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Abstract 

Discontinuous beam structures can be found in various applications such as adhesive 

bonded joints and piezoelectric energy harvesters.  In adhesive bonded joint design, the single 

lap joint is commonly used and is constructed by adhering two overlapped materials with an 

adhesive.  It is important to evaluate the static and dynamic behaviours of a single lap joint to 

mitigate the chance of failure under normal operating conditions.  Piezoelectric energy harvesters 

use piezo-ceramic materials, which are glued to a host structure with a thin layer of adhesive.  

Studying the dynamic behaviours of piezoelectric energy harvesters is key to achieving optimal 

power output. 

This research presents the use of numerical analysis approaches to investigate the static 

and dynamic behaviours of discontinuous beam structures, with a focus on applications which 

require single physics (i.e. static and dynamic behaviours of a single lap joint), and multi-physics 

(i.e. dynamic behaviours of a piezoelectric energy harvester).  Throughout this research, the 

primary numerical approach used is the finite element method.  An alternative approach is the 

transfer matrix method, to determine the dynamic behaviours of a single lap joint.  These 

numerical approaches are compared with analytical methods and experimental testing, to validate 

their use.  In this research, an experimental apparatus was developed for testing purposes.  

Overall, the results from the numerical approaches used closely match those from the analytical 

methods and experimental testing for all applications. 

This work investigates key relationships and factors that influence the behaviours of the 

single lap joint and piezoelectric energy harvesters.  The effect of the adhesive layer thickness 

and the overlap region length on a single lap joint are studied.  Increasing the adhesive layer 

thickness reduces the adhesive stress and the natural frequencies of a single lap joint.  The effects 

of the electrical load resistance and a proof mass on the performance of a piezoelectric energy 

harvester are discovered.  It is found that increasing the electrical load resistance of the 

piezoelectric energy harvester causes an increase in voltage across the resistor, and the 

impedance matched resistance, yielding the maximum power output.  The proof mass reduces 

the fundamental frequency, increases the transmissibility function magnitude at this frequency, 

increases efficiency, and increases the impedance matched resistance of the piezoelectric energy 

harvester.  
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Chapter 1 Introduction 

1.1. Motivation of the Research 

With growing concerns over greenhouse gases and rising fuel costs, the use of 

lightweight materials and fasteners is an attractive way to improve fuel efficiency in industries 

such as the automotive and aerospace industries.  The Corporate Average Fuel Economy 

Standards, devised by the Environmental Protection Agency and the National Highway Traffic 

Safety Administration, regulate average fuel economy and emission targets for the automotive 

industry in the United States, with which Canada has aligned itself [1].  In 2025, passenger 

vehicles and light trucks will require an average fuel economy and emissions level of 49.6 mpg 

(4.74 L/100 km) and 163 g/mi of CO2 (101 g/km), respectively [2].  Along with technological 

advancements of vehicle drivetrains, automotive companies are using adhesives and lightweight 

materials to reduce vehicle weight, thus improving fuel economy and lowering emissions.  The 

Ford F-150 is one example where the company achieves weight reduction of 700 lbs (318 kg) 

through the use of lightweight materials bonded with adhesives [3], which contributes to an 

overall improvement in vehicle fuel efficiency and emissions. 

Adhesively bonded joints are increasingly utilised in industry due to their desirable 

characteristics when adhering lightweight materials.  They are advantageous as they are easy to 

apply, have the capability to connect dissimilar and thin materials, have inherent damping 

characteristics, and are potentially inexpensive [4, 5].  Adhesively bonded joints distribute 

applied loads evenly across the bond line in comparison to typical fasteners, therefore reducing 

the presence of stress concentrations [6, 7, 8].  They are also versatile in the manufacturing of 

complex joint geometries. 

Vibration energy harvesting is a growing field with an aim to harness waste energy, 

which can be beneficial for low power consumption devices such as wireless sensors [9, 10, 11].  

A system may experience either free vibration due to an initial displacement and/or velocity, or 

forced harmonic excitation.  When the system experiences free vibration, its mechanical energy 

is dissipated through internal/external resistance (i.e. damping) in the form of heat.  When 

subjected to forced harmonic excitation, the system continues to oscillate throughout the duration 

of the applied load, which may not be desired.  Vibration energy harvesters attempt to serve a 

dual purpose by providing vibration absorption for the primary structure, while generating 
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electrical energy output [12].  Vibration suppression increases the desirability of utilising 

vibration energy harvesters.  Implementation of vibration energy harvesting requires the 

transformation of mechanical energy into electrical energy.  This can be achieved in several 

ways, including electromagnetic inductance, capacitance, and piezo-ceramic materials. 

Research is actively exploring ways in which vibration energy harvesting can be useful in 

practical applications.  In the automotive industry, there is potential to harvest energy from a 

vehicle’s suspension system.  One method is to generate electrical energy directly from the 

vehicle’s shock absorber.  The function of a conventional shock absorber is to dissipate vibration 

energy through hydraulic fluid into heat energy.  Moallem incorporates an algebraic screw to 

generate electrical energy, which is connected to a rotary DC machine and boost converter [13], 

that dissipates vibration energy through electromagnetic inductance.  Audi AG has developed a 

prototype suspension system named eROT, which uses electromechanical rotary dampers rather 

than hydraulic dampers.  According to their test results, the system can recuperate an average of 

100 W to 150 W on German roads, with a peak output of 613 W on rough roads [14]. 

Vibration energy harvesting is also increasingly important in the field of structural health 

monitoring (SHM) in the pursuit of stand-alone self-powered sensors.  The use of wireless sensor 

networks is attractive when communicating data over relatively large distances, such as in an 

aircraft or high-rise buildings, to reduce costs associated with coaxial cables [9].  These sensors 

require a power source which can be provided by batteries, a finite source of power, which must 

be replaced once depleted.  Incorporating energy harvesting into the design of a wireless sensor 

allows it to be stand-alone and self-powered, thus reducing the cost of replacement batteries and 

the associated labour costs.  Piezoelectric energy harvesters (PEHs) are appropriate in this 

application when ambient vibrations are present.  One significant advantage of using a PEH over 

electromagnetic or electrostatic energy harvesters is their greater Volume Figure of Merit, which 

compares transducer performance as a function of their size [15]. 

Various applications involve discontinuous beam structures such as those previously 

discussed: adhesively bonded joints and PEHs.  The single lap joint (SLJ) is commonly used in 

adhesively bonded joint design, constructed by joining two overlapped materials with adhesive.  

In design, it is important to evaluate the static and dynamic behaviour of the SLJ to mitigate the 

chance of failure under normal operating conditions.  PEHs use piezo-ceramic materials bonded 
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to the host structure with a thin layer of adhesive.  The dynamic behaviour of PEHs is key to 

achieving optimal power output.  Analytical solutions for the dynamic behaviour of the SLJ and 

PEHs cannot be found due to their discontinuous material and geometric properties.  Numerical 

analysis in Engineering is becoming increasingly useful in the design and evaluation of 

components and systems.  Numerical analysis, unlike general symbolic derivations, provides 

approximate solutions within an acceptable degree of error.  Typically, numerical analysis is 

performed through algorithms, repeated until the error is minimized to an acceptable level.  The 

Finite Element Method (FEM) is a common numerical method that is used to discretize systems 

into elements.  With improvements to computational resources and availability over the years, 

the FEM has been employed for systems of increasing complexity, which may not have 

convenient analytical solutions.  The Transfer Matrix Method (TMM) is a simple numerical 

approach relative to the FEM, which can be used to characterise the dynamic behaviour of 

discontinuous beam structures. 

With the increasing use of adhesives in industry and various applications, developing 

numerical models to design and deploy systems bonded with adhesives could be beneficial.  This 

research will explore the use of numerical analysis approaches to model the behaviour of 

discontinuous beam structures containing adhesive bonds.  Experimental testing and analytical 

methods, when available, will be compared with the numerical models. 

1.2. Literature Review 

1.2.1. Lap-Shear Joints 

Typically, when designing adhesively bonded joints, the adhesive carries the applied load 

in shear.  This increases the strength of the joint, as adhesives typically perform better in shear 

than in tension [16].  Thus, lap-shear joints are commonly used in the design of adhesively 

bonded joints, as they are effective in transmitting tensile forces acting on the adherends and 

transmit them through the adhesive in shear.  Figure 1.1 shows several lap-shear joint designs, 

where the light grey colour represents the joined adherends, and the dark grey colour represents 

the adhesive.  As shown in Figure 1.1(a), the SLJ is a simple design when compared to the other 

common lap-shear joints, making it easy to manufacture, and convenient for experimental 

testing. 
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Figure 1.1: Common types of lap-shear joints: (a) single lap; (b) double lap; (c) scarf; (d) 

bevel; (e) step; (f) butt strap 

Although convenient, the geometry of the SLJ introduces an eccentricity in the load path.  

This causes the adherends to bend, introducing normal stress within the adhesive layer [16], 

commonly referred to as peel stress in adhesive design.  The remainder of this work uses the 

term peel stress instead of normal stress.  Figure 1.2 shows the line of action, the resulting 

bending in the adherends, and the adhesive’s state of stress.  Peel stress is an important 

consideration in the design of adhesively bonded joints as it could be relatively large, and could 

cause joint failure.  Adherend bending also increases the shear stress carried by the adhesive.  

Therefore, it is important to have models that can reliably predict the stress distribution within 

the adhesive layer, to ensure the bonded joints do not fail under normal operating conditions. 

 

Figure 1.2: Effect of load eccentricity: (a) initial load line of action; (b) bending due to load 

eccentricity; (c) adhesive stress state. 
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1.2.1.1. Closed-form Analytical Models 

Researchers have developed many closed-form analytical methods for determining the 

stress distribution within the adhesive region of the SLJ [8].  The shear-lag model, the Goland 

and Reissner model, and the Hart-Smith model are of particular interest, as they represent 

classical methods [8, 17], and have been studied in great detail [18, 19, 20, 21, 22, 23].  Each 

method used different assumptions and considered different contributions to the adhesive stress 

distributions. 

The shear-lag model, developed in 1938 by Volkersen [24], represented an early attempt 

to describe the stress distribution within an adhesively bonded SLJ.  The model is one-

dimensional, as the stresses through the thickness of the adhesive and the adherends are assumed 

to be constant [25].  It neglected bending due to the applied tensile load eccentricity acting on the 

joint, assuming the adherends deformed in tension only [17, 26].  Therefore, the adhesive layer 

was subjected to a state of pure shear stress, which disregarded the presence of peel stress.  

Although this represented a significant weakness of the shear-lag model, it was useful for 

understanding the relationships between joint design parameters and the resulting shear stress 

distribution [27]. 

The shear stress distributions and peak shear stresses within the adhesive layer of 

adhesively bonded steel and concrete joints have been determined experimentally [19].  A total 

of 15 specimens, with five steel and adhesive layer thickness configurations, were tested and 

compared to the shear-lag model, and a finite element (FE) model.  While both the shear-lag and 

FE models closely resembled the experimentally determined shear stress distributions and peak 

shear stresses, the FE model provided better results for the specimens with the thinnest adhesive 

layer thickness (1 mm) [19].  Failure loads of single and mixed-adhesively bonded SLJs have 

also been investigated experimentally [20].  Mixed-adhesively bonded joints were used to 

increase strength by using ductile and brittle adhesives at the ends and the middle of the overlap 

area, respectively.  Experimental failure loads of the single adhesive SLJs were compared with 

the shear-lag model and a global yielding criteria.  Failure loads found by the shear-lag model 

compared favourably with experimental failure loads for brittle adhesives, while the global 

yielding criteria compared favourably for ductile adhesives.  These two models were combined 

to determine the failure loads of the mixed-adhesive SLJs analytically; the shear-lag model and 
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global yielding criteria were used for the brittle and ductile adhesive regions, respectively.  This 

approach showed good agreement with the experimental failure loads of the mixed-adhesive 

SLJs [20]. 

The method developed by Goland and Reissner in 1944 [28] was built from the shear-lag 

model, by including bending due to the eccentric load path of adhesively bonded SLJs [29].  The 

adhesive layer was modelled as a spring in the shear and transverse directions, which resulted in 

constant stress distributions through the adhesive thickness [30], and allowed for the derivation 

of the adhesive shear and peel stress distributions [4].  As deformation due to bending increased 

with increased applied tensile load, the load eccentricity was reduced.  Consequently, the 

bending moment and transverse force acting on the overlap region of the SLJ was reduced, 

introducing geometric non-linearity.  To account for this reduction of load eccentricity due to an 

increased applied load, bending moment and transverse force factors were introduced to relate 

the applied tensile load to the applied bending moment and transverse force [17]. 

