is injective on A.

(iv) To show gx(A) is contained in an element of either A,,_1,A, or A, we will

consider three cases: k=1,2; k =3,4,5; and £k =6,7,8,9.

12



e k = 1,2 We have gx(4) = gog_li/),il’r({f} x DU), where for k = 1:
r=0,=0(orr=1,=2)andfork=2: r=0,0=1(orr =1,8 = 3).
Since f' € C,, thereisay =0or 1 and ane € D,,_; such that ¢,,_1 ,(Cy_1 X
{e}) ={[f"} x D,,. So, we will choose r = v and then the corresponding £3.
Thus, ) ¥, ({f} x DL) € @l ity ({F'} x D) = @b 1 (Chy x {e})

for some e = [[._, e;. Since C,_1 x {e} C C\_y X [1izs D5, < {es} we get
g(A) C oh 1 (Coa x {e}) Con, (Cn—l x [ Di x {66}) € Apy.
i£0

o k=345 We have gx(A) = ¢ ({f} x D.), where s = (I + k — 2) mod 4.
Since s # [ we can write f = [’ x H#l#s fi x fs, where f, € D:. Thus,

{f} x D}, € C,, x 1z, Di, x {fs}. Therefore,

ge(A) = ga({f} x D) C ¢} (cn <[] Di » {fs}> € A,

i#£s

o k=6,7,89: Wehave gp(A) = ¢} 11, ({f} x D), where r = 0if | = 0, 1,
r=1ifl=23and f=0,1,2,3. Since f' € C,, there is an e € D, ;1 so

that ¥y, 0({f'} X D) Utbn1({f'} X Dy) = Cryq x {e}, for some e = H?:o e;
with e; € D! ;. Thus, ¥, ,.({f'} X D,) C Cry1 X {e} and so

ge(A) C &2 b ({f1} X Do) € @2 (Coyr x {e})
- Songl (Cn+1 X HD:‘H-l X {eﬁ}) - An+1.
i#£B

]

13



Remark. We notice that if we set

V=0 ={o,({f} xD,): feCux [[ Di1=0,1,2,3}
il

the above proof is easily modified to obtain the results of Lemma III.5.
Theorem II1.4. For every 1 < p < 2 the space ¢, has a subspace without the C.A.P.

Proof. Let A, be a partition of 0, as given in Lemma II[.3 Let 1 < p < 2 and X be

the space of all sequences t = (¢;)52; such that

1/p

=33 <Zti2>m o

n=2 BEA, \j€B

Thus, X = (Zn>2 Y oAea @é';“) which we know is isomorphic to a subspace of
- n Z

p
l,. Let {e;}3°, be the unit vector basis of X and {e}}°, the biorthogonal functionals

in X*(i.e. ef(e;) = 6;;). By Proposition I1.6 we have that

%S 0 qa/2 l/a

S| - (Lx(zer) )

i=4 X n=2 BeA, \jeB
where ;—) + % = 1. Now define Zi = €2; — €211 + e4; + €4i4+1 + €4i+2 + €4i+3 and
7 = span{z}2, which is a closed subspace of X. Define z; = 1(e}; — e3,,1) and for

T e L(Z,7) we put

Ba(T) =27 2 (T) n=1,23....

iGO'n

Using Proposition I11.2 we will prove that Z does not have the C.A.P. Clearly (i)
holds and for (ii) take z € Z, say z = Z;’; Aje;, since Z is a closed subspace of X.
Then, z(2) = 372, Az (e) = 2(X2i — Agiz1). Since |A;| — 0 we have that 27 = 0.

So we are left to show (iii) and (iv) hold. We notice (e}; +e};, 1 + €40+ €hiis)(2) = 4

14



and (e}; + e}y + €lio + €lins)(2;) = 0 when j # 4. Therefore,

*
2

Hence, for n > 2

ﬁn (T) - 571—1

1
= (€5 —e41)|z = Z(GL + €lit1 t €liva T €hiys)|z-

2

and T € L(Z,2),

(T) =

—n—1 * *
2 E (€3 — e3;01)T (e2s — €251 + €45 + €451 + - -+ + €4iy3)

i€op

_9—n—

— 9—n-1 Z

1€E0n—1

' Z (e + -+ ehiys)T(e2 — e2ig1 + €4i + iy + - - + €aiy3)

1ETp—1

(eh — €L+1)T(€4i — €441 + €8 + €51 + - -+ €sigs)

+(€line — €hivs)T (€aito — €airs + €sita + €siys + -+ + €siyr)

-2 Z (eh; + -+ ehis)T (e — €gip1 + €4y + €aipr + - + €aiys)

— 9—n-1 Z

1€0n—1

— 9—n-l1 Z

1€0n—1

1E€ETp—1
eniT(eqi — €qip1 + esi+ -+ + esiys — €i + €251 — €45 — **+ — €ai43)
*
e T (—eai + esip1 — i — -+ — €si43 — €95 + €541 — €45 — *+ — €4343)

