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p laced  b etw een  tw o sem i-in fin ite  m eta l slabs. T h e  p oten tia ls  and  

self-energies are ob ta in ed  by tak in g  in to  account th e  d isp ersion  o f th e  

surface plasm ons and  th e  effect o f  confinem ent b y  th e  m eta l slabs.
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1 INTRODUCTION

The interaction energy of an atom with a sohd surface, as a function of its position, is of 

crucial importance in the analysis of various processes which occur at or near a sohd-vacuum 

interface. Some of these processes, among many, include the atomic adsorption (which is of 

interest to this thesis), surface induced chemical reactions and the scattering of an atom  by 

a surface. The interaction energy, which arises partly as a result of self-induced polarizations 

of the atom and the surface, is often referred to as the self-energy of the atom. Although 

studied over a century, a reasonably accurate evaluation of the self-energy came about thirty  

years ago with the development of what is now known as the density functional theory [1]. 

The theory, although highly successful, is based heavily on numerical computations in which 

the physical picture is often blurred. Various approximate approaches [2, 3] in the investi­

gation of surface properties are proposed and discussed regularly in the physics literature. 

These approaches are not only easy to follow because of their relative simphcity, they are 

known to offer a credible guidance in the interpretation of experimental results and provide 

a reasonably good approximation to the results obtained using a more exact theory. These 

approximate methods have indeed generated a strong following because of the useful role 

they have played in the development of the subject. One such approach, which we present 

and utilize in this thesis, is knowm as the hydrodynamical model. It was initiated a long time
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ago by Bloch [4] and is thoroughly discussed in a classic paper by B arton [5]. In this model, 

the many body properties o f the metal electrons are in terpreted  in terms of longitudinal 

plasmon modes which are known to exist on the surface and  in the bulk of the metal- The 

dominant interaction between the atom  and the surface is assumed to occur as a result of 

the excitation of the real or v irtual surface plasmons by the  atom.

In the hydrodynamical theory, (the sketch of which is given in Appendix A), the nuclear 

charge of the metal is assum ed to be static and uniformly smeared over the entire crystal. 

The electronic charge on the other hand, is represented by a mobile fluid spread over the 

positively charged background. The fluid motion, governed by the equation of motion and 

by the requirement of the fluid continuity, can be expressed in terms of collective normal 

modes described as the bulk and  surface plasmons. The bulk modes extend throughout the 

crystal and possess a uniform amplitude. The surface modes as the name implies, occur 

on the surface and their am plitude falls exponentially away from the surface. In the use 

of the plasmon model it is common practice to neglect the dispersion of both surface and 

bulk plasmon modes and  to assume the plasmon frequencies to be independent of the wave 

vectors. However, these frequencies are known to become dependent on the wave vectors 

if we include in the equation of motion, (of the electronic fluid), the effect of the pressure 

exerted by the electron gas. T he effect of the pressure on  the plasmon frequency as shown 

in Appendix A is signiflcant only for large values of the wave vectors. At sufficiently large 

distances between the atom  and  the surface, the interaction energy between the two is clearly
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effected by the small values of the pleismon wave vectors. In this case, the effect of disper­

sion on the interaction energy is therefore not an im portant factor [6, 7] and hence is often 

neglected. When the distance between the atom and the surface is sufficiently small, the 

interaction energy is strongly influenced by large values of wave vectors. In this situation 

which is not studied well in earher pubh cat ions, the inclusion of dispersion is necessary and 

forms the main consideration of this thesis.

For our system, we consider a hydrogen atom placed at the center of a region between 

parallel surfaces formed by two semi-infinite metal slabs. The change in the energy of the 

hydrogen atom is calculated taking into account its interaction with the m etal surfaces. The 

choice of our geometry is influenced by the experiments of Sandoghdar, Sukenik, Hinds and 

Horoche [8] who have observed experimentally, for the first time, the changes in the Rydberg 

energy states of a sodium atom  when it is placed at the center of the gap. In this thesis, the 

unperturbed states of the hydrogen atom are taken to be their IS, 3S, 108 and 148 states, 

the metal electrons are assumed to be in their ground state.

It is important to recognize th a t the plasmon modes in the two surfaces across the gap 

are strongly coupled to each other when the distance separating them is sufficiently small. 

This gives rise to two dispersed coupled plasmon modes which can be described as the sym­

metric and antisymmetric modes. If the width separating the metals is sufficiently large, 

the plasmon coupling is weak and consequently, the two coupled modes merge into a single
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mode. If the bulk plasmon frequency is given by Wp then the frequencies of the merged 

modes corresponds to Wp/\/2  which is the well known expression for the surface plasmons 

for a single surface.