Tsai and Morton investigated non-linear deformations in SLJs to determine the stress 

distributions, the bending moment factor, and transverse force factor experimentally [21].  The 

experimental shear and peel stress distributions were compared with an FE model and the 

Goland and Reissner model.  Although there were similar results between the FE model and the 

Goland and Reissner method, they did not match well with the experimental shear stress 

distribution near the end of the overlap region, or with the experimental peel stress distribution, 

which had been in compression throughout the entire overlap length, therefore violating 

equilibrium.  The shear stress distribution discrepancy was attributed to the presence of a spew 

fillet in the experimental SLJ specimen at the end of the overlap area, which caused a reduction 

in shear stress magnitude.  The violation of equilibrium found in the experimental peel stress 

distribution was the result of the measurement method used: moiré interferometry.  This method 

measured the displacement along the length and height of the overlap region along the width’s 

edge instead of along the centerline.  This was not a problem for the shear stress distribution, 

which was relatively constant through the width of the overlap region.  However, the peel stress 

distribution varied through the width.  Along the centerline near the end of the overlap region, 

peel stresses were in tension, becoming more compressive towards the width’s edge of the 
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overlap region.  Therefore, it was determined that moiré interferometry was not suitable to 

measure the peel stress distribution along the centerline of the overlap region [21]. 

The Hart-Smith model further built upon both the shear-lag and the Goland and Reissner 

models [4].  Developed in 1973 [31], the model considered both the shear and peel stress 

distributions within the adhesive layer of the SLJ, by treating the adhesive layer as a spring in the 

shear and transverse directions, consistent with the Goland and Reissner model.  The bending 

moment and transverse force factors are modified by the Hart-Smith model in pursuit of 

improved relationships between these and the applied tensile load.  The most notable 

differentiator in the Hart-Smith model was its ability to model the plasticity of the adhesive 

material [32].  The shear stress-strain relationship of the adhesive material was treated as elastic-

perfectly plastic, where the shear stress in locations of material yielding was held constant at the 

yield shear stress magnitude with increasing shear strain [32]. 

An experimental investigation to estimate the bending moment factor of an adhesively 

bonded SLJ was conducted to compare with the analytical bending moment factors modelled by 

the Hart-Smith and the Goland and Reissner methods, among others [22].  It was found that the 

bending moment factor modelled by Goland and Reissner was appropriate when the adhesive 

was thin relative to the adherend thickness.  Moreover, the Hart-Smith model of the bending 

moment factor compared favourably with experimental results when the adhesive overlap length 

was short [22].  One study investigated the failure load predictions of composite adhesive SLJs 

using the Hart-Smith model and an FE model [23].  These were compared with experimental 

failure loads found through bulk tensile tests.  The authors tested a ductile and a brittle adhesive, 

and considered various SLJ overlap lengths.  The Hart-Smith model was only used to compare 

with the experimental results of the brittle adhesive, since it was not suited for ductile adhesive 

materials, while the FE model was used for both.  The tensile tests revealed that the specimens 

bonded by the brittle adhesive failed through the adhesive for short overlap lengths up to 20 mm, 

whereas specimens with longer overlap lengths experienced interlaminar failure in the composite 

adherends.  This suggested that failure was the result of peel stress.  When compared with the 

failure load predictions of the Hart-Smith shear stress and peel stress relationships, the peel stress 

relationship was more favourable than the shear stress relationship, which agreed with the 

experimental mode of failure.  The magnitude of the predicted failure loads in both peel and 
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shear were less than the experimental results, which suggests that the Hart-Smith model was 

slightly conservative.  The FE model also compared favourably with the experimental results, 

however, the predicted failure loads were higher than the experimental failure loads [23]. 

1.2.1.2. The Finite Element Method in Adhesive Joint Design 

Much of the work discussed above, specifically [19, 21, 23], included FE models which 

were designed to model the static behaviour of adhesively bonded joints.  The ability to model 

adhesively bonded SLJs subjected to static loading provided a foundation for increasingly 

complex models, including dynamic loading.  An extensive review of the FEM used in adhesive 

joint design was presented in [4].  Use of the FEM in adhesively bonded joints subjected to static 

loading has primarily focused on the ability to model the following: the stress distribution within 

the adhesive including peak or failure stresses and loads, stress singularities, fracture, and 

damage.  The details of adhesive joint fracture and damage were presented in the aforementioned 

review [4], and therefore will not be discussed further in this work.  The dynamic characteristics 

of adhesively bonded joints has led to important insights, which are useful in their design and 

implementation.  It is prudent to ensure the adhesively bonded joint is designed to minimize the 

excitation of resonant frequencies.  The dynamic response of adhesively bonded joints may also 

be useful to determine the health of bonded joints over time [33].  This is particularly important, 

as they cannot be disassembled in the same way as traditional fasteners, making it difficult to 

determine their integrity throughout their lifecycle. 

Pereira et al. investigated the effects of adherend thickness and overlap length on the 

shear strength of aluminum adhesive SLJs [34].  A 2D FE model was used to determine the 

rotation angle of the joint, the stress distribution within the adhesive layer, and the predicted 

failure load, which were compared to experimental results.  Increasing adherend thickness 

increased the rigidity of the joint, which resulted in a reduction in the rotation angle of the joint.  

This caused a reduction in shear stress and an increase in peel stress within the adhesive layer, 

while the failure load of the joint was improved.  Increasing the overlap length of the joint 

showed results similar to those found when increasing adherend thickness, apart from the peel 

stress within the adhesive layer.  It was observed that an increase in the overlap length caused a 

reduction in the peel stress, which indicated improved joint strength [34].  Díaz et al. [35] 

investigated the stress and strain behaviour within the adhesive layer of carbon fiber reinforced 
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plastic SLJs.  The SLJ introduced mesh refinement challenges due to the poor aspect ratio of its 

geometry.  The authors developed a parametric 3D FE model as a benchmark to determine the 

number and type of elements needed to achieve satisfactory results without sacrificing 

computational time and demand.  A total of 26 models with unique element configurations were 

studied, with the number of elements varying from 4,400 to 695,155, which included shell, solid, 

cohesive, and continuum shell elements.  The adhesive layer strain distribution results were 

compared with experimental data from a study by Tsai and Morton [36].  Some guidelines were 

presented, such as the use of a high mesh density near the longitudinal ends of the adhesive 

material, and a low mesh density in the middle [35].  Experimental verification of a 3D FE 

model to determine the strength of SLJs joining different materials was conducted [37].  

Experimental failure loads for aluminum-aluminum, titanium-titanium, composite-composite, 

titanium-composite, and aluminum-composite bonded SLJs were found to compare with the 

numerical results.  The FE model consisted of solid elements for the adherends, and cohesive 

elements for the adhesive region.  The numerical failure loads for most configurations compared 

favourably to the actual failure loads, apart from the titanium-titanium SLJ, which showed an 

error of 17%.  The resulting FE joint deformations at the predicted failure loads were shown to 

visually compare them with the resulting experimental deformation after joint failure, which 

showed good agreement [37]. 

The tapering of adherends was studied to reduce adhesive peak stresses, and to shift their 

location away from the end of the adhesive layer.  Haghani et al. [38] investigated the effect of 

normal and reverse tapering and material properties of carbon fiber reinforced plastic laminates 

that were bonded to existing structures to restore their strength.  The tapering length and material 

properties of the laminate and adhesive were varied to understand their effects.  FE models for 

normal and reverse tapered laminates were used to determine the peak stresses within the 

adhesive, along with the corresponding stress distribution, to determine whether the position of 

the peak stresses had been impacted.  These were compared to an FE model of a laminate with 

no tapering.  Reverse tapering was found to have the most significant impact on the position of 

adhesive peak shear and peak principal stress, moving their position further away from the end of 

the adhesive layer.  The effect of normal tapering on the peak shear stress and peak principal 

stress were negligible within a reasonable tapering length, whereas reverse tapering caused a 

significant reduction in these stresses even for relatively short tapering lengths.  However, both 
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normal and reverse tapering caused an increase in peak peel stress, which could be a concern 

since adhesives are vulnerable to peel stresses [16].  Finally, it was found that the ratio of the 

laminate Young’s modulus to the adhesive shear modulus (termed in this study as the stiffness 

ratio) impacted the peak stresses.  A lower stiffness ratio generally resulted in reduced peak 

stresses [38].  Similar trends were observed by reverse tapering the adherends of an SLJ [39].  

The authors of this study referred to this as an inner chamfer on the adherends, and investigated 

the effects of chamfer height, angle, and material properties on the adhesive peak stresses and 

joint strength, both experimentally and when using the FEM.  Unlike the previous study, the 

authors included a spew fillet at the end of the adhesive layer.  Increasing the inner chamfer 

height caused a reduction of peak peel stresses.  However, the peak shear stresses, although 

significantly reduced when compared with that with no chamfer, were relatively constant with 

the increased chamfer height.  Increasing the chamfer angle was useful for reducing peak shear 

stress until reaching an optimal angle, beyond which the peak shear stresses began to increase.  

Interestingly, in this study, the peak peel stresses were reduced with increasing chamfer angle.  It 

was also demonstrated that an adhesive material which had a relatively low Young’s modulus 

did not seem to benefit from an inner chamfer, while an adhesive which had a relatively high 

Young’s modulus benefited from increased joint strength [39]. 

Pre-formed angles in the adherends of an SLJ were explored as an approach to reduce 

applied load eccentricity [40].  In this study, SLJs with their adherends bent at various angles 

were subjected to tensile testing to determine joint strength.  An FE model was used to determine 

the effect of the pre-formed angle on the adhesive layer stress distribution.  It was found that a 

pre-formed angle of approximately 10° removed the applied load eccentricity, given the 

geometry used.  Interestingly, a pre-formed angle of 7° showed the most significant 

improvement when compared to an SLJ without a pre-formed angle, resulting in a 64% increase 

in failure load.  The joint with a pre-formed angle of 10° had a 34.5% increase in failure load, 

while a pre-formed angle of 15° reduced the failure load by 17.3%.  Increasing the pre-formed 

angle also caused a reduction in the peak stresses within the adhesive layer, while the adhesive 

stresses at the middle of the overlap region tended to increase [40]. 

The influence of geometric and material properties on the dynamic characteristics of 

adhesively bonded SLJs were theorized using the FEM [41, 42, 43, 44].  Ko et al. studied the 
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effect of the adhesive overlap region length and adherend thickness on the natural frequencies of 

fixed-fixed SLJs [41].  The SLJ configurations considered included metal-metal bonding, metal-

composite bonding, and composite-composite bonding.  In general, increasing the overlap length 

of the SLJ caused a slight increase in the first transverse frequency for all joint configurations.  

The first lateral frequency initially decreased with increasing overlap length, however, when the 

overlap region was close to 50% of the overall beam length, it began increasing.  The effect of 

increasing adherend thickness caused a significant increase in the transverse natural frequencies, 

while there were no significant changes in the lateral frequencies [41].  He and Oyadiji studied 

the effect of the adhesive Young’s modulus and Poisson’s ratio on the transverse free vibration 

characteristics of cantilevered SLJs [42].  A variety of Young’s modulus and Poisson’s ratios 

were considered to measure their impact on the first six natural frequencies.  The Poisson’s ratio 

of the adhesive had an insignificant impact on the modal frequencies.  In addition, an increase in 

the adhesive Young’s modulus caused an increase in all the transverse modal frequencies.  

However, the significance of the changes in these frequencies largely depended on whether odd 

or even modes of vibration were considered.  Although all six transverse modes initially showed 

a noticeable increase in the modal natural frequencies, the odd modes showed insignificant 

changes in their corresponding natural frequencies once the adhesive Young’s modulus was 

greater than 2 GPa, while the even modes continued to show significant changes.  This was due 

to the location of the overlap region, which had been positioned on nodes and antinodes for odd 

and even modes of vibration respectively [42].  Therefore, one could conclude that the position 

of the lap joint within the bonded structure had a significant impact on its modal frequencies.  In 

a more recent study, He investigated the effect of the adhesive material properties on the 

torsional free vibration characteristics of cantilevered adhesively bonded SLJs [43], and 

discovered that the adhesive Young’s modulus and Poisson’s ratio had a similar impact on the 

torsional modal natural frequencies, as discussed in the previous study.  However, the torsional 

modal frequencies in this study were not impacted by the location of the overlap region within 

the bonded structure, therefore an increase in Young’s modulus showed a significant increase for 

all torsional modal frequencies [43].  Kaya et al. considered the effect of the adhesive layer 

thickness and damping on the dynamic characteristics of cantilevered adhesively bonded SLJs 

[44].  The study considered in-plane vibrations, specifically the in-plane transverse and axial 

modes of vibration.  It was shown that an increase in adhesive thickness caused a reduction in the 
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first six natural frequencies of the structures due to the increase in mass.  The introduction of 

damping caused a significant reduction in the resonant frequency displacement amplitudes [44]. 