+€Zi+2T(€4i+2 — €453t €gipa+ - F€8iy7 — €95 + €241 — €45 —

*
+e4i+3T(_e4i+2 + €4i43 —€8i4a — - T €847 — €2 T €241 — €45 — 1 —
\

el (—€2 + €21 — 2€4i41 — €aipo — €aip3 + €8; + -+ - + €giy3)

*
e 1T (—e2i + €21 — 2€4; — €a549 — €aip3 — €g; — * -+ — €gi43)

ES
etiioT (—€2i + €2i11 — €4 — €aip1 — 2€4i43 + €gipa + -+ €git7)

E3
+€4¢+3T(—62i + €241 — €45 — €441 — 2€4540 — €gi44 — 1 — 68i+7)
\

15



=277y (T,

JEOn+1

where

9
> Nweqo) =i €Z i =8.9.10,....
k=1

and for every j, |\; x| =1 for eight indices k and |\, x| = 2 for the ninth k.

For every A € V,,11 we can write

om-ros () (n)]

JEA JEA jEA

where Z is the summation taken over all possible signs {6;};ca.

0
Hence, we have that

Bul(T) = Bua(T) = 27771 Y Y 65Ty,

AeV41 JEA
e 3 oy (o) 7 (Ko |
AEV 11 0 jeA jEA
For every A € V,41 (n > 2) and {6;},ca we have, by (ii) of Lemma III.3, that
sos| <o
jEA Pe jEA e
q/2\ 14
(% (% o)
BeA,.1 \jeBNA
1/q
- ()
jEA
= |aps

S (2mn+1)1/q7

16



where 2 +1 —1. Let E, = {Zejyj i AE V1,0 = il}. Then,

JjeEA

16(T) = Bur(T) <2770 Y (2mpg0) 9 sup{[|T2]| < 2 € B}
A€V

< 272 ) 2ma) VO sup{|| T2 2 € B
< 2myt /8 sup{||T2|| : 2 € B, }

— 2m,, " sup{||Tz|| : = € E,}.

If we put F,, = Zm;}r/lp E,, we see that (iii) holds. So, we are left to show that (iv)

holds. Define a sequence {ay, (j)}jea by g ;) = 0; and note that it is well-defined
by (iii) of Lemma II.3. By (iv) of Lemma IIL.3, gx(A) C B, where B is an element
of V,,, Vy1 or V4o, Hence, for every A € V, 41 (n > 2) and {6,};ca and every

1<k<9,

Z 0jeq, (4)

JjeA

JEBNgL(A)

1/2

= > |yl

J€gK(A)

1/2
= (> |9j|2)

jEA

— |42

< (2mp41)"?

17



and hence,

> bu4|| =

JEA

9
> Nk D bieg
k=1

JEA

Z 0jeq, (4)

JjeEA

9
<> Al
k=1

< (8 +2)(2mpi1)'?

< 15m)7.

For every A € V,,,1 and 1 < p < 2, we get that

sup{|[z| : @ € Fu} < 2m P 15m)/E

where £ < 0 and C'is some constant, since m,,;; > 2"+*%/8=2. Therefore, (iv) holds as

desired. O

Lemma IIL.5. There exist partitions A, and V,, of o, into disjoint sets and a se-

quence of integers {m, }oo_, with m, > 2"/%72 n=1234..., so that
(i) If A € V,, then m,, <|A| < 2m,,.
(ii) For every A € V,, there is an element B € A,, with A C B.
(i1i) For every A € V, and 1 <k <9, gx is an injective function on A.

(iv) ForeveryA e V,,k=1,...,9, and every B € A, _1, A, or A1, |BNgp(A)| <
1.
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Theorem IIIL.6. If 2 < p < oo, the space ¢, has a subspace without the C.A.P.

Proof. Let A, be a partition of o,, as given in the above lemma II1.5. Let 2 < p < oo

and X be the space of all sequences t = (¢;)22; such that

1/p

00 p/2

- (S (Ser) ) e
n=2 BEA,, \jJEB

Thus, X = <2n>2 Yo Aca @@QA‘) which we know is isomorphic to a subspace of

l,. Let {e;}°, be the unit vector basis of X and {e}}3°, the biorthogonal functionals

in X*(i.e. ef(e;) = d;;). By Proposition 11.6 we have that

1
1S9 0o a/2 /a
X 2
Dol =22 2 (Dl ’
i=4 X+ n=2 BeEA, \jeB
1, 1
where 5 + i 1. Now define z; = e9; — €941 + €4; + €4i11 + €4542 + €4543 and

7 = span{z}2, which is a closed subspace of X. Define z; = 1(e}; — e3;,1) and for