For widths much larger than  the size of the atom, the dispersion effect will be shown to 

be small. In this case the interaction can be obtained with relative ease with the help of 

the dipolar approximation and the image theory of classical electrodynamics (which is inde­

pendent of dispersion effects). The main assumption of the image theory is that all metals 

are considered to be a perfect conductors and therefore the self-energy obtained using the 

theory is independent of any other property of the metal. As the gap is reduced to about 

one or two nanometers, or even less as in the case of a hydrogen atom, the size of the atom 

becomes an important consideration in the calculation of the self-energy and the effect of 

dispersion becomes a significant factor. One of the im portant consequences of dispersion is 

that in the limit of the gap approaching zero the self-energy approaches a finite value while 

the self-energy obtained using the image theory diverges to infinity. The consideration of 

the plasmon dispersion also makes the self-energy dependent on the electron density of the 

metal. This result contrasts w ith the image theory result in which the self-energy does not 

change from one metal to another.

Although the self-energy of a charged particle, such as an electron or a positron placed 

between two metal slabs, has been obtained in earlier works [8 , 9], the self energy of an atom
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has not received the same attention. Recently [10]. the self energy of an atom  (neglecting 

dispersion effects) was evaluated using the same geometry as considered in this thesis. The 

present thesis, which includes the effect of dispersion, is a nontrivial generahzation of the 

previous works [8] — [10). In  this thesis however, we have neglected the effect of the atomic 

motion in the interaction energy. The neglect is justifiable on the grounds th a t dynamical 

effects, being quantum  in nature, are expected to  be small for atoms which are considerably 

heavier than an electron or positron. We show in this thesis th a t when the gap is sufficiently 

small, the use of the image theory is inadequate and consideration of dispersion is essential. 

For example, in the earlier pubhcation [10] in which the plasmon dispersion is neglected, the 

self-energy approaches infinity as the width is decreased. The present thesis shows that the 

consideration of dispersion leads to the saturation of the self-energy of the atom  which is in 

sharp contrast to the result of the previous paper [10] .

The plan of the paper is as follows: In section 2. we treat the atom as a two body system 

and we express the Hamiltonian when the atom  is placed between two metal plates. We 

make use of a unitary transformation, introduced earher by Platzm an [11], to express the 

interaction energy of the atom  with the surfaces as a shift in the zero-point energy of the 

plasmon modes. In section 3 we obtmn the individual values of the interaction energies 

of the electron and the nucleus. We also derive changes in the interaction energy between 

the electron and the nucleus in the presence of the two surfaces. The potential energy is 

obtained on the assumption th a t the nucleus is restricted to remain within the gap and
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unable to penetrate the metal while the electron is allowed to exist anywhere in the entire 

system. In section 4, we assume th a t the nucleus of the hydrogen atom  is within the gap and 

th a t the atom  is in its ground state . We use the first order perturbation theory to obtain the 

effect of the interaction potential on the self-energy. We have obtained the self-energy of the 

atom  considering the effects of the plasmon dispersion as well as the m ultipolar excitations 

of the atom. We have also extended the self-energy calculations to include the 3S, lOS and 

14S excited states of the hydrogen atom . The calculations for the excited states, however, 

are approximate and are based on the dipolar assumption. Concluding remarks are given in 

section 5.

I - -  .
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2 HAMILTONIAN

We express the Hamiltonian of our two particle system by generalizing the Hamiltonian 

developed earher by Sols and Ritchie [9J, for a charged particle within two parallel plates.

met,

Region II
z=0vacuum

le/al

Figure 1. Two oppositely charged particles within two parallel plates.

Following the geometry in Figure 1, we write the Hamiltonian as

2mn 2me |ri -  rgj +  H m e t  +  H i n t , (1)
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where the first two terms are the kinetic energies of the nucleus and electron respectively, 

and rriç are the nucleus and electron masses . e is the absolute electron charge. and  r -2 are 

the positional coordinates of the two oppositely charged particles. Hmet is the Hamiltonian 

representing the metal electrons and H ^t  represents the interaction between the charged 

particles and the metal surfaces. We write the Hamiltonian for the metal in terms of the 

energy of the surface plasmons according to

H m et =  ^  ^ k . i
k,Q

(2)

In eqn. (2), ^ and are respectively the creation and destruction operators for the

surface plasmon modes denoted by a 2-dimensional wave vector k  and is the frequency 

of the plasmon mode for the wave vector k. The quantity a  takes values plus one for the 

symmetric mode and minus one for the anti-symmetric mode. In eqn. (2) we have neglected 

the effect of the bulk plasmons on the assumption that the effect of the surface plasmons 

are expected to dominate when the center of the atom is outside the metal. The interaction 

Hamiltonian for the two particles interacting with the metal surfaces is given by [9]

-  n „ (z .2)e"=“ =] (a L ... +  , (3)
k,a
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: where Ft.a is the coupling constant and the electron position is denoted by cylindrical co- 

' ordinates so that r ;  =  and the nuclear coordinate denoted by rg =  ( R g , • We

choose the center of the gap as the origin of the z coordinate and restrict the nucleus to 

remain within the gap so that —a < Z2 < a where the gap w idth L =  2a. The coupling 

constant Tk,a is given by [9]

T&,a(z) — gk,ai^)Hk,c (4)

where

 ü/p (1 -  ae (1 +  ________

327v'^ne‘̂ k^A (u;|  ̂ (3uj  (1 -  a=e-2*=) 4- 2
(5)

The dependence of ^%^(z) on position z =  Zi for the electron and z =  zg for the nucleus is 

defined by

<  —a

91k,a\ J ' —a < z < a

9k, M  = Û {^k,a'yk,cte^^ , z > a.