Non-destructive damage detection in adhesively bonded joints was performed using 

vibration analysis [45].  This work considered bonded SLJs subjected to six stages of 

incrementally increasing cyclic tensile loading to induce damage.  At the completion of each 

stage, the corresponding natural frequencies and modal damping ratios were found for the first 

three modes of transverse vibration, to detect the increasing amount of damage after each stage.  

It was found that the natural frequencies decreased with increasing damage, showing an overall 

difference of 1-6% between the healthy and damaged joint condition.  The modal damping ratios 

tended to increase with increasing damage, with a difference of 40-250% between the healthy 

and damaged joint condition.  It was also shown that the second mode of transverse vibration 

was particularly sensitive to damage when compared to the first and third modes.  High modal 

stress in regions of damage directly impacted that mode’s natural frequency.  To understand this 

behaviour, a 2D FE model was used to measure the principal stresses within the adhesive layer 

when the joint was subjected to impact loading.  The model was first validated by comparing the 

predicted natural frequencies of the healthy SLJ to those of the experimental natural frequencies, 

which gave a maximum error of 2.5%.  The adhesive principal stresses for the second mode were 

found to be larger than the first and third mode, which explained why the second mode was more 

sensitive to damage [45].  A more recent study by Du and Shi investigated the effect of cyclic-

vibration-peel loading on adhesively bonded SLJs, joining aluminium and steel adherends [46].  

Similar trends were found, whereby increasing load cycles tended to reduce the modal natural 

frequencies of the joint.  For comparison, an aluminium beam with the same length as the SLJs 

examined was subjected to fatigue loading.  In this case, the modal natural frequencies showed 

an increase with increasing load cycles, which indicates that the adhesive layer was the cause of 

the reduction in the modal natural frequencies for the SLJs.  To investigate this behaviour in 

more detail, the authors used a 3D FE model to measure the impact of the adhesive material 

Young’s modulus, and adhesive contact area degradation on the modal properties of the SLJ.  In 

order to cause the observed reductions in the natural frequencies, the required Young’s modulus 

and adhesive contact area degradation required was 99% and 80% respectively, which did not 

seem practical in reality.  They concluded that additional studies needed to be done to further 

understand the cause of the modal frequency shifting observed experimentally [46].  The authors 
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did not consider both Young’s modulus and adhesive contact area degradation simultaneously, 

instead considering only their individual impact.  Additionally, tensile testing of the SLJ samples 

could be performed to determine the adhesive Young’s modulus before and after exposure to 

cyclic-vibration-peel. 

The frequency response function (FRF), natural frequencies, and modes shapes of a 

cantilevered adhesively bonded SLJ were investigated, both experimentally and numerically 

[47].  The study considered two SLJ specimens, with the specimens having a width of 25 mm 

and 50 mm, while the remainder of their geometry was the same.  To measure the FRF, the 

specimens were subjected to a sinusoidal forcing function for a frequency range of 0 – 1,000 Hz.  

The FRFs were found for three positions along the free end of the beam, one located on each 

corner, and the other along the centerline of the beam.  The modal frequencies given by the FE 

model compared well with the experiment for the first three frequencies, however a significant 

level of error was observed for higher modes of vibration.  He explained that this discrepancy is 

due to the added accelerometer mass, which was not included in the FE model.  This seems 

reasonable since the experimental modal frequencies were lower than the numerical frequencies.  

Deviations were found in the excitation amplitude at the natural frequencies in the FRFs, found 

experimentally and numerically.  However, the overall trends of the FRFs were comparable.  The 

study also presented the FRFs of three SLJ specimens with differing adhesive layer thickness.  

Although these were not compared to numerical results, the results matched the study conducted 

by Kaya et al. [44].  Specifically, increasing the adhesive thickness caused a reduction in the 

modal natural frequencies of the SLJ specimens [47]. 

1.2.2. Model Updating 

Model updating has been explored as an effective approach to identify and improve 

uncertain modelling parameters, which had a significant impact on model performance and 

accuracy [48, 49, 50].  Uncertainty may arise from certain aspects of the physical structure to be 

modelled, which are either difficult to measure directly through experimentation, or difficult to 

model; for example, identifying frequency dependent properties of a non-linear material, 

simplification of structural details, and boundary conditions, among others [48, 49, 50].  An 

example of a simplification of structural detail could include a joint within the structure, as these 

may be difficult to model due to their relative size and aspect ratio, or the level of detail required 
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[51, 52, 53].  These situations were avoided by introducing modelling simplifications to 

represent the physical structure.  These simplifications sacrifice model accuracy for a reduction 

in computational demand.  In an attempt to preserve the model accuracy, parameters that were 

used to simplify the model can be tuned through model updating to ensure any model 

simplifications more accurately represent the physical structure.  Our discussion focuses on the 

use of model updating to improve parameters impacting the dynamic response of a structure.  

This can be achieved by making use of the measured modal characteristics or FRFs of the 

physical structure in order to reduce numerical modelling errors [48, 49]. 

The use of model updating to improve the performance of an FE model was studied by 

Arora et al. [51, 52, 53].  The work primarily considered the dynamic behaviours of an F-shaped 

test structure, which was fixed at the base of the vertical member with a welded joint, while the 

two horizontal members were fixed to the vertical member with bolted connections.  To consider 

these joints in an FE model, the fixed joints were taken as coincident nodes, with horizontal, 

vertical, and torsional spring couples.  By conducting a sensitivity analysis, it was found that the 

torsional stiffness of the joints had the most significant impact on the dynamic behaviours of the 

structure.  Therefore, the torsional stiffness coupling of each joint was selected as the model 

updating parameters [51, 52, 53].  Arora et al. compared two damped model updating 

approaches: a direct method and a complex parameter method [52].  Both were derived using the 

response function method, an iterative approach where model updating was based on the 

experimental FRF of the structure.  Model updating by the direct method was conducted in two 

steps.  Firstly, the mass and stiffness matrices were updated, followed by the computation of the 

damping matrix based on the mass and stiffness matrices, and eigendata.  In the complex 

parameter method, the model updating parameters were considered as complex, where the real 

and complex parts represented the physical variable and damping of the system, respectively.  

The torsional stiffness couplings were updated with measured data from the F-shaped test 

structure.  Compared to the experimentally determined FRFs, the FRFs of both FE model 

updating schemes showed a significant improvement over the FRFs of the FE models before 

updating, where the complex parameter method had slightly greater accuracy than the direct 

method.  To investigate the robustness of the resulting updated parameters, structural 

modifications in the form of added mass and stiffness were performed, and the resulting 

experimental FRFs were compared to those found by the modified FE models.  The mass and 
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stiffness matrices of the FE models were adjusted to suit the test structure modifications; 

however, the previously updated torsional stiffness couplings were used.  Although the FRFs 

determined by both model updating approaches compared well with the measured FRFs in both 

cases of added mass and stiffness, the complex parameter method gave a more accurate 

representation than the direct method [52].  Further, Arora used an FE model updating approach 

based on incomplete or noisy experimental data to obtain the FRFs of the F-shaped structure 

[54].  Therefore, it was important to evaluate the performance of the model updating methods 

faced with these challenges.  This paper compared two model updating approaches and presented 

the strengths and weaknesses of each method when incomplete or noisy experimental data was 

used in the model updating process [54]. 

Naraghi and Nobari implemented an FE model updating approach to identify frequency 

dependent non-linear properties of a viscoelastic adhesive material [55].  In order to determine 

the properties of the adhesive material, a steel beam, which underwent random excitation, was 

bonded to a fixed steel block to measure the FRFs of the system.  The optimum equivalent linear 

FRF was used to extract the FRFs of the structure since the beam was subjected to random 

excitation.  The dynamic response of the system was considered for two excitations levels: 50 

mV and 700 mV.  An inverse eigen-sensitivity model updating method was implemented to 

determine the viscoelastic properties of the adhesive material.  The viscoelastic model used was 

a modified Maxwell model, which added a spring in parallel with a spring and dashpot in series, 

whose properties were determined through model updating.  It was found that the FRFs of the 

updated FE model were in good agreement with the measured FRFs.  To validate the updated 

material model, a second case study was conducted, which considered the dynamic response of a 

cantilevered SLJ.  Close agreement was found between the measured and numerical FRFs for the 

modified beam configuration, which suggested that the updated material model was useful as a 

generic model for the adhesive [55].  Further research on the viscoelastic model used within the 

updating process was conducted by Najib et al. [56].  A total of five viscoelastic material models 

were considered, which include: the Hookean model, the Voigt model, the modified Maxwell 

model, a modified Voigt model, and the Maxwell and Voigt model connected in parallel.  It was 

found that the modified Voigt model and the Maxwell and Voigt model connected in parallel 

were best suited to model the adhesive used [56]. 
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1.2.3. Transfer Matrix Method 

The TMM represents a numerical method which could be used to determine the natural 

frequencies and mode shapes of chain-like structures with piecewise continuous material and 

geometric properties, such as beams and shafts [57].  The TMM was formulated such that the 

structure could be divided into elements at the locations of material or geometric discontinuities.  

The surface states of both sides of each element (i.e. left and right) were related through a 

transfer matrix which when combined, yielded the global transfer matrix of the structure.  The 

TMM was advantageous for long slender beam structures, as increasing the complexity (i.e. 

number of elements required) of the structure did not affect the size of the global transfer matrix, 

thereby reducing computational demand [58].  Additionally, the same formulation was used for 

an increasingly complex structure, with arbitrary material and geometric properties [59].  The 

TMM was originally proposed by Holzer in 1921 to predict the torsional natural frequencies and 

mode shapes of shafts [60].  In 1945, Myklestad applied the TMM to determine the transverse 

natural frequencies and mode shapes of beam structures [61].  Both Holzer and Myklestad used 

lumped models, which included stations and fields that represented lumped rigid masses and 

massless uniform elastic members respectively [62]. 

A computer program was developed by Subrahmanyam and Garg, which employed the 

TMM to determine the natural frequencies and mode shapes of beams [63].  The developed code 

incorporated all possible boundary conditions, and included TMM formulations based on the 

Euler-Bernoulli beam theory, and the Timoshenko beam theory.  It also allowed for the addition 

of concentrated elements including lumped masses, linear springs, rotational springs, and spring 

supported mass.  To evaluate the performance of the code, it was compared to published data and 

exact solutions where applicable.  Detailed results were presented for some specific cases 

including the effects of shear deformation and rotary inertia, variable axial tension/compression 

and spring supports, variable mass and stiffness distribution, and determination of rigid body 

modes and deformation modes.  The predicted natural frequencies were similar to the published 

data and exact solutions [63].  A more recent study, which applied the continuous mass TMM, 

investigated the natural frequencies and mode shapes of axial-loaded multi-step beams carrying 

arbitrary concentrated elements [64].  The method that was presented in this paper included a 

displacement function for the beam’s shear deformation to simplify the formulation of the 

problem, and allowed classical and non-classical boundary conditions to be used.  The computed 
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results compared well with an FE model and published data, and the effects of the concentrated 

elements and axial loading on the systems natural frequencies and mode shapes were 

investigated [64]. 

Boiangiu et al. studied the transverse bending vibrations of cantilever and fixed-fixed 

conical beams by the TMM [65].  Typically, modelling a beam with a continuously variable 

cross section was carried out in the TMM by introducing elements with a stepwise change in 

cross section [66].  However, the authors used the Euler-Bernoulli beam theory and a Bessel 

function in their formulation of the TMM, where the Bessel function accounted for the variable 

cross section over the length of the conical beam.  The authors used both approaches of the 

TMM (i.e. TMM using a stepwise change in cross section, and TMM using a Bessel function) to 

compare their performance with the experimental natural frequencies of conical beams.  Further, 

to determine the effects of using a conical beam on its dynamic characteristics, the natural 

frequencies were found for two beams, which had a constant circular cross section of diameters 

corresponding to the large and small diameter of the conical beam.  While both TMM 

approaches gave natural frequencies that compared well with the measured natural frequencies, 

the TMM formulation using the Bessel function provided better results.  Interestingly, the 

cantilever conical beam showed a significant increase in its fundamental frequency when 

compared to the constant cross section beams.  However, this was not found for the fixed-fixed 

conical beam, which gave a fundamental frequency within the range of the two constant cross 

section beams [65]. 

The TMM was used to model energy harvesters with piecewise continuous material and 

geometric properties.  Chatterjee and Bryant incorporated axial loads in the TMM for a piezo-

solar energy harvesting ribbon in order to obtain transverse natural frequencies, mode shapes, 

and optimal piezoelectric patch coverage [58].  Wickenheiser employed the TMM to model 

PEHs, with arbitrary angles between discretized beam segments [59].  In these papers, material 

discontinuities were introduced within elements containing a piezoelectric layer mounted to the 

substructure, similar to the layered construction of the overlap region of an SLJ.  To represent 

these elements, effective elemental stiffness and mass per unit length properties were determined 

in an additive manner [67].  However, this approach did not provide effective material properties 

directly. 
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1.2.4. Piezoelectric Energy Harvesting 

Many methods have been used to investigate the performance of PEHs, including 

uncoupled methods, equivalent electric circuit methods, and advanced modelling analyses [68].  