T e L(Z,7Z) we put

’L’GO’n

Using Proposition I11.2 we will prove that Z does not have the C.A.P. Clearly (i)
holds and for (ii) take 2 € Z, say z = 3 72, Aje;, since Z is a closed subspace of X.
Then, z(2) = 372, Az (ej) = 2(A2i — Aaiz1). Since |A;| — 0 we have that 2} — 0.
So we are left to show (iii) and (iv) hold. We notice (e}; +e};, 1 + ek 0+ €hiig)(2) =4

and (e}; + e} + €lio + €hii3)(2) = 0 when j # 4. Therefore,

1 1
z = 5(631 —e5)lz = ;l(eiii + €liy1 T Cliva T €liya)lz-
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As seen in Theorem I11.4, for n > 2 and T € L(Z, Z) we get

Ba(T) = Buea(T) =271 N~ ex(Ty;),

JEOn+1

where

9
Z/\j,kefk(j) =y, €7 j=28,9,10,...,
k=1

and for every j, |\; x| =1 for eight indices k£ and |\, x| = 2 for the ninth k.

For every A € V,,; we can write

gm0 () 7 (S0m)|-

jeA jeA jeA

where Z is the summation taken over all possible signs {0;};ca. Hence, we have

)
that

ﬁn(T) - ﬁnfl(T) = 27“71 Z ZQ;T:’JJ

AEV 41 jEA
crt 3 oS )7 (Ko |
A€V 0 JEA JEA
For every A € V,,11 (n > 2) and {6,};c4 we have that
206 < |22t
jeA 7+ jeA X+
q/2] 14
- |(xwr)
JEA
= |A]"/?

S (2mn+l)1/27
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where 2 +1 —1. Let E, = {Zejyj i AE V1,0 = il}. Then,

JjeEA

1Bu(T) = Bt (T < 27771 Y (2mpg) P sup{[|T2]| : 2 € By}
AEV 1

< 27N @ L) @ma) Y supf|| T2 < 2 € B
< 2my b ym)/7 sup{||T2]| : 2 € B}
— Qm;}r/f sup{||Tz|| : z € E,.}.

—-1/2

nit P we see that (iii) holds. So, we are left to show that (iv)

If we put F,, = 2m
holds. Let A € V,.41 (n > 2) and {6,},c4 and every 1 < k < 9. Define a sequence
{ag,)}jea by ag.) = 0; and note that it is well-defined by (iii) of Lemma III.5.
Using the fact that gx(A) C oy, where m = n,n + 1, or n + 2 (see the statement

preceding Lemma I11.3) as well as (iii) and (iv) of Lemma II1.5, we have

Z Ojeqg, (4)

JjEA

=1 ). > oyl

BeAn, \jE€BNgk(A)

1/p

= D oy

J€EgrR(A)

1/p
= Z |9j\p>

JjeEA

— AP

S (an+1)1/p
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and hence,

> b5y

9
> Nk D bieg
k=1

jeA jeA
9
< sl 1D bieqi
k=1 jEA

< (8 +2)(2myp1)

< 15m)P.

For every A € V,,,1 and 2 < p < 0o we get that

sup{|[z]| : @ € Fo} < 2my1P15m,%,

= 30m, I

< CQén,

where £ < 0 and C' is some constant, since m,,;; > 2"+*%/8=2. Therefore, (iv) holds as

desired. O

Remark. It was observed by Szankowski, in the same paper [9], that the above argu-
ments can be easily adapted to obtain the following more general result: if X is an
infinite dimensional Banach space, which contains £}’s uniformly for some p # 2 then
X contains a subspace without the C.A.P. Combining this result with the Maurey-

Pisier theorem one obtains the following;:

Theorem II1.7. Let X be an infinite dimensional Banach space. Then, X contains

a subspace without the C.A.P. provided one of the following conditions hold:

ng) = sup{p : X has type p} <2
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or

¢ = inf{q : X has cotype q} > 2.

Definition IIL.8. Given 1 < p < 2, we say that X is of type p if there exists a C), > 0

such that for all zq,... 2, € X,
1
0/

where r; are the Rademacher functions, which are defined as r;(t) = sgnsin(2'rt) ,

2 1/

2 n 1/p
| <c (aniup) ,
i=1

1=

t € [0,1]. If X is of type p, we let T,,(X) be the smallest such C), that satisfies the
above inequality for all z1,..., 2, € X and all n.

Similarly, X is of cotype ¢ > 2 if there exists a C; > 0 such that for all z4,...,z, €

n 2 1 n 1/q
Sl > (Y]
i=1 7 \ i=1

If X is of cotype ¢ we let C,(X) to be the largest such C, that satisfies the above

X

Y

1 1/

/

0

2
dt

inequality for all z,...,x, € X and all n.
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CHAPTER IV

A subspace of /;(X) without the

approximation property

The purpose of this chapter is to provide sufficient conditions which imply that
(5(X) contains a subspace without the approximation property. As discussed in
Chapter III, one only has to consider infinite dimensional spaces X which are of type
(2 — ¢€) and cotype (2 + ¢€) for all € > 0; otherwise, X itself will admit a subspace

without the approximation property.