(6)
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The dispersion of the surface plasm on frequency derived earher and discussed in Ap­

pendix A is expressed as

w L  =  5  H  +  ‘̂ != {0V  +  ( l  -  a e - “ - ) ) é )  , (7)

in which the dispersion param eter j3 has the value 0^ =  and Vf is the Fermi velocity 

of the electron gas. For all values of the dispersion param eter P, the surface plasmons fre­

quency have two frequencies corresponding to the symmetric mode when a  = +1 and the 

antisymmetric mode when a  =  —1. The param eter 6  is also related to 7 which occurs in 

eqn. (6) by the relation

+  (8)

In the expression for the surface plasmon frequency given by eqn. (7) ,P  is a convenient 

param eter to denote the dispersion effect due to the pressure exerted by the electron gas. 

The plasmon dispersion also arises due to the coupling of the plasmon modes in the two 

surfaces and is shown in Figure 2. W hen the gap width is large, the two coupled modes 

merge into a single frequency. At zero width, the antisymmetric mode has zero frequency 

and the symmetric mode has the frequency corresponding to bulk plasmons. Although we

10
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consider both of the dispersions, for the purpose of this thesis we refer to  the dispersion as the 

one induced by the pressure of the electron fluid and not the one dependent on the gap width.

0.8

0.6

0.4

0.2

0 0.5 1 1.5 2 2.5 3
ka

F ig u re  2. as a function of ka

We now rewrite the Hamiltonian by using a unitary transform ation which allows us to 

express the interaction energy as a shift in the zero-point energy of the surface plasmon 

modes. The unitary transform ation U is similar to the one used by Platzm an [11] in the 

polar on theory. It can be defined by

11
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C / =  e x p  E  ( / k . a a k . a  -  / k . a “ k . a )  
k,Q

(9)

The operator Uk.a transforms accordingly as

U  d k . a U  —  û f c . Q  " F  f k , c ( 10 )

where the parameter /k,a is ziscribed a value such that the linear terms in a-k,a  and in 

the transformed Hamiltonian

(11)

are eliminated. The value of /k.a which achieves this elimination is given by

hüj,k . a

( 12)

If we neglect the effect of the unitary transform ation on the momentum operators in eqn. 

(1) then the transformed Hamiltonian is expressed by

12
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“t~ flU!
2m„ ' 2me |r i -  rg] ^ “k.a“k,Q +  /k-a/k.Q +  g (13)

In neglecting the effect of the transform ation on the momentum operators, we have effectively 

neglected the consequence of the m otion of the atom  on the atom-surface interaction. Substi­

tu ting  the expression for fk.a into (13), we are able to write the potential energy according to

V  =  :-----^  +  AV'.
k i  — rgj

(14)

where the first term  is the bare coulomb energy between the two charges and A V  is a result 

of the interaction of the charges w ith the two surfaces. The shift A V  in the potential energy 

of the atom is given by

A V  — Vi(ci) -F V(^2) 4- Zg: R ) (15)

where R  =  R% — R 2 The transform ed Hamiltonian can now be expressed as

2mn 2me |r i -  rgl k,Q
^k,Q“ k,Q +  2

+ 14(^1) -F 14(22) -F 14(21, 22,R)

13

(16)

R eproduced  with perm ission ot the copyright owner. Further reproduction prohibited without perm ission.



w'here

(17)
k.Q,

is the self energy of the electron interacting with the metal surfaces,

(18)

is the self energy of the nucleus and

v , ( z , , z2 , r ) =  Z
k.a

(19)

is the change in the interaction energy between the electron and the nucleus arising from its 

interaction with the surfaces.

14
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3 POTENTIAL ENERGIES

If we now substitu te eqns. (4) to (6) into eqn. (15) to write the potential energ}’’ of the 

electron in the presence of the two surfaces. The functional dependence of the potential 

energy V\{zi) on the position of the electron in the three regions as denoted in Figure 1. is 

given by the expression

Vi{zi) = (20)

-  a) +  + a ) e ( a -  r,) +  {<îL(::i)}^ 0(* i -  a)

where 0 ( r )  =  1 for z >  0 and 0 (z ) =  0 for z < 0 which allows us to express V{z), (which 

has different values in the three regions), by a single expression. The potential energy ^^(zg) 

of the nucleus can also be written in the same way as the expression for Vi(zi) except that 

the nucleus is now restricted to region II, by our choice.

14(22) =  /  - ^ ^ N l ^ k d k  X
k .a

{^L (-2)}^ 8(22 +  a )0 (a  -  22) (21 )

The change in the interaction energy Vz{zi, Zi, R) between the electron and the nucleus is

15
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given by

1 /3 (2 1 .2 2 , E )  =  I  J o { k R ) z ^ ^ N l ^ k d k  X g l ^ { z ï ) Q { z 2  + a ) Q { a  -  Z2) X ( 2 2 )
k . a  T ^ f e . Q

[9k,ai^i)Q{-^i -  a) -t- p&,a(^i)8(zi +  a.)Q{a -  Zi) +  gl ^{zi)Q{zi -  a)

If we substitute values of g \^  from eqns. (6) into eqns. (20) to (22), we inunediately con­

clude that 14(21) and 14(2i, 22, A) are continuous for all values of Zi, in particular at the 

boundary Zi =  ± a , and for a specified value of 22 within the gap. The following summarizes 

the potential energies for all three regions.