Lefeuvre et al. applied the uncoupled method to study the performance of piezoelectric 

processing circuits [69], while Shu and Lien compared the uncoupled method with simulation 

and experimental testing [70].  Uncoupled methods have typically been used when the 

electromechanical coupling of the energy harvesting device was relatively weak, such that the 

assumption can be made that the electromechanical coupling had an insignificant impact on the 

vibration amplitude of the device.  The work by Shu and Lien established that the uncoupled 

method did not yield accurate results when the energy harvesting device had a significant 

electromechanical coupling [70].  The equivalent electric circuit method was studied by Yang 

and Tang [71], and Liu [72], to model the performance of PEHs.  This method was based on the 

constitutive equations for piezoelectric materials.  Depending on the processing circuit 

configuration, either the electric field or electric displacement were assumed to be insignificant, 

which allowed either the electric charge or voltage across the piezoelectric material to be found.  

However, this method typically led to an unconservative depiction of the power output of the 

piezoelectric energy harvesting device [68].  Advanced modelling methods were proposed by Lu 

et al. [73], and by Guyomar et al. [74].  Lu et al. analytically modelled the behaviours of a 

cantilever PEH, including the effects of the electromechanical coupling of the device.  This study 

focused on the impact of a load resistor on power output, and the conversion efficiency of the 

device, which compared well with published data [73].  Guyomar et al. proposed a non-linear 

synchronized switch harvesting on inductor, which showed significant increases in power output 

of a piezoelectric device with high electromechanical coupling [74]. 

The method proposed by Zhu et al., the coupled piezoelectric-circuit finite element 

method (CPC-FEM), included a load resistor directly connected to the piezoelectric energy 

harvesting device, and the electromechanical coupling of the device [68].  In this paper, a 

cantilever bimorph piezoelectric energy harvesting device with an attached proof mass was 

studied to determine the effect of the load resistor on power output, on proof mass displacement 

amplitude, and on the system’s fundamental frequency.  The piezoceramics were connected both 

in series and in parallel configurations, and a varying load resistance was applied in the FE 

model, including an approximation of the short circuit and open circuit resistance (10-20 Ω and 
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1020 Ω respectively), and the theoretical optimal load resistance.  It was shown that the load 

resistor had a significant impact on the current through and load across the resistor, the power 

output of the device, and the system’s fundamental frequency.  It was also observed that the 

displacement amplitudes of the proof mass were affected by the load resistance.  Interestingly, 

the relationship between load resistance and proof mass displacement amplitude is complicated, 

and an increase in load resistance did not necessarily mean that there would be a decrease in 

displacement amplitude.  Although the authors suggested that experimental testing needed to be 

conducted to validate their results, the model demonstrated the need to account for the 

electromechanical coupling of PEHs [68]. 

The geometry of a cantilever bimorph PEH with a proof mass was investigated by 

Gallina and Benasciutti [75].  The authors employed an FE model to compare the performance of 

rectangular and trapezoidal beam geometries.  Four trapezoidal beam geometries were selected, 

including two trapezoidal beams in direct and reversed orientations, of total piezoelectric 

material volume equivalent to the rectangular beam geometry, and two reduced trapezoidal 

beams in direct and reversed orientations, with maximum width equal to the width of the 

rectangular beam geometry.  When the maximum and minimum widths of the trapezoidal 

geometry were fixed and free, respectively, this was termed the direct orientation, while the 

opposite was termed the reversed orientation.  Through simulation, it was found that there was a 

slight difference in the maximum power output of each geometry ranging from 5.29 µW – 5.62 

µW, while the reduced reversed trapezoidal geometry resulted in the largest power output 

density of 0.091 µW/mm3.  The piezoelectric material strength was not considered in this study, 

therefore experimental testing should be conducted to verify the results [75].  Zhang et al. 

investigated the impact of the proof mass on the fundamental frequency, the displacement 

amplitude, and the open-circuit voltage of a cantilever bimorph PEH [76].  They used an 

analytical and an FE model to compare with experimental results.  The analytical model 

consisted of a spring-mass-damper to represent the energy harvesting structure.  The attached 

proof mass was incrementally increased, giving a total of six different proof mass configurations.  

It was found that increasing the proof mass reduced the fundamental frequency of the energy 

harvester, while increasing the displacement amplitude of the free end, and the maximum open-

circuit voltage.  The FE model depicted a more accurate representation of the experimental 

results compared to the analytical model.  Interestingly, the ability of the analytical model to 
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predict the fundamental frequency and displacement amplitude with increasing proof mass 

became increasingly and decreasingly accurate, respectively [76].  An extensive investigation on 

numerically optimizing certain geometrical parameters of a cantilever PEH was conducted by 

Zhu et al. [77].  This study considered performance variations in current and voltage across a 

load resistor, power output of the device, displacement amplitude of the proof mass, and resonant 

frequencies, due to variations in beam length and width, piezoelectric layer thickness, mass 

length, width, and height.  Output performance was evaluated at the resonant frequency with 

impedance matched resistance.  The FE model employed was similar to the model presented in 

[68] with modifications to the device geometry.  Many relationships and recommendations in the 

pursuit of an optimal energy harvesting device were presented, which will not be repeated here 

for brevity [77]. 

Berdy et al. proposed a novel meandering PEH [78].  In order to reduce the fundamental 

frequency, the length of the beam and proof mass were typically increased, however, this may 

not be feasible due to the relatively small size of the PEH used for electronics and sensor nodes.  

The proposed meandering energy harvester featured a fixed-fixed S-shaped design, which 

effectively increased the length of the beam, while maintaining a relatively small footprint.  Due 

to the design of the energy harvester, some portions of the beam were in positive and negative 

strain when vibrating at the fundamental mode, which caused voltage cancellation.  Two 

methods were compared to avoid voltage cancellation, namely the strain-matched electrode, and 

the strain-matched polarization.  The former used electrode disconnects at the location of strain 

nodes, such that positive and negative strain beam segments were separated, while the latter 

method involved a change in polarity of either the positive or negative strain beam segments, so 

the entire structure had the same polarity during energy harvesting.  To demonstrate the 

advantage of the meandering energy harvester, three additional energy harvesters were 

investigated with FE models, including a long fixed-fixed beam with length equal to the effective 

length of the meandering energy harvester, which had a proof mass at the center of the beam, a 

straight fixed-fixed beam and a cantilever beam with the same footprint as the meandering 

energy harvester, and proof mass at the center and the free end of the beam, respectively.  Out of 

these three, only the long fixed-fixed beam achieved a low fundamental frequency of 19.9 Hz; 

however, its length was deemed unsuitable for the application.  The performance of the 

meandering energy harvester was compared between the single electrode (voltage cancellation), 
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the strain-matched electrode, and the strain-matched polarization, for several parameters through 

both an FE model and experimental testing.  It was found that the FE model gave comparable 

results to the experimental results.  Overall, the strain-matched polarization method yielded the 

most favoured power output and power density of 118 µW and 0.20 µW/mm3, respectively.  The 

strain-matched electrode method gave slightly inferior power output and density of 105 µW and 

0.18 µW/mm3, respectively, while the single electrode gave the least desired performance of 5.5 

µW and 0.026 µW/mm3, respectively, due to voltage cancellation.  In terms of manufacturing 

cost, the single electrode device was the least costly, whereas the strain-matched polarization 

device was the most expensive [78]. 

1.3. Objectives and Contributions 

This research intends to use the FEM to investigate the static and dynamic behaviours of 

discontinuous beam structures with a focus on its ability to model systems that require single 

physics (i.e. static and dynamic behaviours of an SLJ), as well as multi-physics (i.e. dynamic 

behaviours of a PEH).  The FE software used throughout the work is Comsol Multiphysics.  The 

TMM is employed as an alternative to determine the natural frequencies and mode shapes of an 

SLJ.  Due to the layered construction of the SLJ overlap region, a single variable model updating 

approach will be used with the TMM to determine its effective Young’s modulus.  This is done 

to attain improved results when compared to the effective Young’s modulus determined by a 

commonly used additive approach.  Numerical results are compared with analytical and 

experimental data, where available, to validate their use.  Important relationships impacting the 

dynamic characteristics of the SLJ, including the geometry of the joints and material properties, 

are discussed.  These insights are useful in the design and application of adhesively bonded SLJs 

in industry. 

In the study by He [47], the FRF was measured with an accelerometer, which added mass 

to the structure.  Since the mass of the structure is related to its dynamic behaviours, unavoidable 

errors were introduced during data collection.  The objective is to determine the dynamic 

characteristics of the specimens without introducing additional mass.  To remedy this issue, this 

research presents an experimental approach which uses optical position sensors to measure the 

transmissibility ratio (TR) of SLJ specimens.  Therefore, the dynamic characteristics of the 

specimens tested are unaffected by the additional mass of the accelerometers.  In this way, the 
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experimental results illustrate a more accurate representation of the SLJ specimens considered, 

which allows for the development of more accurate numerical models.  The developed 

experimental apparatus is also used to measure the dynamic behaviours of the PEH devices. 

1.4. Thesis Outline 

The remainder of this thesis is organized as follows: Chapter 2 presents the static single 

physics study, modelling the stress distributions within the adhesive layer of an adhesively 

bonded SLJ subjected to tensile loading.  The analytical models used to validate the FE model 

are presented, including a brief discussion of their assumptions used in their derivation.  

Different mesh schemes are applied in the FE models to determine which of them best represents 

the stress distributions within the adhesive layer.  In Chapter 3, we consider the dynamic single 

physics study of a cantilevered adhesively bonded SLJ subjected to harmonic base excitation.  

Both the FE model and TMM model are discussed in detail.  Improvement of the TMM is 

presented, for the determination of effective material properties of a bimorph structure.  Chapter 

4 details the experimental apparatus developed to measure the dynamic behaviours of the SLJ 

beams.  The experimental apparatus is employed to collect experimental data in order to validate 

the numerical models presented in Chapter 3.  Chapter 5 focuses on a cantilevered PEH, which is 

modelled numerically with a dynamic multi-physics FE model.  The effect of adding mass to the 

free end of the PEH is investigated, and the performance of the two configurations are compared.  

Chapter 6 provides concluding remarks for the research, along with suggestions for future work. 
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Chapter 2 Adhesive Single Lap Joint Subjected to 

Static Loading  

We begin our investigation by modeling an adhesive bonded SLJ subjected to static 

loading and single physics.  This scenario is common amongst engineering designs, and provides 

a foundation for more complicated loading and physics applications.  The ability to model the 

behaviour of the adhesive material within an adhesive bonded joint, subjected to tensile loading 

is important in design, and leads to useful insights to understand how the adhesive carries the 

applied load.  Typically, adhesive materials are weaker than the adherends they join, and are 

critical to the joint’s structural integrity.  Thus, it is necessary to develop models which 

accurately depict the stress within the adhesive material of an adhesive bonded joint subjected to 

a static load, to ensure the material can withstand the required operating loads. 