Definition IV.1. The Banach-Mazur distance d(X,Y’) between two Banach spaces
X and Y is defined as

d(X,Y) = inf{||T|| - ||T"|] : T is an isomorphism between X and Y}.

We note that d(X,Y) > 1 and if X and Y are isometric then d(X.Y) = 1. If X and

Y are not isomorphic we write d(X,Y) = occ.

Definition IV.2. Let X be an infinite dimensional Banach space. The sequence of

Euclidean distances {d,,(X)}, is defined as

dn(X) =sup{d(Z,13) : Z C X,dim Z = n}.
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It is clear that d,(X) /" oo as n — oo, for any infinite dimensional Banach space X
which is not isomorphic to /5.

In the arguments below we will consider linear combinations with equal coefficients
of certain 1-unconditional vectors. We require a behaviour in norm which we may
not obtain in a given Banach space X, but can always get in ¢5(X). This is due
to the following fact, which was originally formulated in terms of property (H) (see
[8], Proposition 1.2): if Z is an n-dimensional Banach space there exists a universal
constant ¢ > 0 and m < n normalized, 1-unconditional vectors {us, ..., uy} C lo(Z2),

such that either

> cd(Z,13)*m}?

L2(2)

m
DU
j=1

or

1 1/2

TR

l2(2)

Thus, given any infinite dimensional Banach space X, for all n > 1, there ex-
ists a universal constant ¢ > 0 and m < n normalized, 1-unconditional vectors

{uy, ..., um} C le(X), such that either

Z u; > cd, (X)Y4m? (4.1)
J=t ey x)

or
iu- < ;ml/g. (4.2)
™ ed, (X)1/4
=t Hex)

The existence of such vectors was essential for some other results which deal with

the structure of subspaces of f5(X) (see for example [1] and [6]).
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The following Lemma IV.3 and more specifically Corollary IV.5 describe the be-
haviour in norm of specific 1-unconditional normalized vectors necessary in construct-

ing a subspace of f2(X) without the C.A.P., as seen in the proof of Theorem IV.6.

Lemma IV.3. Let X be a Banach space so that (4.2) holds for some N. Then, there

exist 1-unconditional normalized vectors {z;}., C €o(X) such that

N
P
i=1

£2(X)

Proof. Let N be as described in condition (4.2). Then, there exists M < N normal-

ized, 1-unconditional vectors {y;}}£, C £3(X) such that

1

P
~ cdn(X 1/4
£(X) cdn (X)

M*Y2. (4.3)

M
Z Yi
i=1

Suppose N is divisible by M, say N = LM for some L > 1. We will now
partition the set {1,..., N} into L sets of M elements and denote them by A; =

{1,.... M}, Ay = {M +1,....2M},..., A, = {(L—-1)M +1,...,LM}. We can

generate L sequences {y;}ica,,.--,{¥itica, of normalized, 1-unconditional vectors
with
1
. <\
2| =
1EA; fz(X)

for every 1 < j < L by simply repeating and relabeling (4.3) L — 1 times. For

L copies
7\

any 1 < j < L and i € A;, define z; € (5(X) Ba--- By la(X) = (X)) by 2z =

(0,...,9;,0...,0), where y; is in the jth position. Then, by Proposition I1.5 we have

a set of normalized, 1-unconditional vectors {z;})¥ in fo(X) with

P T

€AY 1€A2 i€EAL

N
>
i=1

£2(X) £5(X)
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9 1/2

2
=2 wl| D
€Al 52(X) I€EA]L ZQ(X)
1 1/2
<|(L-——FM
< (v o)
1
:—N1/2
CdN(X)1/4

Suppose on the other hand that N is not divisible by M and now take L = [ 2% |.
Then, LM < N < (L + 1)M. Define Ay 4 = {LM +1,...,(L+1)M} and by (4.2)

pick again a sequence {y; }ica,,, which is 1-unconditional and normalized with
1
; < — M2
2| =
L+1 EQ(X)

In this case we will partition {1,..., N} into the sets Ay,..., A, {LM +1,...,N},

where {LM +1,...,N} C Apyy. If we take {y;}7¥ 111, by l-unconditionality we

have
al 1
Z yil| < Z Yil| € M 1/2
i=LMA+1 €A cdy(X)Y

We define z; as before, but now for every 1 < 57 < L+ 1 and ¢ € A; we have
L+1 copies

2 € Uo(X) g -+ - B lo(X) = ((X). Finally,

N N
3R [ ) SRS SRR SR S
=1 g2(X) 1€AL 1€Ag €A i=LM+1 £2(X)
2 2 N 2 1/2
oy {[pt ) 3 e
i€Aq KQ(X) i€AL fQ(X) i=LM+1 éz(X)

IN

(@0 e )
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V2
cdy (X)1/4

IA

N1/2

where the last inequality comes easily from the fact that (L + 1)M = LM + M <
N+ N =2N. O
Lemma IV.4. If X is a Banach space of type 2, then ly(X) is of type 2.