REGION I (zi < —CL, —Û < Z2 < û)

(a)|i -  Ulf)

(23)

V z(zu z„ R )  =  2a^ ^

16
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(2w^= -  u/p ( l  ±  e (e ±  e*'^)

'^l± { ^ l  (1 =F e-2*“) +  2 (e*“ ±  e-*“)

REG IO N II (—a < Z\ < a, —a < z^ < a.)

4fc2 -  u;2)

{^k± lk^  -  ^^p)^ ±  e*-') '
(&̂ p (1 =F e 2*a) +  2 (u;^_ -  (e*“ ±  e

4A;2 (uu^. -  uj2)

_________ -  k u l ' f  ±  e*=-")'

% , Z 2 . R )  =
-/« 4 A 2 (w L _ w 2 )

{^k±lk^ F  e (e ±6*-^)

Uk± (3w2 (1 =F e-2*“) +  2 (u ;|i -  (e*“ ±  6"^“)̂

17
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R E G IO N  III  (zi > a. —a<Z2 < a.)

“ 4A;2 -  w2)

(^L (3^p (1 f  +  2 (u;|± -  ujfj'^
(28)

4/c2 (w%_ -  u;2)

(29)

(± ) (w^=7k±e-^("-=) -  Â:a;2e“'«==̂ (̂ ‘" “>) (c^t-Tfcx -  Arŵ ) ±

k/L  (3^^! (1 T  e-2*“) +  2 (w^j. -  ojfŸ) (e*° ±  e"*“)

When the dispersion effects are neglected, the potential energy is given by the theory of 

images. To show this result, we combine eqns. (7) and (8) to obtain the following relations.

kujl (l — ae 
“  [2u,L -  0 ,1 (1 + ae— )j

and

18
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.Q ~'^'p — ~'^p ( l  “  /2- (31)

Substituting eqns. (30) and (31) into (21) and changing the summation to integration, the 

potential energy Vx{zi) of the electron within the gap, is given by

e2
(32)

W here

roc a - ' j t

$(y) = ~  I 1 ~tdt. (33)70 i — e

The potential energy of a single particle in the gap given by eqn. (32) exactly corresponds 

to the expression obtained by Sols and Ritchie [9]. Moreover, this result is the same if we 

had used the classiczd image theory.

3 .1  R e s u l t s

We have numerically evaluated the potentials V{zi),  V( z 2 ) and V(zi ,  Z2 , R)  from eqns. (20) 

to (22). In Figures 3 - 5 we show the effect of dispersion on the potential energies of a electron 

and a electron-nucleus pair placed within a gap between two metal surfaces. We observe

19
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th a t the potential energy is weakened for both of the cases as a  result of the dispersion. 

Furthermore, the potential is observed to saturate to a  finite value in the presence of the 

dispersion, while it diverges at the surface in its absence.

In Figure 3, the variation in the potential energy, in units of e^/a, is shown by the dashed 

line for an electron as a function of the distance measured from the center of the gap, in 

units of a, in the absence of dispersion. As expected the potential energy at the center of the 

gap has the value ^  as given by equation (32). The potential energy close to the surface 

varies with z as and this behavior is clearly seen in Figure 3. Outside of the gap. the 

potential is symmetric with respect to the origin but is not symmetric with respect to the 

surface.

Also in Figure 3. the potential energy of a particle is shown for the three following values 

of Tj of the m etal electrons representing Be (r^ =  1.88). Ag (r^ =  3.02) and Cs (r^ =  5.63). 

The dispersive effects defined by eqn. (7) are observed to be strong for small r„. The potential 

at the center is considerably screened while at the surface it approaches a finite value. The 

saturated value is largely negative when is small.

In Figure 4, the variation in the potential energy of the electron as a function of is 

shown when the nucleus is located a t the center of the gap w ith the horizontal distance R  

between the two particles is set to zero. Figure 4 shows the  variation when dispersion is 

neglected (dashed curve), as well as the potential energy w ith dispersion effects included for 

the three values of r^.

Figures 5 shows the variation of the change in potential energy due to the surface as a

20
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function of R  from the image theory and for the three previous values for r„ with dispersion 

included. Clearly, the energy decreases as R  increases but saturates to a value In 2 as 

expected from the  image theory.

21
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-1 -0.5

i/û

0.5

F ig u re  3. Potential energy of an electron (in units of as a function of its position zi with 

a gap width of L =  2a where a =  1.0 * 10~"c7n. The red, green and blue curves are for 

=  1.88, Ta =  3.02 and =  5.63 respectively. The dashed curve represents the image 

potential (dispersionless).