This chapter focuses on the development of FE models using different modeling 

strategies, which are discussed in detail, to determine the most suitable modelling approach to 

investigate the stress distribution within the adhesive layer of an adhesive bonded SLJ.  The 

FEM is an approach which can be used to model more complex bond line geometries than the 

closed-form analytical methods discussed in Section 1.2.1.1 (i.e. shear-lag, Goland and Reissner, 

and Hart-Smith methods).  These analytical methods are suitable for adhesive bonded SLJs; 

however, they cannot be used for larger assemblies with increasingly complex bond line 

geometries.  The closed-form analytical methods are used to evaluate the performance of the FE 

models.  Experimental tensile testing results are also presented for the adhesive material used in 

the construction of the adhesive bonded SLJs subjected to dynamic loading in Chapter 3: Dinitrol 

501 FC HM. 

The adhesive stress distributions found by the FE models are compared with the 

analytical models of Volkersen, Goland and Reissner, and Hart-Smith.  The SLJ specimen used 

in this chapter is constructed of aluminum adherends, bonded by an adhesive material found in 

Table 2.1 which was selected from the following study [42].  The geometry of the SLJ specimen 

is shown in Figure 2.1.  The thickness of the adhesive layer is varied from 0.1 mm – 0.5 mm, 

with a step size of 0.2 mm, with a fixed applied load of 500 N since the adhesive thickness has a 

significant impact on the stress distribution within the adhesive layer.  All remaining parameters 

remain fixed. 
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Figure 2.1: Static SLJ specimen geometry (not drawn to scale) 

Table 2.1: Static SLJ specimen material properties 

Adherend Young’s Modulus, E 70 GPa 

Adherend Density, ρ 2,700 kg/m3 

Adherend Poisson’s Ratio, ν 0.33 

Adhesive Young’s Modulus, Ead 7 GPa 

Adhesive Density, ρad 1,200 kg/m3 

Adhesive Poisson’s Ratio, νad 0.40 

 

2.1. Analytical Models of Stress Distribution 

2.1.1. Volkersen’s Shear-Lag Model 

The Volkersen shear-lag model is the first known analytical method to model the shear 

stress distribution within an adhesive bonded SLJ.  This model introduces the concept of 

differential shear within the overlap region of the SLJ.  Thus, when the SLJ is subjected to a 

tensile load, the resulting shear stress within the adhesive material varies along the overlap 

length of the joint.  This results in a shear stress distribution with a relatively large and small 

gradient near the ends and the middle of the overlap region, respectively.  As mentioned in 

Section 1.2.1.1, it is assumed that the adherends deform in tension only, therefore the adhesive 

material experiences a state of pure shear stress, which can be seen in Figure 2.2(b).  The 
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resulting shear stress distribution within the adhesive material is found in [27] as a ratio of the 

average shear stress as follows: 
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In equations (2.1) to (2.4), τ and τav are the adhesive shear stress distribution and average 

adhesive shear stress respectively, P is the applied axial load, the inverse of ω is called the 

characteristic shear-lag distance, x is the position within the overlap region, and Gad and E 

represent the adhesive shear modulus and adherend Young’s modulus respectively.  The 

geometric parameters are shown in Figure 2.2(a), where tt and tb, represent the thickness of the 

top and bottom adherend respectively, tad represents the adhesive thickness, and b and lad 

represent the joint width and overlap region length respectively. 
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Figure 2.2: SLJ subjected to static loading: (a) geometric parameters; (b) elemental 

diagram 

Observations about the relationship between the joint geometry and the resulting shear 

stress distribution can be made for the shear-lag model.  From equation (2.1) it can be seen that 

the thickness of the adherends has a significant impact on the shape of the shear stress 

distribution.  If, for example, the top and bottom adherend are the same thickness, then the 

resulting shear stress distribution is symmetric, whereas if they are not equal, the shear stress 

distribution is not symmetric.  Also, the maximum shear stress within the adhesive is 

significantly reduced when the adherends are of equal thickness [32].  Figure 2.3 shows the 

typical shape of the shear stress distribution given by the shear-lag model for these two cases.  

The shear stress distributions are normalized based on the maximum shear stress determined by 

the case where the adherends have an unequal thickness, to illustrate the reduction in the 

maximum shear stress when equal adherend thicknesses are used.  When the adherend 

thicknesses are not equal, the maximum shear stress is located at the end with the thinner 

adherend.  This phenomenon is likely due to the differential deformation of the adherends.  Since 

the thinner adherend experiences more axial deformation in the overlap region, the shear stress is 

increased. 
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Figure 2.3: Example of typical shear-lag adhesive shear stress distributions 

2.1.2. Goland and Reissner Model 

The first to include the effects of bending in the adherends due to the eccentric load path 

is Goland and Reissner.  The model builds from the shear-lag model, by including bending in the 

adherends due to the eccentric load path of the SLJ.  The assumption is made that the adherends 

are of equal thickness (tt = tb = t).  To determine the shear and peel stress distributions within the 

adhesive layer, the solution was divided in two parts.  First the load acting on the ends of the 

overlap area is found using finite deflection theory, then the resulting shear and peel stress 

distributions within the adhesive layer are solved [79], as shown in Figure 2.4.  As mentioned in 

Section 1.2.1.1, bending moment and transverse force factors are used to relate the applied 

tensile load to the bending moment and transverse forces within the SLJ.  The bending moment 

and transverse force factors are at unity for low tensile loads, and decrease with increasing load, 

since the effective load eccentricity reduces with increasing load [27], as can be seen in Figure 

1.2(a) and Figure 1.2(b) from Section 1.2.1.  The Goland and Reissner adhesive shear stress 

distribution is as follows [80]: 

Position Along Overlap 
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Figure 2.4: Goland and Reissner method: (a) overlap end loading; (b) differential element 

within overlap region 

    
cosh

1
1 3 3 1

4 2
sinh

2

ad

av ad

x

l t
k k

t l

t




 

  
  
  
  
      

     (2.5) 

where, 

 

2

2 2

cosh
2

cosh 2 2 sinh
2 2

ad

ad ad

u l

k
u l u l

 
  
 

   
      
   





  (2.6) 

 
 2

2 3

3 1

2

P
u

t bE


   (2.7) 

(a)

P

P

Tt Tt+dTt

σ

dx

τ 

τ 

Tb+dTbTb

Mb

Mt

Vt

Vb

Mb+dMb

Mt+dMt

Vt+dVt

Vb+dVb

lad

Mt0

Mb0

Tb0

Tt0

Vt0

Vb0

(b)



 

29 

 

 
2 8 ad

ad

G t

Et
    (2.8) 

In equations (2.5) to (2.8), k represents the bending moment factor, and ν represents the 

Poisson’s ratio of the adherend.  The remaining terms are the same as those used in the shear-lag 

model.  The Goland and Reissner adhesive peel stress distribution is as follows [80]: 
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where, k’ is the transverse force factor, and Ead is the Young’s modulus of the adhesive material. 

Since it is assumed that the thickness of the top and bottom adherends is the same, the 

Goland and Reissner method gives symmetric shear and peel stress distributions.  The typical 

shape of the shear and peel stress distributions can be seen in Figure 2.5.  The shear stress 

distribution is similar to the shear-lag model.  It can be seen that the peel stress distribution is in 

tension, and is largest in magnitude near the ends of the overlap region, while the distribution 

becomes compressive near the center of the overlap region. 
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Figure 2.5: Example of typical Goland and Reissner adhesive stress distributions 

2.1.3. Hart-Smith Model 

The Hart-Smith model builds from the shear-lag and Goland and Reissner models.  This 

model introduces modifications to the bending moment and shear force factors used in the 

Goland and Reissner model.  These are found in the Goland and Reissner model by assuming the 

overlap region deforms as a single block, while the Hart-Smith model considers the deformation 

of the top and bottom adherends separately [27].  Adhesive plasticity is included in the Hart-

Smith model, assuming that the adhesive materials behaviour is elastic-perfectly plastic as can be 

seen in Figure 2.6(a).  Thus, the regions of the adhesive material which have yielded have 

constant stress with increasing strain.  Due to the typical shape of the stress distributions, shown 

in the shear-lag and Goland and Reissner methods, yielding commences at the overlap ends of 

the joint, and moves towards to middle of the joint with increasing load as can be seen in Figure 

2.6(b).  This study considers low load applications, within the elastic region of the adhesive 

material, such that the shear-lag, Goland and Reissner, and Hart-Smith models can be used for 

validation of the numerical model.  Thus, the Hart-Smith model for the plastic deformation is not 

Position Along Overlap 



 

31 

 

considered in this work.  The reader is encouraged to find these details in [32].  The Hart-Smith 

shear stress distribution for the adhesive material is as follows [32]: 

 

Figure 2.6: Hart-Smith Model: (a) elastic-perfectly plastic shear stress strain relationship; 

(b) plastic and elastic deformation of the adhesive 
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In equations (2.15) to (2.21), M represents the bending moment, and D represents the bending 

stiffness of the adherend.  The remaining terms are the same as those used in the shear-lag model 

and Goland and Reissner method.  The Hart-Smith adhesive peel stress distribution is as follows 

[32]: 
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The general shape of the Hart-Smith adhesive shear and peel stress distributions are 

similar to the Goland and Reissner method.  The main difference is the actual magnitudes of the 

distributions.  Thus, the general shape of the shear and peel stress distributions of the Hart-Smith 

method are not shown in this section. 

2.2. Finite Element Model 

Developing an accurate and efficient FE model for the SLJ geometry presents a 

challenge.  Beam structures typically have a long slender geometry, which means their aspect 

ratio is poor.  In the FEM, these structures can be modelled using beam elements, which give 

good accuracy and computational efficiency.  However, the geometry of an SLJ is more 

complicated than a beam structure, since it contains material and geometric discontinuities.  

Therefore, it is not suitable to model an SLJ using beam elements.  This presents a challenge in 

developing an FE model, as the quality of the elements used has a significant impact on the 

accuracy of the model, while the number of elements has a significant impact on the 
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computational demand [4, 35].  For example, the most desired aspect ratio for 2D quadrilateral 

elements is unity, whereby the element is a square shape having sides of equal length.  Thus, 

there exists a trade off between model accuracy and computational efficiency, by using many 

elements with a desirable aspect ratio, or less elements having a poor aspect ratio respectively.  

Another challenge in using the FEM to model the SLJ geometry is the presence of high stress 

gradients and stress singularities at the corners of the adhesive region.  This is addressed by 

using appropriate mesh refinement near the ends of the overlap region of the adhesive [81]. 

Certain modelling simplifications can be used to preserve accuracy, while minimizing 

computational demand.  Firstly, the closed-form analytical methods assume that the stress 

distribution is constant through the width of the adhesive material; therefore, the FE models 

developed below are 2D.  Reducing the 3D geometry of the SLJ to a 2D FE model presents a 

significant reduction in computational demand, without sacrificing the accuracy of the stress 

distribution within the adhesive material.  Secondly, the stresses present within the adherends are 

not the primary focus of the analysis, therefore element quality within the adherends can be 

sacrificed to reduce computational demand further. 

Three FE models are developed below, which include various modeling simplifications 

and strategies are used to model the adhesive SLJ.  The performance of these models is 

compared with the analytical models to determine which modeling strategies give the most 

appropriate adhesive stress distribution results for the static loading scenario.  The general 

geometry of the FE models is shown in Figure 2.7.  All models employ a stationary study, using 

the solid mechanics module.  Each model is discussed in detail below. 

 

Figure 2.7: Geometry of the static SLJ FE model 

2.2.1. Static Single Lap Joint Model 1 Mesh 

This model was developed using the default mesh generation tool in Comsol 

Multiphysics.  The software attempts to generate a computationally lightweight mesh, with 

predefined element densities ranging from extremely coarse to extremely fine.  Further mesh 
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refinement is achieved by defining custom element size parameters.  Figure 2.8 shows the Static 

SLJ Model 1 overlap region mesh, and a detailed view of the elements used in the adhesive 

layer.  Since the stress distribution within the adhesive material is to be found, the adhesive layer 

has a custom mesh density which is finer than the predefined mesh densities, while the adherends 

have a normal mesh density. 

Comsol Multiphysics includes an element quality index which gives useful details about 

the elements used in the FE model.  The element quality ranges from 0 to 1, representing poor 

element quality and most desired element quality respectively.  The element quality mainly 

depends on the element shape, and aspect ratio.  Since the adhesive layer thickness is varied, 

only the element quality index for an adhesive thickness of 0.5 mm is shown.  For this FE model, 

3,826 triangular elements are used with an average element quality is 0.9477. 

 

Figure 2.8: Static SLJ Model 1 Mesh: (a) overlap region mesh; (b) detail of the adhesive 

layer mesh 

2.2.2. Static Single Lap Joint Model 2 Mesh 

The mesh used for the adhesive layer in this model is user-defined, and does not use the 

default mesh tools.  However, the adherends are meshed using the default mesh: a normal mesh 

density.  The default mesh tool automatically ensures continuity of elements at the interface 

between the adhesive region and the adherends, regardless of the defined mesh density.  The 

elements selected for the adhesive layer are quadratic quadrilateral elements, which are widely 

used in the FEM due to their high accuracy.  When rectangular in shape, the quadratic 

quadrilateral element can accurately represent all states of pure bending and constant strain [82]. 

The FE mesh for this model can be seen in Figure 2.9.  Along the length, width, and 

height of the adhesive layer, 60, 20, and 5 elements are used respectively.  The elements along 



 

35 

 

the length of the overlap are distributed such that there are more elements per unit length near the 

ends of the adhesive layer, than in the middle.  This better represents the stress distribution closer 

to the ends, where higher stress gradients are typically located.  This is also beneficial to avoid 

stress singularities near the ends of the overlap region [81].  For this FE model, 2,818 triangular 

elements, and 720 quadratic quadrilateral elements are used with an average element quality is 

0.9142.  This results in a total of 3,538 elements, which represents a reduction in computational 

demand compared with Model 1, while maintaining a satisfactory element quality. 