Proof. For each 1 <i <, let y; = (z},...,7%,...,) € ly(X). Then,

1 n 2 1/2 1 n 2 1/2
/ Zﬁ(t)yi dt = / ri(t) (2}, .. ) dt
o 1=l £2(X) o Ihi=l £2(X)
1 n n 9 1/2
_ / ( ri(zt, LS (), ) dt
0 =1 =1 £5(X)
1 n 2 1 n 2 1/2
= / ri(t)xy|| dt+---+ / ri(t)xy|| dt+
o =t X o =1 X

n n 1/2
< (TQ(X)QZIIJJHI% +---+T2(X)QZ|I$2||§(+---)

= i=1

n

1/2
) Dl +--- + ||x2|!§<+'--)>

=1

" 1/2
(znxl,..., I )
=1

" 1/2
(znyzngz ) |

=1

]

The next result shows that under the hypothesis of X having type 2, condition

(4.2) must be satisfied for all N large enough.
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Corollary IV.5. Let X be a an infinite dimensional Banach space of type 2 which
is not isomorphic to ly. Then, for all N large enough, there exist normalized, 1-

unconditional vectors {z;}IX, C €y(X) such that

N
P
i=1

£o(X)

Proof. We claim that (4.1) holds for only finitely many N. Suppose on the contrary
that (4.1) holds for infinitely many N. Then, we can find an infinite increasing
sequence {k,},>1 and m, < k, normalized 1-unconditional vectors {uy, ..., Up, } C

l5(X) such that

mMn

DU
j=1

Since X is of type 2, (X)) is of type 2 by Lemma IV.4 and taking into account the

> cdy, (X)Y*m, /2.

£2(X)

1-unconditionality we must have

- 1/2
To((X))mY* = Ty(£(X)) (Z HUJH2>

1 9 1/2

/

0

v

Z ri(t)u;
j=1

£2(X)

9 1/2

1 o
= | 97 Z Z €t
j=1

gj==x1

l2(X)

9 1/2

1 o
= an Z Zl uj
j=

Ej::tl

£2(X)

2

H >
Jj=1

£2(X)

> Cdkn (X)1/4mn1/2
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Therefore, Ty(¢5(X)) > edy,, (X)Y*. Since X is not isomorphic to fo, d, (X) — 00
as n — oo. This implies T5(¢3(X)) = oo, which is a contradiction. Hence, there is
a finite number of values Ny, ..., Ny for which (4.1) holds. So, we have that (4.2)
holds if we take N > max{Ny,..., Ni}. Since (4.2) holds for all N large enough, by

Lemma IV.3 we get the desired result. O]

The proof of the main result of the thesis (Theorem IV.6) uses the same com-
binatorial result as Szankowski (see Lemma II1.3 or II1.5). We will use only one of
the partitions, namely V,,, which basically satisfies the following property: for every
AeV,, k=1,...,9 and every Ay € V,,_1, V,, or Vi1, |[Ao N ge(A)] < 1 (see (ii)
and (iv) of Lemma II1.3 or IIL.5).

Theorem IV.6. Let X be an infinite dimensional Banach space which is not iso-
morphic to ly. Assume that X has cotype 2 and d,(X*) > a(logyn)® for alln > 1
and some absolute constants o > 0 and 3 > 4. Then, (5(X) has a subspace without

the C.A.P.

To put things into perspective, we should mention that an infinite dimensional Banach
space X which has type (2 — ¢) and cotype (2 +¢€) for all € > 0, satisfies the following

estimates for its sequences of Euclidean distances {d,(X)}, and {d,(X*)},:

for all v > 0 and n > 1 (see [7]).

Proof. We can assume that X does not contain ¢7 ’s uniformly, otherwise X itself
will have a subspace without the C.A.P. by Szankowski’s result. In such a case, X*
is of type 2 since X has cotype 2 (see [7]).

Let m > 2 be fixed and pick Ay € V,,. Then, by Corolloary I'V.5 there exist a set
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of normalized, 1-unconditional vectors {e}};ca, in £2(X*) such that

\/5 |1/2

< —— _|A
< Cliogy o) 0
02(X*)

> e

i€Ag

for some absolute constants ¢ > 0 and v > 1 (which do not depend on m or |A|).

Take j € Ap arbitrarily fixed and define €;* : span{e; }ica, — R by €7*(e]) = dy;.