22
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Figure 4. Potential energy of an atom (in units of as a function of its position Zi. The 

nucleus is set at zg =  0 and the gap width is L =  2a where a =  1.0 * 10~"cm. The red, 

green and blue curves are for =  1.88, =  3.02 and = 5.63 respectively. The dashed

curve represents the image potential (dispersionless).
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FigTire 5. Potential energy of an atom (in units of as a function of the horizontal distance 

between the electron and the nucleus with a gap width of L =  2a where a =  1.0* 10“^cm. 

The red, green and blue curves are for =  1.88, =  3.02 and =  5.63 respectively.

The dashed curve represents the image potential (dispersionless).
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4 ENERGY STATES OF A HYDROGEN ATOM

4 .1  G ro u n d  S ta te

We now treat the interaction energy of the electron due to the surfaces as a  perturbation 

to obtain the first order change in the ground sta te  energy of the hydrogen atom . Let the 

ground s ta te  wave function of the hydrogen atom  be given by

where a„ is the Bohr radius. The relative coordinate z of the electron with respect to the 

nucleus is defined by z =  Zi — Z2 and similarly R  = R\ — R 2 . For simplicity we set Z2 =  0 

so that the nucleus is at the center of the gap. Using the unperturbed wave function of the 

hydrogen atom  given above, we express the change in its energy A F  due to the perturbation 

potential according to

A E  =  E i(z i) -f E2(z2) +  E z{zx, Z2, R)  (35)

where E^izï)  is the potential energy of the nucleus anchored at Z2,
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E ,(z ,)  =  - e ^ Y ,  f - ^ ^ L k d k  X (36)

< {^fc.a(2i)}^0(-M  - a )  + {5 |^^(zi)}^0(zi + a ) 0 ( a  -  z j  4- {^^^(zi)}^0(zi -  a) >

and

E3 (zi,Z 2 , R)  =  2e  ̂^  / - ^ N l ^ k d k  x Pt,a(^2)G(z2 +  a )0 (a  -  Z2 ) x (37
f. J nwk^a

< Jo{kR) {ÿfc_^(zi)0(-zi -  a) + ^ |^ ( z i ) 0 ( z i  - |-a )0 (a  -  z j  + gl^cxi^i)Q{zi -  a)} >]

The averaging ( /  (z, i?)) over the wave function is defined as

( /  (z, A ) )=

All the integrals using averaging process defined by eqn. (38) can be done by analytical 

methods and are given in the Appendix B. Hence the change in the energy A E  in eqn. (35) 

can be realized by numerical integration over k. The succeeding summarizes the interaction 

energies for all three regions where / i ,  l 2 ±, h ± ,  Ji-. Ji±, E i ,  K 2 , K 3 , L i, L 2 , Mi, M 2 ±, M3 ±, 

Ni, N 2 ± and N 3 ± are the integral defined by eqn. (38).
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REG IO N I

 ̂ ( l  =F e-:»') (Zw-r, -  "2 (l =k « -« °))'

w L  (3w | (1 T  e - “ “) +  2 (w L  -  s " ) )
(39)

4e' f  U k  ■ R )  U ^ J t ± J i  -  k u p , A  ( l T e -“ “)

(2^ L  H = 7 t±  -  kul) (e ±  e^ ')

Wk± ( 3 ^ 2  (1  f  e-2*“) +  2 (w g _  -  ufj^j (e*“ ±  e r * = )

REG IO N II

E ,(z ,)  =
4A:2 _  u;2)

( u ; L 7 f c ^ - K )  (A:i +  A:2±2K3)

‘̂ L  (3^p (1 T  e-2*“) +  2 (e*“ ±  e'*»)'
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iizi) — —e ^ J d k
( l  (2w L -

^k^ (‘̂ L  -  ^ pY

_________{^k~lk= -  kuj~) ±  ________

w L  (3w2 (1 f  e-2*a) +  2 (w L  -  u j ) )  (e^= ±  e-^=)'

£3(--,.* - .« )  =
J  ?)

{^ l± lk±  -  kujl) (Li ±  L2 ) ( e " ^ ' ±  e* '')

W t±  (3 w 2  (1  q= e - 2 * “ ) +  2 (c j2 ^  -  C j2) j  (e * “ ±  e - * “ ) '

REG IO N III

2  f  J, ( ^ t = 7 t = ^ i  -  ^±k' y~M2~ +k^u*M3~^
E i(zi) =  - e ^  d k^ --------------------   -2--------------- -

4A;2 (w2^ -  w2)

(lT e-^^-°) ( 2 w L - w X l ± e - " " ' ) ) '

(3LU2 (1 =F e-2&.) 4- 2 (0,:^  -- 0,2) )
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(43)

(44)



4A:2 (w^+ -  Ü/2)

X

(45)

(j=) -  ku^N2±) {yJk~lk± -  fct^p) (e~^-" ±  e^~")
w^_ (3cj2 (1 q: e - 2*a) _|_ 2 — o;2j j (e*“ ±  e~*“)

4 .2  T h e  3S , lOS an d  14 S  E x c ite d  S ta te s

We know use the dipolar approxim ation to obtain the self-energies of the 3S, lOS and 14S 

excited states of a hydrogen atom  placed within the gap with the nucleus set at the origin. 