 

Figure 2.9: Static SLJ Model 2 Mesh: (a) overlap region mesh; (b) detail of the adhesive 

layer mesh 

2.2.3. Static Single Lap Joint Model 3 Mesh 

This model uses the thin elastic layer boundary condition to represent the adhesive layer 

of the SLJ.  The thin elastic layer is appropriate for domains with large aspect ratios.  For interior 

boundaries, the displacements between the two sides of the boundary are decoupled.  They are 

then connected by elastic and viscous forces, equal in magnitude, but opposing in direction, 

proportional to the relative displacements and velocities.  With the contact surface area held 

constant, the thin elastic layer boundary condition tends to be more accurate with decreasing 

thickness, and less accurate with increasing thickness.  Using this boundary condition, the 

adhesive layer needs not be explicitly modelled, which reduces the number of elements in the 

model mesh, thus reducing computational demand.  The thin elastic layer is applied between the 

overlap surfaces between the two adherends as shown in Figure 2.10.  The adherends are meshed 

using the predefined mesh tools as a normal mesh density.  The normal and tangential spring 

constant per unit volume (kn and kt respectively) can be estimated as follows: 
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Figure 2.10: Static SLJ Model 3 Mesh: (a) overlap region mesh; (b) detail of the adhesive 

layer mesh 

Since the adhesive layer is represented by the thin elastic layer boundary condition, the 

mesh quality and number of elements used is fixed.  For this FE model, 1,602 triangular 

elements are used with an average element quality is 0.9261.  The represents a significant 

reduction in computational demand compared to Models 1 and 2, while maintaining a good 

average element quality. 

2.2.4. Boundary Conditions 

Appropriate physical constraints were used in order to simulate a tensile test, which can 

be seen in Figure 2.11.  Firstly, the free end of the top adherend is fixed, while a boundary load is 

applied on the free end of the bottom adherend, which represents the axial tension applied in a 

tensile test.  Each of the FE models above have an extended grip length of 25 mm, beyond the 

length of the adherends outlined in Figure 2.1.  This grip length portion of each of the adherends 

is constrained by a roller support such that this portion can be displaced in the axial direction 

only.  Roller constraints are necessary, as without them, the boundary load creates a moment 

about the fixed end of the test specimen, inducing large bending stresses in the bottom adherend, 

which is not representative of a tensile test.  By applying the roller constraints, bending occurs in 

the extension and overlap portions of both the adherends due to the eccentricity created by the 

load path, as described in Section 1.2.1. 
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Figure 2.11: Boundary conditions of the FE models 

2.2.5. Post-Processing 

Since the analytical methods assume that the shear and peel stresses are constant through 

the thickness of the adhesive, the adhesive shear and peel stress distributions are evaluated at the 

midline of the adhesive layer.  The red line in Figure 2.12 represents the location of the 2D 

cutline used to evaluate the stress distribution.  From the FE model, the xy- and y-components of 

stress along the 2D cutline represent the adhesive shear and peel stress distributions respectively.  

Since the adhesive layer of Model 3 is represented by the thin elastic layer boundary condition, 

the 2D cutline is placed at the interface of the top and bottom adherends. 

 

Figure 2.12: Location of the FE 2D cutline 

2.3. Finite Element Model Evaluation 

The shear and peel stress distributions from the analytical and FE models for an adhesive 

thickness of 0.1 mm are shown in Figure 2.13 to Figure 2.15.  Since the analytical models are 

used to evaluate the performance of the FE models, their shear and peel stress distributions are 

plotted in each figure, while Figure 2.13 to Figure 2.15 show the distributions for Models 1 to 3 

respectively.  The average of the analytical models is also plotted for comparison with the FE 

models, and the maximum shear and peel stress of the analytical average and each of the FE 

models are tabulated in Table 2.2 to Table 2.4, along with the associated error. 

PP
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From Figure 2.13 it can be seen that while the Goland and Reissner, and Hart-Smith 

stress distributions are in close agreement, the shear stress distribution of the shear-lag model 

differs significantly for an adhesive thickness of 0.1 mm.  In particular, the maximum shear 

stress from the shear-lag model is found to be 19.36 MPa, while the Goland and Reissner, and 

Hart-Smith models give 10.94 MPa and 10.81 MPa respectively.  This results in an average 

maximum shear stress of 13.70 MPa.  The Goland and Reissner, and Hart-Smith maximum peel 

stresses are 15.43 MPa and 14.93 MPa respectively, giving an average max peel stress of 15.18 

MPa. 

Comparing the FE model results from Figure 2.13 to Figure 2.15 shows that Models 1 

and 2 compare well with the average analytical stress distributions, while Model 3 shows 

noticeable irregularities in the shear and peel stress distributions.  The shear and peel stress 

distributions of Model 3 are not smooth near the ends of the overlap region, unlike the analytical 

models which are smooth throughout.  The reason for this can be attributed to the use of the thin 

elastic layer boundary condition, since it is used to decouple the displacements between the two 

sides of the boundary.  Model 3 also gives a significant amount of error in the maximum shear 

stress for all adhesive thicknesses, and the peel stress for an adhesive thickness of 0.1 mm, as 

seen in Table 2.4.  For these reasons, Model 3 does not adequately represent the behaviour of an 

adhesive bonded SLJ subjected to static loading. 

Although Models 1 and 2 compare well with the analytical models, Model 2 has a few 

subtle advantages.  Figure 2.13(a) shows that the adhesive shear stress distribution of Model 1 

has poor symmetry, whereas the analytical results give symmetric distributions.  Figure 2.14(a), 

on the other hand, shows that the adhesive shear stress distribution of Model 2 has better 

symmetry.  Model 2 accurately represents the adhesive shear stress free boundary condition at 

the ends of the overlap region [83, 84], as the shear stress tends to zero.  Although Model 1 

shows a reduction in shear stress near the ends of the overlap region, the shear stress is found to 

be approximately 6.5 MPa.  This represents a significant drawback in the classical analytical 

models.  From Table 2.2 and Table 2.3, Model 2 gives favourable results for the maximum 

adhesive peel stresses for all thicknesses when compared with Model 1, while Model 1 gives 

slightly better maximum adhesive shear stresses for adhesive thicknesses of 0.1 mm and 0.3 mm.  

Finally, Model 2 is more computationally efficient than Model 1, using a total of 3,538 elements 
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compared to 3,826 elements in Model 1.  Therefore, Model 2 is selected as the most suitable FE 

model to represent the behaviour of an adhesive bonded SLJ subjected to static loading.  For 

brevity, only the remaining adhesive stress distributions for Model 2 are shown in the remainder 

of this section.  The reader is directed to Table 2.2 and Table 2.4 for the additional data from 

Models 1 and 3 for adhesive thicknesses of 0.3 mm and 0.5 mm. 

Table 2.2: Model 1 maximum stress and error 

Adhesive 

Thickness 

(mm) 

Max Average 

Analytical Shear 

Stress (MPa) 

Max Average 

Analytical Peel 

Stress (MPa) 

Max FE 

Shear Stress 

(MPa) 

Max FE 

Peel Stress 

(MPa) 

Max Shear 

Stress 

Error (%) 

Max Peel 

Stress 

Error (%) 

0.1 13.70 15.18 10.42 17.36 -23.93 14.41 

0.3 6.58 9.20 6.29 10.11 -4.33 9.86 

0.5 4.86 7.46 5.03 6.98 3.56 -6.39 
 

Table 2.3: Model 2 maximum stress and error 

Adhesive 

Thickness 

(mm) 

Max Average 

Analytical Shear 

Stress (MPa) 

Max Average 

Analytical Peel 

Stress (MPa) 

Max FE 

Shear Stress 

(MPa) 

Max FE 

Peel Stress 

(MPa) 

Max Shear 

Stress 

Error (%) 

Max Peel 

Stress 

Error (%) 

0.1 13.70 15.18 9.90 15.74 -27.76 3.72 

0.3 6.58 9.20 6.18 8.90 -6.00 -3.23 

0.5 4.86 7.46 5.02 7.04 3.42 -5.56 
 

Table 2.4: Model 3 maximum stress and error 

Adhesive 

Thickness 

(mm) 

Max Average 

Analytical Shear 

Stress (MPa) 

Max Average 

Analytical Peel 

Stress (MPa) 

Max FE 

Shear Stress 

(MPa) 

Max FE 

Peel Stress 

(MPa) 

Max Shear 

Stress 

Error (%) 

Max Peel 

Stress 

Error (%) 

0.1 13.70 15.18 8.13 13.84 -40.66 -8.82 

0.3 6.58 9.20 5.62 9.91 -14.59 7.67 

0.5 4.86 7.46 4.59 8.18 -5.54 9.68 
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Figure 2.13: Model 1 stress distribution for an adhesive thickness of 0.1 mm: (a) shear 

stress distribution; (b) peel stress distribution 
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Figure 2.14: Model 2 stress distribution for an adhesive thickness of 0.1 mm: (a) shear 

stress distribution; (b) peel stress distribution 
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Figure 2.15: Model 3 stress distribution for an adhesive thickness of 0.1 mm: (a) shear 

stress distribution; (b) peel stress distribution 
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The adhesive shear and peel stress distributions for adhesive thicknesses of 0.3 mm and 

0.5 mm, given by Model 2 and the analytical models, are shown in Figure 2.16 and Figure 2.17.  

The shear stress distribution of the shear-lag model compares well with the Goland and Reissner, 

and Hart-Smith models for an adhesive thickness of 0.3 mm, while slightly deviating again for 

an adhesive thickness of 0.5 mm.  Comparing the stress distributions from the Goland and 

Reissner, and Hart-Smith models shows that the slightly deviate from each other with increasing 

adhesive thickness. 

Model 2 compares well with the classical analytical models, as shown in Figure 2.14, 

Figure 2.16 and Figure 2.17, with the most significant error found in the maximum adhesive 

shear stresses, as shown in Table 2.3.  This is attributed to the fact that the analytical models 

cannot represent the adhesive shear stress free boundary condition at the ends of the overlap 

region.  The shear stress from the analytical models continually increases to a maximum at the 

ends of the overlap region, which violates the shear stress free boundary condition [83, 84].  On 

the other hand, Model 2 tends to zero near the ends of the overlap region, thus, it is reasonable to 

expect a significant difference in the maximum adhesive shear stress. 

Table 2.3 shows that the magnitude of the maximum shear stress from Model 2 is initially 

less than the maximum average analytical shear stress for an adhesive thickness of 0.1 mm.  The 

opposite is true for an adhesive thickness of 0.5 mm.  On the other hand, the maximum peel 

stress magnitude from Model 2 is initially greater than the maximum average analytical peel 

stress for an adhesive thickness of 0.1 mm.  For adhesive thicknesses of 0.3 mm and 0.5 mm, the 

maximum peel stress magnitude from Model 2 becomes less than the maximum average 

analytical peel stress.  The relative error percentages between the maximum shear and peel 

stresses determined by the average analytical model and Model 2 are tabulated in Table 2.3 and 

displayed in Figure 2.18. 
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Figure 2.16: Model 2 stress distribution for an adhesive thickness of 0.3 mm: (a) shear 

stress distribution; (b) peel stress distribution 
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Figure 2.17: Model 2 stress distribution for an adhesive thickness of 0.5 mm: (a) shear 

stress distribution; (b) peel stress distribution 
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Figure 2.18: Maximum shear and peel stress relative error between the average analytical 

model and Model 2 

The effect of the adhesive layer thickness on the shear and peel stress distributions is 

shown in Figure 2.19.  Increasing the adhesive thickness results in a reduction in both the shear 

and peel stress magnitudes.  From Table 2.3, when the adhesive thickness is increased from 0.1 

mm to 0.5 mm, the maximum shear stress given by Model 2 reduces from 9.90 MPa to 5.02 

MPa.  Likewise, the maximum peel stress is reduced from 15.74 MPa to 7.04 MPa.  Figure 2.19 

also shows that the location of the maximum shear and peel stress shifts away from the overlap 

ends slightly with an increase in adhesive thickness.  Considering one half of the overlap region 

length, the location of the maximum shear stress shifts from 0.079 mm to 0.33 mm, while the 

location of the maximum peel stress shifts from 0.031 mm to 0.12 mm.  Further, the stress is 

distributed more evenly along the overlap length with increasing adhesive thickness, as locations 

near the middle of the overlap region show a slight increase in shear and peel stress, as shown in 

Figure 2.19. 
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Figure 2.19: Effect of adhesive thickness on stress distribution: (a) shear stress 

distribution; (b) peel stress distribution 



 

48 

 

2.4. Experimental Tensile Test: Dinitrol 501 FC HM 

The adhesive material used to build the SLJ specimens used for experimental testing in 

Chapter 3 is Dinitrol 501 FC HM.  This adhesive is a semi-structural humidity curing 

polyurethane adhesive, which is ideal for applications such as mounting body panels or 

windshields to locomotive vehicles.  Semi-structural adhesives in this context are defined as 

adhesives which are used when material failure is relatively less critical than a structural 

adhesive.  Tensile testing is performed on SLJ specimens to verify the static properties provided 

in the manufacturers technical data sheet (see Appendix).  Fabrication of the SLJ specimens, and 

the experimental procedure are discussed and the results are compared with the data provided by 

the adhesive manufacturer.  Four SLJ specimens are tested and are used for the material property 

determination. 