E a;e;

i€Ap

(Ze))

> age; —1}

for every k € Ay and scalars

s

By l-unconditionality we have that ||agef|| <

€571 = Sup{
= sup {|aj| :

{ai}ier‘ Thus,

§ *

j€Ao

jEAD
= sup {H%%H > aej|| = 1}
jEAo
<1
Since €;*(e;) = 1 we have that [[ej*|| = 1.

So, by the Hahn-Banach theorem there is an e;* € (fo(X™))* with e*(e}) = d;; and
€3 [[(e2(x =)= = 1. Since (£2(X*))* = £o(X)** by the principle of local reflexivity (see
[10]) there exist elements {e;};ea, C l2(X) satisfying 3 < ||e;|| < 2 and €} (e;) = 0y

for each i € A,.

Forevery A € V,,, (m > 2),let X4 = span{e; };c4 and set Y = (Z Z @XA>
m=2 A€V,
Clearly, Y is a subspace of £5(X) since X, is a subspace of £3(X) and f5(f5(X)) =

(5(X). Let i € A and define f; = (0,...,0,¢;,0,...), where e; € X4. Then, the set

of vectors {f;}i>4 is a basis for Y since {e;}ica is a basis for each corresponding X 4
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(A € V,,, m > 2). Therefore, any element of Y has the form ¢, f; with norm

1/2 9 1/2

Ztifi 2 i Z Ztiei

icA £5(X) m=2AeVy, ||icA

0
m=2 A€V,

sl -

£2(X)

We also notice that for each i € A, ef € lo(X)* since lo(X*) = (5(X)* and

thus e} < 1. Hence,

*

€ X7 with e}

Xa

(e;) = 0;; for every j € A and

Xa

Xa

} is a basis for X}. So, by Proposition I1.6
Xa ) iea

<Z > EBXA) with Xz:span{

m=2 A€V,

e; } :
Xa ) jea

,0,... ], where e}
XA

Lo

Now define for A e V,, and i € A, f; = <0,...,0 er

?

e X*.

Xa
Thus, any element of Y* is of the form Z Z Z t;f with norm

m=2 AeEV,, i€A

5 \ 1/2

Zte

€A

ZZth

m=2 A€V, i€A

0303

m=2 A€V,

X4

Moreover, if j € A then f(f;) = (e;) = 0;5. If j & A, then fr(f;) =e€f| (0)+

X, X,
0(e;) = 0. Hence, f;(f;) = &;; for all i,5 > 4.

We are now ready to construct our subspace of fo(X). As in the proof of Theo-
rem II1.4 define z; = fo; — faiy1 + fai + faiv1 + faivo + faips and Z = span{z; };°, which
is a closed subspace of Y. Define 2} = 1(f3; — f3;,,) and for T' € L(Z, Z) we put

Bo(T) =2 2f(Tz)  n=123....

’iGO'n

Using Proposition I11.2 we will prove that Z does not have the C.A. P. Clearly (i) holds

and for (ii) take z € Z, say z = Z;; A;fj, since Z is a closed subspace of Y. Then,
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27 (2) = 22 Nz (f5) = 5(A2i = Aaiga). Since [A;] — 0 we have that 2 % 0. So we

)

are left to show that (iii) and (iv) hold. We notice (f; + fiii1 + fiipo + fiins)(z:) =4

and (f5; + fiis1 + fhiso + fiiss)(25) = 0 when j # i. Therefore,
Zp = i(fm - f2i+1)’Z = Z(f4i + f4i+1 + f4¢+2 + f4i+3)‘Z'

Hence, forn > 2 and T € L(Z, Z),

ﬁn<T) - 5n71(T) =

9—n-1 Z(f;z - f;iJrl)T(f% — foiv1 + fai o+ fiiv3)

i€op

_9-n-1 Z (fr + -+ frins) T (for = foivr + fai + -+ + fairs)

€01

(3 = fis )T (fai — faiva + fai + -+ fairs)

i€ | +(flive — faies) T (faive — faivs + fsiva + o+ fsirr)

—2! Z (fii + -+ faga) T(f2i = faivr + fai + - + faigs)

1€ETp—1
JiT (fai = faier + foi + -+ foizs — Joi + foi1 — fai — -+ — faits)
_ 9-n-1 Z +faia T (= fai + faier — foi — -+ — foixs — foi + foir1 — fai — - — fais3)
i€on—1 | fl 0T (faive — faivs + faiva + -+ foivr — fai + foirs — fui — - — fairs)
\ + frisT (= faivo + faivs — foiva — - = fairr — foi + foign — fai — -+ — faits)
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T (= fai + fois1 — 2faiv1 — faive — faivs + fsi + - + fsits)

9—n-—1 Z + i T (= foi + foisn — 2fai — faive — faivs — foi — -+ — fsiys)

ot |+ o T (= foi + foirr — fai = faivr — 2faiva + fsiza + - + fsirr)

+ fhinsT (= foi + foir1 — fui — faisn — 2faive — foiva — -+ — fsiv7)

\

:2—71—1 Z f]*(Tyj)v

JEOn+1

where

Z)\j,kfgk(j) =y, €Z j=38,9,10,...,
k=1

and for every j, |\; x| =1 for eight indices k£ and |\, x| = 2 for the ninth k.