Here, eqns. (21) to (23) are expanded up to the quadratic terms in z and R. The self-energy 

for the n th  radial quantum sta te  of the atom is given by

AEn =  (n lU (z i,Z 2 ,R )ln ). (46)

Equation (46) may be generalized to other hydrogenic atoms by replacing n  with n* =  {n — 6) 

to account for the quantum defect. For hydrogen 5 =  0 while for sodium, S % 1.3.

29

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



4.3 Results

The value of A E  is obtained numerically for the ground state of the hydrogen atom  when 

^2 =  0 when gap is altered from L =  0 to L «  20&o and the changes in A E  are plotted. The 

numerical results are obtained for various values of r„ and for comparison, we have plotted 

A E  when the dispersion is removed.

In Figure 6, the dashed line gives the variation in A E  for the IS s ta te  of the hydrogen 

atom  as the gap is changed and the dispersion effects are neglected. We observe that the 

energy diverges as a approaches zero. This is expected since the potential is shown to di­

verge a t the surface in this case, while in the presence of dispersion A E  approaches a finite 

value. These however, depend on and hence the metal. The dispersion in all cases, tend 

to screen the potential energy and the value of A E ,  although negative, increases from its 

dispersionless case.

In Figure 7, we have plotted the change in energy as the position of the hydrogen atom 

when zg/a is altered from Zg/a =  0 to Zg/a =  1. The energy decreases initially as the atom 

approaches the surface and attains a minimum value before rising at the surface. We notice 

the binding to be large as decreases. This result could be tested experimentally. Such an 

experiment would give credibility to the conclusion regarding the dispersion effect on A E  

as presented in this thesis.
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In Figures 8 -1 0 .  the dipolar approximation is used to show the variation of A E  of the 

hydrogen atom  as the gap is varied for the 3S, lOS and 14S states respectively. As is the 

case for the IS state, we observe th a t the effect of dispersion on A E  to be strong as the 

gap is decreased. In Figures 8 - 10, we notice the effects of dispersion for the values of 

to be significant when the gap w idth is 20oo (3S state), 70#* (lOS state) and 100&* (14S 

state). It should be noted that the validity of A E  for gap w idths smaller than the widths 

sta ted  above for the nS states should be considered uncertain and strongly questionable. 

The calculations were carried out using Monte Carlo integration and became increasingly 

sporadic for gap widths smaller than  those stated. Also, since the potential energy (Figure 

4) is highly peaked when the atom  is close to the surface, the use of first order perturbation 

theory is questionable for gap widths smaller than 20ao, 70&o and  lOOa* for the 3S, lOS and 

14S states respectively.
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Figure 6. Self-energy (in eV) of a hydrogen atom as a function of the gap with the nucleus 

set at Z2 =  0. The red, green and blue curves are for =  1.88, =  3.02 and r„ =  5.63

respectively.
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F ig u re  7. Self-energy of a hydrogen atom (in eV) as a function of the nucleus position z^. 

The gap width is L =  2a where a =  1.0 * The red, green and blue curves are for

=  1.88, Tj =  3.02 and =  5.63 respectively.
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Figure 8. Self-energy (in eV)  of a hydrogen atom, in the 35 excited state, as a function of 

the gap with the nucleus set at zg =  0. The red, green and blue curves are for =  1.88, 

Ts =  3.02 and =  5.63 respectively.
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F ig u re  9. Self-energy (in eV)  of a hydrogen atom, in the 105 excited state, as a function of 

the gap with the nucleus set a t Zg =  0. The red, green and blue curves are for =  1.88. 

=  3.02 and =  5.63 respectively.
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F ig u re  10. Seif-energy (in éV) of a hydrogen atom, in the 145 excited state, as a function of 

the gap with the nucleus set at zg =  0. The red, green and blue curves are for =  1.88, 

Tj =  3.02 and =  5.63 respectively.
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5 CONCLUDING REMARKS

In this thesis we have obtained the theoretical expressions for the potential energies of an 

electron, as weU as an atom, enclosed in a cavity between two parallel m etal plates. We have 

used the potential energies as perturbation to obtain the change in the energy of a hydrogen 

atom when it is at the center of the gap and in its IS state. Approximate expressions (dipolar 

approximation) are also obtained for the 3S, lOS and 148 states

The main contribution of the thesis is in its full consideration of the plasmon dispersion 

when calculating the potential energy of a charged particle (i.e., electron) and the expectation 

value for the interaction energy between the hydrogen atom and the m etal surfaces. It is 

seen from the diagrams tha t the potential energy of an electron and electron-nucleus is 

affected strongly by the dispersion effects, especisilly when the gap is small. The scattering 

experiments of an electron by a surface may reveal the validity of the significance of the 

dispersion effects considered in thesis. The changes in the energy of the hydrogen atom  in 

its IS state are done considering both the m ultipolar excitations and the dispersion of the 

plasmons. It is shown that the effect of dispersion on the energy is large as the gap width is 

decreased.
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A Hydro dynamical Model

The collective motion of electrons in  such metals as Na or A1 can be studied using the jellium 

model. In this model the positively charged ions are smeared out uniformly over the crystal 

and the dynamics of the electrons are studied with the ions providing a static background. 