2.4.1. Single Lap Joint Specimen Fabrication 

There are many factors to be considered when assembling adhesive bonded joints.  As 

discussed in Section 2.3, the adhesive thickness has a direct impact the load carrying capabilities 

of the bonded joint.  Thus, it is critical to build the specimens according to the designed 

thickness, within a reasonable level of tolerance.  Further, surface preparation has a significant 

impact on the quality of adhesion achieved by the bonded joint.  Poor surface preparation may 

lead to adhesive failure, where failure occurs at the interface between the adhesive and adherend, 

as opposed to cohesive failure, where failure occurs through the adhesive itself.  Cohesive failure 

gives a higher joint strength, which is desired.  Thus, it is important to follow the correct surface 

preparation procedures. 

A simple approach to maintaining the desired adhesive thickness for a SLJ is to build a 

jig fixture, as seen in Figure 2.20.  This is simplified version of the fixture used in [85] for 

adhesive bonded double lap joints.  The fixture and alignment guides are represented by the blue 

and red colours respectively.  The stepwise change in thickness is used to control the adhesive 

thickness.  The alignment guides are used to maintain the desired overlap length, and align the 

two adherends.  Finally, clamps (not shown in the figure) are used to press the adherends against 

the surface of the jig fixture, which ensures that the desired adhesive thickness is achieved within 

a reasonable level of tolerance. 



 

49 

 

 

Figure 2.20: SLJ Jig Fixture: (a) top view; (b) side view 

Surface preparation is done per the adhesive manufacturers guidelines.  To begin, the 

surface of the adherend is cleaned with acetone to remove any dirt or oil.  The adherends must sit 

for ten minutes to allow the acetone to evaporate.  Next, an activator (Dinitrol 520) is applied to 

the surface of the adherend, which must dry for 10 minutes.  A primer (Dinitrol 550) is applied 

with a sponge to the overlap area of the adherend, which must dry for 10 minutes.  Finally, the 

adhesive is applied to the adherends, and the joint is assembled.  It is worth mentioning that the 

time between surface preparation steps should not exceed a 24-hour period as this may 

compromise the integrity of the bonding surface. 

2.4.2. Experimental Apparatus 

The strength and material properties of the adhesive are determined experimentally using 

a Chatillon TCD 1100 digital force tester, as shown in Figure 2.21.  This machine is ideal for 

testing composite and adhesive materials, with a load capacity of 1,124 lbf (5 kN), and an 

intelligent load sensing system with measuring accuracies better than 0.1% full scale [86].  The 

main components include the load frame, the load cell, specimen grips, and the TCD series 

consol.  The specimen grips used are offset grips (not shown in the figure), which are ideal for 

(a)

(b)

(a)

(b)
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testing SLJ specimens due to the load eccentricity, otherwise spacers would be required for 

testing. 

 

Figure 2.21: Chatillon TCD 1100 digital force tester [86] 

2.4.3. Experimental Procedure 

The user uses the TCD series console to define the load test to be performed; tensile 

loading until failure in this case.  The displacement rate is selected as 25 mm/min.  The load cell 

readings are zeroed prior to inserting the SLJ specimen.  The SLJ specimen is inserted into the 

grips of the load frame, ensuring that the longitudinal axis of the SLJ specimen is parallel to the 

applied load axis.  The offset grips are adjusted such that the SLJ specimen is positioned 

vertically.  Once the test is completed, the data is saved, and the SLJ specimen is removed from 

the grips for further inspection. 

2.4.4. Results 

The shear stress-strain relationships for each of the four specimens are shown in Figure 

2.22.  In general, the four specimens give similar results in the elastic region of the adhesive, 
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whereas there are some notable discrepancies in the plastic region.  Specimen 2 shows a 

staggered reduction in stress carrying capability beyond the location of ultimate strength.  This is 

the result of additional adhesive, squeezed from the overlap region of the SLJ during fabrication 

as seen in Figure 2.23, which had not failed when the adhesive within the overlap region failed.  

It was recommended that this additional adhesive material not be removed prior to testing to 

avoid any potential stress concentrations.  This allowed the additional adhesive material of 

specimen 2 to carry load even though failure occurred within the bulk of the adhesive.  However, 

the other specimens did not present this issue, as can be seen by the rapid and smooth reduction 

in shear stress beyond the ultimate strength locations, leading to adhesive failure. 

 

Figure 2.22: Shear stress-strain relationship; Dinitrol 501 FC HM 

The measured material properties of each specimen, including the average of the four 

specimens, are displayed in Table 2.5.  The initial portion of the shear stress-strain curve, where 

the slope is slightly reduced, is neglected [87].  The shear modulus is measured from the linear 

portion of the shear stress-strain relationship.  The shear modulus ranged from 2.53 MPa – 2.69 
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MPa, giving an average of 2.61 MPa.  The shear modulus provided by the adhesive manufacturer 

is 2.5 MPa, thus the measured shear modulus gives a reasonable error of 4.4%.  The ultimate 

strength of specimen 1 is 8.59 MPa, which is noticeably lower than the other specimens 2 – 3 

ranging from 9.23 MPa – 9.47 MPa.  The lap shear strength of the adhesive was found using the 

2% offset method, where a line with the same slope as the shear modulus is offset by 2%, and the 

lap shear strength is recorded at the intersection of itself and the shear stress-strain curve [88].  

The measured lap shear strengths range from 7.60 MPa – 8.36 MPa, giving an average of 7.93 

MPa.  The lap shear strength given by the adhesive manufacturer is given as approximately 9 

MPa, thus the measured lap shear strength gives an error of 11.9%.  The reason for this error 

could be the result of the ambient conditions while the adhesive was curing after fabrication. 

Table 2.5: Dinitrol 501 FC HM Measured material properties 

SLJ Specimen 

Shear Modulus 

(MPa) 

Lap Shear 

Strength (MPa) 

Ultimate Strength 

(MPa) 

1 2.53 7.60 8.59 

2 2.62 7.67 9.47 

3 2.69 8.07 9.39 

4 2.61 8.36 9.23 

Average 2.61 7.93 9.17 

 

The failure surfaces of the SLJ specimens, after tensile testing, are shown in Figure 2.23.  

The excess adhesive material discussed earlier can clearly be seen.  Examining the failure 

surfaces shows that the adhesive failed in cohesion for all specimens, since the failure surfaces 

cut through the bulk adhesive material, as opposed to the interface between the adhesive material 

and the adherend.  This confirms that the tensile tests are meaningful representations of the 

adhesive material.  Many ridges perpendicular to the load direction can be seen in the failure 

surface of each specimen, which is expected for semi-structural adhesives [89]. 



 

53 

 

 

Figure 2.23: Adhesive failure: (a) specimen 1; (b) specimen 2; (c) specimen 3; (d) specimen 

4 

2.5. Conclusion 

The static single physics scenario, involving the determination of the stress distribution 

within the adhesive layer of an adhesive bonded SLJ, has been done both analytically and 

numerically.  Three FE models were created to compare different meshing strategies to model 

the stress distribution within the adhesive layer.  It was found that using quadratic quadrilateral 

and triangular elements in the adhesive and adherends respectively, gave the most accurate 

results when compared with the analytical models, while having a relatively low computational 

demand.  It was shown that the adhesive layer thickness has a significant impact on the adhesive 
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stress distribution.  Increasing the adhesive thickness caused a reduction in the maximum shear 

and peel stress, while distributing the load more evenly across the bond line.  The material 

properties of Dinitrol 501 FC HM were measured from tensile testing, using four SLJ specimens.  

The measured shear modulus was in close agreement with the manufacturers published shear 

modulus.  The measured lap shear strength deviated slightly from the manufacturers data, 

however, this may be the result of the climate conditions while the adhesive specimens cured.  

The failure surface of each specimen had ridges perpendicular to the applied load direction, 

which is expected for semi-structural adhesives. 
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Chapter 3 Simulation of Dynamic Behaviours of an 

Adhesive Bonded Single Lap Joint  

This chapter focuses on the effects of adhesive bonding on the dynamic behaviours of 

adhesive bonded joints.  The operating environment of automotive, locomotive, and aerospace 

vehicles introduces vibration excitation from numerous sources including; the road surface, the 

vehicle’s engine, wind induced vibration, etc.  Since adhesives can be used to bond windshields 

and body panels, understanding their dynamic behaviours is important to ensure safe operation of 

the vehicle.  Thus, reliable models are required to assist in the design of robust adhesive bonded 

joints.  In this chapter, the dynamic behaviours of an adhesive bonded SLJ are investigated using 

numerical analysis approaches.   

Two numerical approaches are used to model the dynamic behaviours of the SLJ 

specimens; the FEM, and the TMM.  The TMM is a computationally efficient alternative to the 

FEM, which is used to determine the natural frequencies and mode shapes of discontinuous 

beam structures.  The FEM, on the other hand, is advantageous since it can model the 

transmissibility functions of a system in addition to the natural frequencies and mode shapes.  

Due to the layered construction of the overlap region within a SLJ specimen, effective material 

properties must be used for the TMM.  Typically, these effective material properties are 

approximated using an additive method detailed in [67], however, this approach does not give 

the effective material properties directly.  Thus, a single variable TMM model updating approach 

is presented, which uses volume fractions to compute the effective density and optimization to 

update the effective Young’s modulus of the overlap region. 

The effects of the overlap length, and the overlap region adherend and adhesive layer 

thickness on the dynamic behaviours of an adhesive SLJ are investigated numerically.  Varying 

the overlap length of the SLJ gives insight of the robustness of the effective Young’s modulus 

found using the single variable TMM model updating approach.  The effective Young’s modulus 

of the overlap region is found for a particular overlap length.  This effective Young’s modulus is 

then used for a SLJ with different overlap lengths to see whether it adequately represents their 

dynamic behaviours.  The adherend and adhesive thicknesses are varied to explore whether an 

adherend to adhesive thickness ratio exists for the effective material properties.  The study will 

investigate if the effective Young’s modulus found for a particular adherend to adhesive ratio can 
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still be used if the material thicknesses are changed, while maintaining the adherend to adhesive 

thickness ratio. 

Several SLJ specimens are used in this chapter, constructed of aluminum adherends, 

bonded by the Dinitrol 501 FC HM adhesive, whose material properties are listed in Table 3.1.  

The geometry of the SLJ specimen is shown in Figure 3.1.  The adhesive Young’s modulus 

measured in Chapter 2 is used for the numerical models.  The SLJ specimens have overlap 

lengths ranging from 30 mm – 60 mm, in 10 mm increments.  Table 3.2 shows the SLJ specimen 

names, their corresponding dimensions, and the adherend to adhesive thickness ratio of each 

beam.  Specimens with an adherend and adhesive thickness of 2.2 mm and 1.9 mm respectively, 

are identified by the letter A following the beam number, while specimens with an adherend and 

adhesive thickness of 1.6 mm and 1.38 mm are identified by the letter B.  The specimens are 

grouped as category A and category B specimens, respectively. 

Table 3.1: Dynamic SLJ specimen material properties 

Adherend Young’s Modulus, E 70 GPa 

Adherend Density, ρ 2,700 kg/m3 

Adherend Poisson’s Ratio, ν 0.33 

Adhesive Young’s Modulus, Ead 7.31 MPa 

Adhesive Density, ρad 1,200 kg/m3 

Adhesive Poisson’s Ratio, νad 0.40 
 

Table 3.2: Dimensions of the SLJ specimens subjected to harmonic base excitation 

Specimen 

Name 

Overlap Length, 

lad (mm) 

Adherend 

Thickness, t 

(mm) 

Adhesive 

Thickness, tad 

(mm) 

Adherend/Adhesive 

Thickness Ratio 

Beam 1A 30 2.20 1.90 1.16 

Beam 1B 30 1.60 1.38 1.16 

Beam 2A 40 2.20 1.90 1.16 

Beam 2B 40 1.60 1.38 1.16 

Beam 3A 50 2.20 1.90 1.16 

Beam 3B 50 1.60 1.38 1.16 

Beam 4A 60 2.20 1.90 1.16 

Beam 4B 60 1.60 1.38 1.16 
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Figure 3.1: Dynamic SLJ specimen geometry (not drawn to scale) 

3.1. Finite Element Model 

Developing the FE model for the dynamic single physics case in this chapter presents 

similar challenges to those discussed in Chapter 2.  In this model, the goal is to determine the 

dynamic behaviours of the SLJ specimens, including their natural frequencies, mode shapes, and 

transmissibility functions.  Again, a balance exists between computation efficiency and model 

accuracy.  The dynamic SLJ specimens face the same modelling challenges due to their poor 

aspect ratio.  However, since a dynamic analysis is performed in this chapter there is a greater 

need for computational efficiency, as the simulation must be conducted over a specified time 

duration, as opposed to a single stationary analysis per specimen from Chapter 2. 