We note that for every A € V,,1 we can write

s [z (5e)

jEA JEA JjEA

where Z is the summation taken over all possible signs {0;};ca. Hence, we have

that

ﬁ()ﬂnl ZZnyj

A€V, JEA
=2ty Ty [(Z ejf;.*) T <Z ejyj>] :
AEVt1 [ jeEA jEA
For every A € V,, 11 (n > 2) and signs {6;};c4 we have that
>_0if; >0l
JEA Vi jEA
= Z GJeJ)
JEA Xa

X4
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= (Z@'eﬁ)
JEA Xallxs
<[l
€A £o(X*)
|z«
€A £o(X*)
\/§ | |1/2
c(log, [A])
2
9 " 1/2
= C(nTH 2) ( m +1)

since 2my, 1 > |A| > myyq > 20T/872,

Let E,, = Zﬁjyj A€V, 0, = :i:l}. Then,

JEA

e V2
D) = fua M <277 3 ey

(2mpy1) 2 sup{||Tz2|| : z € E,.}

ot V2
< 2 1(2 +1mnil)m(2mn+l)l/2 Sup{||Tz|| 1z e En}

8

1 —1/2
B QOn—i—l sup{||Tz|| : z € E,.}.

—-1/2

If we put F, = - t——2m, \"F,, we see that (iii) holds. So, we are left to

show that (iv) holds. Let A € V, 41 (n > 2) and {6,},;ca and every 1 < k < 9.
Define a sequence {ag,(j)}jca by oy, ;) = ¢; and note that it is well-defined by (iii) of
Lemma II1.5. Using the fact that gy(A) C o, where m = n,n+ 1, or n + 2 (see the

statement preceding Lemma I11.3), we have

Z 05 fa.Gi)

jeEA

= > of;

Jj€gr(A)
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oy 1/2

- Z Z @;€

A0EVim || j€A0ngi(A)

1/2

= D llayelP

J€gr(A)

1/2

= > oyl

J€grR(A)

1/2
= (> !9j|2>

JEA

= A2

< (zanrl)l/Q
and hence

> b5y

9
> Nk D 0ifai)
k=1

jeA jEA
9
= Z |)\j,k| Z ejfgk(j)
k=1 JjeA

< (8+2)(2myi)?

< 15m}/2.

Finally, for every A € V11 we get that

. —1/2 1/2
sup{|[z|| : x € F},} < QOn—H 15m,/

8



Since > ﬁ < 00, we obtain (iv).
8
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CHAPTER V

An Example

Based on Theorem IV.6, the goal of this chapter is to describe a specific infinite
dimensional Banach space X for which ¢5(X) has a subspace without the C.A.P. For
the Banach space X, which will be exhibited in Example V.1, we will not be able to
verify that it satisfies the statement of Theorem IV.6 since it is difficult to compute
the sequence of Euclidean distances {d,(X*)}, and, in turn, to show that they are
greater than {c(log,n)?}, for some absolute constants ¢ > 0 and 3 > 4. Instead, we
will direct our attention to finding, for each n, a set of normalized 1-unconditional

vectors {uy, ..., u,} C lo(X™) satistying

< ;nl/Q
= c(logyn)

n
DU
j=1

for some absolute constants ¢ > 0 and v > 1, since it will allow us to use the arguments
of Theorem 1V.6.

We will model our example X after the Banach space constructed by Johnson in
[5] , which has the property that all its subspaces have the approximation property;
X will be of the form X = (3 o, @ )e, with {k,}, a fast increasing sequence
converging to infinity and {¢,}, a sequence converging quickly to 2. While we are
not able to show that /3(X) admits a subspace without the C.A.P. for Johnson’s

space X, our example is not far from it. We will comment more on this point at the
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end of this chapter.

Example V.1. We will construct our space X = (3 -, @ €"),, so that we have
X* = (351 B ln)ey, where we choose {py}n and {k,}, in the following way: we
first pick absolute constants # > 2 and v > 1 and then we proceed by taking p; = 3

and picking &y, pa, k2, - - ., Pns K, - .., in this order such that

N
where h(n) — oo as n — oo satisfies h(n) > 1 and (Iﬂ?(—:‘)Q) < 2" (basically p,
Pn

1
3l

determines h(n) which in turn determines k,). Then choose p, . such that

1

m(kn) ‘ et 7%) =2,

where m(k,) = k. We notice that k, , oo and p, \, 2. Indeed, by our construction

e
k:’:(n) pn 2 — kn Pn+1 2 — 2’
1 1 1‘ B 1 1’
h(n) Pn 2 Pn+1 2 ’
11

Pn+1 2 o 1

11| Bh(n)

Dn 2
Since »#(n) < % for all n we have,

1 1 - 111 1 - - 111 1
Pyl 2 2\pn 2 27 Ipy 2|

Thus, p, \, 2 and as a consequence k, / oc.