The characteristics of the metal are provided completely by n^, the electron density, or by 

r„. the interaction distance given in

where is the Bohr radius. At equilibrium, the positively charged ions and the electrons 

will have equal densities at every point. However, if in some particular region the electrons 

are displaced locally, the imbalance of charge wiU create an excess of positive charge. The 

Coulomb attraction will pull the electrons back into the region, however, they will overshoot 

and oscillations will take place. The frequency of these plasma oscillations, called the plasma 

frequency, depends on the electron mass me, elementary charge e, and and is given by

For a typical metal, eqn. (48) yields approximately 10^®s * compared to lO^^s  ̂ for lattice
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vibrations.

In 1933-34, Bloch provided the hydrodynamical model of bulk and surface modes for the 

metal electrons. This theory apphes to the dynamics of a continuous electron fluid and leads 

to the bulk and surface plasmons. The bulk modes have am plitudes that extend throughout 

the electron fluid while the am plitude of the surface modes decay exponentially with position 

from the surface. The variation of mode fl’equencies w ith wave number or spatial dispersion, 

is the result of the hydrodynamic pressure of the fluid.

The electron fluid has mass density m,g (n 4- A n ), charge density e (n 4- A n) and an im­

mobile neutralizing background charge density —en. We now develope the equation of motion 

of the electron fluid which includes the effect of electron pressure. For a 3-D displacement 

vector C(r) of the fluid, the change in the electron density is given by

A n =  —n^V • (A.49)

The deviation of the hydrodynamic pressure firom its equilibrium value is

Ap =  —noirie^^V ■ Ç (A.50)
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where 3 is a parameter. Poisson s equation governs the electric field inside th e plasma

E  =  —VC and =  4/rneV • C, (A.51)

and if the force per unit volume is n e E  — V (Ap) , the equation of motion can be written

d^C
m^rio-Q^ =  V -  n,,me/?^V • c) or

m,■e-Q  ̂ =  V (e$  -  ■ c) . (A.52)

and for normal modes having tim e dependence e eqn. (52) would read

rrieuj^Ç =  V (e$  -  • c) • (A.53)

We now define a displacement potential ^  first introduced by Barton, which is the basic 

variable,

C =  —V ^ , (A.54)

and when substituted into eqn. (53) and integrating once gives
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—rrigfjj '̂V̂  =  V  4- or

-mgw^^ =  e $  4- mg/3^V^'F. (A.55)

Equation (55) can now be rearranged to obtain

$  =  —Y  (ü.-2 4- <b z <  0 (A.56)

and if we operate on both side with and use eqn. (51), the basic differential equation for 

the plasma normal modes is

47rneV • C =  — — 4- 
e

47rneV^^ =  — 4- or

0 =  (A.57)

where eqn. (??), the square of the plasma frequency was used. Outside of the plasma, i.e.
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z > 0. eqn. (51) reads

=  0. (A.58)

In specifying the boundary conditions, the exponential increase is ruled out and we only 

consider the natural hydro dynamical condition which is th a t the normal component of the 

displacement vanishes and which gives

Cz =  0 =  a t z =  0_ (A.59)

and by using eqns. (51) and (53), is equivalent to

^  ( e ^  + = 0  at z =  0_. (A.60)

The above boundary conditions allow the volume charge density to remain non-zero at the 

surface. The standard boundary conditions for the electric field and pressure are

$  and are continuous across z =  0. (A.61)
oz

The individual modes can be w ritten in complex notation as
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(r) =  (z) and  0  (r) =  (z) (A .62)

where r  =  [p. z) and, like k, p is  a. two component vector parallel to the surface which implies 

translational invariance. Using (62), we find th a t inside of the plasma, eqns. (56) and  (57) 

become respectively

(A.63)

and

-2 , \ , .2 , .2 , /o2t.2 ^2 “ \

and outside of the plasma we obtain from Laplaces equation (58)

p  =  const X exp(—A:z) 2  <  0. (A.65)

Applying the boundary conditions (59) to (61) when uĵ  < uj  ̂ +  0^k^, the solution to  eqn. 

(64) for surface modes is of the form

, (A_66)
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where Af* is a normalization constant and is defined by

== k , ;  4 -  ( v l . 6 7 )

To determine ujg from (66), eqns. (63) and (65) are used with boundary conditions (61) to 

obtain

w! =  I  (w j +  0 ‘k ‘‘ +  , (A.68)

which is the normal surface mode firequency for one surface. The procedure for two surfaces 

is done in a similar manner to give eqn. (7).
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B Interaction Energy Integrals

In this appendix we provide the analytical values of the integrals used in the averaging pro­

cess in obtaining the interaction energy for all three regions of the system. In region I, I \ , 

l-i± and /gy. of eqn. (39) are integrated analytically using

( e ( ')  = I  (B.69)

where Ç takes on values 2k for Ii,  {k +  7±) for l 2 ~ and 27^ for Iz± and 2 =  2i — 22- From 

the above we obtain

-gafa+z,) (̂ 2
— + a  {a + Z2 ) + — — — T , (B.70)

2(q4-A:) \^2 ' 2{a + k)

=  e(fc+7i)(22+a) ^g(fc+7±)2^

g-2a(a+Z2) /  £V „ \
7  4 -* :  (a +  %,) +  ,  ) , (B.71)2d; -1- A: -f 7 i  Y 2 2a + k + 'y± J ’
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/ 3 _  =  e2-Y=(22+«

g-Zak.+z:) / ( I  ,22 \

l i + "  (° +  -> +  2 ( ^ T ^  ) ■ (B .72)

For Ji and J^± in eqn. (40) , we use

(e ( '+ *  *) =  «e-^k'v^âsipprjskifjwij.i; (B.73)' ' J-oc Jo Jo 7T

where (  takes the values k  for Jj and 7-  for which results iin

Uj =  g2A(22+a) ^^kz+ik- R.'̂

Ap-{z2+a)V4a^+k'^ore
(4^2 +  A;2) Â: -h \jA.o?- +  A;2̂

J^-  =  e2A(z2+a) (^kz+ik-R\^
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(4q2 -p At2) -F yjAoL^ 4- A;2̂

1 1 \
-I------- :— /========ÿ== 4- Z2 4- a - (B.73)V \ /  4o:2 +  A;2 4-

Similarly, the integrals used in the averaging process for eqns. (41) to (46) are obtained in 

the same m anner and  are s ta ted  below:

g-2Q(a+22)-2Ao /  2 2 ^

2 (a  +  «:) ( 2 Ï  +  2'(a +  f c ) + “ +  ‘ ^

2 f  1 1
— a  —, TT % F2 (a  4 -A:) \^2q: 2 (q +  A:)

g - 2 Q ( o - Z 2 ) + 2 f c a  /  2  2  '

2 ( a - * )  ( 2 Ï  +

-Ol2 e 2*22 /  2 2
^  (B.76)2 { a  — k)  I  2 a  2 { a  — k)

g-2Q(a+22)+2*a /   ̂  ̂ >

2 ( a - A )  ( 2 S  +  2 ( a - A : ) + “  +  ‘4
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,-ikZ2 (  2
-OL —  4-2{a — k) \^2a 2{a — k)

-2 o c {a -Z 2 )  — 'ik a  /  ^

— OL T F
2 (a 4- A;) I 2a 2 ( a -F A:) 4- a -  ^2

,-7kz2 (  2
—a %— F

1
2 (a 4-A:) \ 2 a  2 (a 4- A;) (B.77)

A'st =  — OL'

g-2a(a+22) , 2( \  \  ( \  \  1 
( - + ‘■ + ‘ 4  ^  ^2a (B78)

L\ =
4q4 e fe) (  4- +  Q +  Z2)

4 a ^  4- k"̂ \ /4 a ^  4- A:̂  — A;

4 q 4 e

4 a ^  4- k'̂  \J 4 a ^  4- A;̂  — A:

4q,4 e +fc) 4- 4- g  -  Z2)

4 a ^  4- k^ x /4a^  4- k^ 4- k

A ^ 4  p  k z 2  f  _L —  ̂ —
^ ______________ V. V4ck^-t-&^ \/4a^-ffc^4-fc

4 a ^  4- A:̂  x /4 a ^  4- A:̂  4- A:
) (B.79)
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T, _  4 q ^  e  a (x /4 o ^ + * ^ + fe )  ^ 4 -  +  g  +  Z2 )

 ̂ 4 q 2  +  A;2 x /4 a 2  +  * 2  4 -  k

4g4 ( y/4aL&: n/4q^|*^T*)
4& 2 4 . fc2 v '4 q 2  +  fc2 +  k

4 q ,4  e  a ( V 4 a ^ + *  *=) +  - ^ - i _  4F 0  - -  Z2 )

40=2 4- fc2 \ / 4 a 2  -j- A;2 — k

40** g  ̂ (~(Æ^+P v'4Q̂ +A:̂ -fc)
4 q 2  -I- A;2 x /4 a 2  4- A;2 — k

g-2Q(o-Z2) / q. a 2

(B.80)

-2a(a-Z2) / Q; 0,2 \

g 2a(a (  Cl . \
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/t,4 p -  ( o -  22 ) v4a^+^
==

(4o;2 +  A;2) 4- v^4a2 4-

X 1 1
i. , . / Z 3 T ^  - Z 2 + a  \ , (B.84)V4q2 4- A;2 A: 4- V4a2 +  k^

Pj,4p -  (a-22) ̂ 40* +fc2
=

( 4 a 2  4 - A ;2) ^ 7 ^  4 -  y/4a^  4 -  A;2^

X 1 1
^ . /Z :2- , t.2 -  -2  +  a - (B.85)\ /4 a ;2  4 - A;2 7 .  4 - V 4 q 2 ~ + ~ ^
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