Given s, let a(s) be the smallest constant « for which we can find 1-unconditional

39



normalized vectors {uy,...,us} C lo(X*) satisfying

< a-s'?.

S
2
j=1

In order to use the arguments of Theorem IV.6 and conclude that ¢5(X) has a subspace
without the C.A.P., we are left to show that for each s > 1, a(s) < m for some
absolute constant ¢ > 0.

Let s be arbitrary and find n such that k, < s < k,,; where for convenience we

denote ko = 0. For j € {1,2,...,s}, let y; = e; where {ej}fgl C (kn+1 forms the unit

Pn+1
vector basis. Clearly, {y1,9s,...,ys} are l-unconditional normalized vectors. Also,
S
1
E yj = §Pn+1
y=1
1 1 1
— §Pn+1l 2, S2
,’ 1 ,l‘ 1
= S Pn+41 2 85

1 1 ’

Thus, a(s) < silmj .

Without loss of generality, suppose next that s is divisible by k,,. Then, there is
a positive integer I such that s = lk,. We will define {z;}5_; C lo({f) C lr(X™)
in the following way. First, for i € {1,2,...,k,} we define x; = (e;,0,0,...),
where {e;}", is the unit vector basis in tyn. Next, for i € {k,+1,...,2k,} we
define z; = (0,€;_4,,0,...). Then, continuing in this way we can define x; for
i€ {(m—1k,+1,...,mk,} with m = 3,4,...,1. Namely, we define z; by z; =
(0,0,...,€i—(m-1)k,,0,...), where €;_(m_1)k, is in the mth entry. Then, {z;};_, C

(5(kn) are 1-unconditional normalized vectors and

= |(m1 4+ an) + (@1 + o Toy) + o (T o T ||

S
2
i=1

£(e5m)
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— (k.Pn X l)l/Q
= ki 112
— kﬁiﬂ %(k‘l/Q l1/2)

1

Thus, a(s) < k :
P B N S

We now have that a(s) < min{s 2] k:nl”” 2'} whenever k,, < s < k11, and
_‘ 1

we will finish the example by showing that the mln{s Pt 3! ko, 2|} = m‘

Let k, < s < k,r1. We first notice that the intersection of the portion of the

T

h(n) _ kgh(n)

11
graph s 5172l and the constant functlon kn, is when s = m(k,)

~ ST B
which we will denote as k,. Indeed, k el 2710 = (m(k,)"™) el Now,
1 f—
for k, < s < kpy1 we can graph mln{s P12 ,kn Lo l} as a function of s, where
11 ~ 1
|

ST BY
its graph will be the constant function &, * : on the interval (k,, k,] and s '#n+1 2|

on the interval (kn,kn+1]. By our construction, we have that Ii(i)

3l
pn 2
Bh(n)]

= log, k,, and

2h(n) = K,

”
i . Since (ﬁ?(n)z) < 2M") we get that

1
pn 2

1
(log, kEMYT < i

which implies
~ 1 1
— — < ——.
7@’/ Pn+1 —3l (10g2 k)n)7

1 1
—l3m 3l 1

< (og, s Since the latter function is de-

IR -
creasing and the former(constant) function is equal to k, "' *. Let s € (kn, kns1]

Hence, for s € (kn,%n], we have ky,

and write s = kJ for some j > 1. Then, using the fact that j(log, kn) < (log, k)’ we
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have that

1 1

=3l ~l

_ 1 _1‘
Ppt1 2 Pnt1 2
S fn kn n

1
< /.
(logy s)7
. I S Y B 1
Therefore we obtain a(s) < min{s #nt1 2"k, ™ *} < Tom, 377 O

Remark. If s is not divisible by k,, in the above example, then we will have

el gt 1
Oé(S) S mln{\/§s n+1 ,\/§kn } S m,

but with an absolute constant ¢ = \/Li

Remark. Johnson’s space was constructed with m(k,) = 5°". In this case, by an

argument similar to the previous discussion, we get

1
logs (logs(logs s)))7 .

a(s) < (

The only difference is that now %n = m(k,)"™ is larger than before, namely %n =

(55" )M which forces
1

a(ky) < —
(logs(logs (logs kn)))7
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for a suitable choice of h(n). Subsequently,

1
(logs(logs(logs s))) .

a(s) <

Therefore, in order to obtain that (5(X) has a subspace without the C.A.P. for
Johnson’s space X, we would need to prove a similar statement as in Theorem IV.6

but involving more iterates of log.
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