Similar modelling simplifications from Chapter 2 are used in the FE model for the 

dynamic SLJ specimens.  A 2D FE model is used since the experimental apparatus, discussed in 

Chapter 4, measures the in-plane transverse dynamic behaviours of the specimens.  Therefore, 

different vibration mode orientations cannot be measured with the current experimental 

apparatus.  Further, the model mesh within the adhesive layer region is simplified by using 

significantly less elements compared to the FE model of Chapter 2.  Since the goal is to model 
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the dynamic behaviours of the dynamic SLJ specimens, there is no need for a detailed mesh to 

measure the stress distribution within the adhesive layer. 

The FE model is developed in the following, including the model mesh, boundary 

conditions, damping, study and physics, and post-processing.  In this chapter, the FE model is 

used as a benchmark for model updating, and to compare the performance of the single variable 

TMM model updating approach, and the additive TMM approach.  The general geometry of the 

FE models is shown in Figure 3.2. 

 

Figure 3.2: Geometry of the dynamic SLJ FE model 

3.1.1. Dynamic Single Lap Joint Model Mesh 

The model mesh used for the dynamic SLJ specimens is user defined for both the 

adherend and adhesive layers.  Since the specimens are subjected to harmonic base excitation, 

the in-plane transverse vibration causes bending stress within the specimens.  As mentioned in 

Section 2.2.2, the quadratic quadrilateral elements can represent all states of pure bending and 

constant strain.  Thus, the quadratic quadrilateral elements are well suited for this application. 

A computationally efficient model mesh is particularly important as both a time and 

driving frequency sweep are performed.  Any increase in the model’s degrees of freedom would 

result in a significant increase in solution time, and hardware demand (required RAM and CPU 

demand).  To ensure accuracy and computational efficiency, the number of elements used is 

minimized, while preserving element quality.  To achieve this, the adherend and adhesive layers 

use one quadratic quadrilateral element through their thickness.  The number of elements along 

the length of the adherends is then selected such that the element quality is maximized.  For the 

category A specimens, the top and bottom adherends have 107 and 127 elements along their 

length, respectively, while the adhesive layer has 27 elements along its length.  This gives a total 

of 261 elements, with an average and minimum element quality of 0.9985 and 0.9879, 

respectively.  Since the material thicknesses of the category B specimens are reduced, more 

elements are required along the specimen length to preserve element quality.  For the category B 
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specimens, the top and bottom adherends have 148 and 178 elements along their length, 

respectively, while the adhesive layer has 38 elements along its length.  This gives a total of 364 

elements, with an average and minimum element quality of 0.9992 and 0.9828, respectively.  

Figure 3.3 shows the FE model mesh for category A and B specimens. 

 

Figure 3.3: Dynamic SLJ model mesh: (a) category A specimens; (b) category B specimens 

3.1.2. Rayleigh Damping 

Damping is an important consideration when modeling a structure undergoing harmonic 

excitation.  The inclusion of damping restricts the vibration amplitude of a system, and prevents 

the system from vibrating with an unbounded magnitude at resonant frequencies [90].  This is 

particularly important when evaluating the transmissibility functions of the dynamic SLJ FE 

model, as it experiences multiple resonances within the excitation frequency range considered.  

Exclusion of damping in a model could cause singularities when the specimen is excited near a 

resonant frequency, which could prevent the FE software from converging, or give overstated 

vibration amplitudes if a solution is found.  Thus, it is crucial to include an appropriate damping 

model, to ensure the FE transmissibility functions compare well with the experiment. 

The structural mechanics module in Comsol Multiphysics enables the user to select 

internal damping models such as: Rayleigh damping, isotropic loss factor, viscous damping, and 

explicit damping.  Of these, Rayleigh damping is the only model which can be applied in both a 

frequency domain and time domain analysis, while the others only apply to frequency domain 

analyses [91].  Since the transmissibility functions of the FE models are evaluated in a time 

domain analysis, the Rayleigh damping model is used. 

Rayleigh damping is a frequency dependant model, which relates the damping matrix to 

the mass and stiffness matrices through constants of proportionality.  The Rayleigh damping 

model is formulated as follows [92]: 
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   C M K   (3.1) 

where µ and λ represent the mass and stiffness constants of proportionality respectively, and M, 

C, and K represent the mass, damping, and stiffness matrices of the system respectively.  The 

damping ratios and resonant frequencies are related as follows: 
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    (3.2) 

where fn represents the nth resonant frequency of the system, and ζn represents the corresponding 

damping ratio.  The constants of proportionality can be solved with equation (3.2), using two 

resonant frequencies and their corresponding damping ratios, as follows: 
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where subscripts 1 and 2 represent the resonant frequency numbers.  It should be noted that these 

subscripts do not necessarily correspond with the frequency mode numbers, as any two resonant 

frequencies may be used to tune the constants of proportionality. 

There are some notable insights to consider when using Rayleigh damping.  Figure 3.4 

shows an example of the frequency dependent damping ratios given by the Rayleigh damping 

model for a beam with two resonant frequencies of 10 Hz and 40 Hz, and respective damping 

ratios of 0.01 and 0.006.  The mass and stiffness proportional terms are plotted individually, as 

well as the complete Rayleigh damping relationship shown in (3.2).  The mass and stiffness 

proportional terms of the Rayleigh damping cross at approximately 31 Hz.  The mass 

proportional term is the main contribution to damping when the frequencies are lower than the 

crossover point.  On the other hand, the stiffness proportional term is the main contribution to 

damping when the frequencies are larger than the crossover point.  Further, the frequency values 

within the range of the tuning resonant frequencies tend to be under-damped in comparison to 

their actual damping ratios.  The opposite can be said about frequencies outside of this range.  

Therefore, it is important to carefully select the appropriate frequencies when tuning the 
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Rayleigh damping model.  This is further explored in Section 4.2.4 from Chapter 4 by using 

different resonant frequencies pairs to tune the Rayleigh damping model for Beam 1A. 

 

Figure 3.4: Example of Rayleigh damping 

3.1.3. Boundary Conditions 

Appropriate physical constraints are used in order to simulate the harmonic base 

excitation, shown in Figure 3.1.  The undamped natural frequencies and mode shapes are first 

computed by using a fixed constraint for the clamped end of the specimens, and performing an 

eigenfrequency analysis.  Once the natural frequencies are found, the fixed constraint is replaced 

by a prescribed displacement, and a time dependent study is performed.  The model studies are 

detailed in Section 3.1.4.  Since a harmonic base excitation is applied to the dynamic SLJ 

specimens, the prescribed displacement is defined by a sinusoidal function as follows: 

 ( ) 10sin(2 )y t ft   (3.5) 

where, y(t) represents the base displacement in millimeters, f is the driving frequency, and t is the 

elapsed time.  The driving frequency of the base excitation is controlled by the frequency sweep.  
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To ensure that the first three vibration modes are measured, the frequency range considered for 

this study is 1 Hz - 150 Hz.  From this, the displacement amplitudes of the base and free end of 

the beam are evaluated for all excitation frequencies, to find the transmissibility functions. 

3.1.4. Physics and Study 

To determine the dynamic behaviours of the SLJ specimens, a dynamic single physics FE 

model is required.  The FE model employs both an eigenfrequency and time dependent study, 

and the physics are defined by the solid mechanics module.  The eigenfrequency study solves the 

undamped natural frequencies and mode shapes of the FE dynamic SLJ specimens.  The time 

dependent study subjects the specimens to harmonic base excitation to measure the base and free 

end displacements.  Further, an auxiliary sweep is used to perform the frequency sweep.  The 

natural frequencies found in the eigenfrequency analysis are useful to estimate the locations 

where frequency sweep refinement is required.  The auxiliary sweep sweeps through the driving 

frequencies, which define the frequency of the sinusoidal prescribed displacement boundary 

condition. 

It is important to use an appropriate frequency resolution in order to generate a smooth 

transmissibility function, due to the steep gradients at the locations near resonant frequencies.  A 

frequency resolution that is too fine would require a significant computational time and demand, 

however, the resulting transmissibility function would have a high amount of detail.  On the 

other hand, a frequency resolution that is too coarse may not capture the resonant frequencies of 

the specimens, however, the computation time and demand would be significantly reduced.  To 

achieve a balance between the transmissibility function detail, and computational time and 

demand, frequency resolutions of 0.25 Hz and 2 Hz are used for frequencies near and away from 

the natural frequencies, respectively.  This ensures a balance between computational time and 

demand, and accuracy at the resonant frequencies. 

The time dependent study includes the initial transient response of the dynamic SLJ 

specimens.  The transmissibility functions should be evaluated using the steady state solution.  

Thus, selecting an appropriate time duration is an important consideration for the time dependent 

study, to ensure the solution reaches steady state.  It is found that a time duration of three 

seconds allows the responses to achieve steady state over the frequency range considered.  An 
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additional two seconds are added to the time dependent study, which represents the steady state 

solution.  Thus, the time dependent study uses a total time duration of five seconds. 

3.1.5. Post-Processing 

Measuring the mode shapes of the dynamic SLJ specimens is done after conducting the 

eigenfrequency study.  The sensor positions from the experiment are shown in Figure 4.3 from 

Section 4.1.1.  Since the sensor x12 is positioned 10 mm from the free end of the specimens for 

the experiment, the FE mode shapes are measured up to this point, for comparison.  

Displacements are measured by an array of 2D cut points in the FE model.  The FE model solves 

the mode shapes using an arbitrary scaling factor, thus the mode shapes are normalized to 

compare with the mode shapes of both the TMM approaches. 

The transmissibility functions of the specimens are found using the method described in 

Section 4.1.1 from Chapter 4.  The displacements used for the transmissibility function are 

measured using 2D cutpoints.  The input and output displacements are measured at the base and 

10 mm from the free end, respectively.  The root mean squared (RMS) amplitude of the input 

and output displacement is used to compute the transmissibility function of each specimen. 

3.2. The Transfer Matrix Method 

The TMM is formulated such that a beam with piecewise continuous material and 

geometric properties is discretized into beam segments [57, 58, 59].  Within each beam segment, 

constant geometric and material properties are assumed.  It is possible to use average or effective 

properties for a beam segment containing two or more material layers of constant thickness.  The 

Euler-Bernoulli beam theory is used to derive the field transfer matrix for each element, relating 

the surface states of both sides of the element (i.e. left and right).  Combining the field transfer 

matrix of each element yields the global transfer matrix of the system, from which the natural 

frequencies are obtained. 

The free body diagram of an infinitesimal beam element, shown in Figure 3.5, is used to 

derive the governing equations for the system.  The four independent state variables are 

assembled in a state vector as follows: 

 
T

d dx M V  
 z  (3.6) 
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where, ϕ is the transverse mode shape function, dϕ/dx is the slope, M is the internal bending 

moment, and V is the internal shear force.  The transverse displacement of the beam and the 

applied external force are denoted as w(x,t) and f(x,t), respectively.  Performing force and 

moment balances, while assuming free vibration (i.e. applied external load neglected), and small 

deformation yields: 

 

Figure 3.5: Infinitesimal Bernoulli beam segment free body diagram 
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where, (ρA)j is the mass per unit length of the jth beam segment.  The transverse displacement of 

the beam is related to the internal bending moment, assuming the slope is small, through: 
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where, (EI)j is the bending stiffness of beam segment j.  Equations (3.7) and (3.8) represent the 

equations of motion for the beam segment from Figure 3.5.  The material and geometric 

properties of beam segment j are represented by the mass per unit length, and bending stiffness.  

For a beam segment having a layered construction (i.e. differing material layers with a known 

thickness), its properties are typically determined in an additive manner [67], where the mass per 

unit length, and bending stiffness of each layer are added together.  These properties are 

determined as follows for a bimorph structure: 
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where, (ρA)eff  and (EI)eff  represent the effective mass per unit length and bending stiffness, 

respectively.  The beam width, adherend thickness, and adhesive thickness are denoted by b, t, 

and tad, respectively.  The adherend and adhesive Young’s modulus and density are defined in 

Table 3.1.  The approach presented in this paper for obtaining the material properties for the 

overlap region of a SLJ, is discussed in Section 3.3. 

Applying the separation of variables approach to the transverse displacement of the 

beam, decomposes these displacements into its temporal and spatial components as follows: 
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   (3.11) 

where, ηr(t) and ϕr(x) are the rth modal displacement and mode shape function, respectively.  As 

this formulation is applied to any mode, the subscript r is dropped for simplicity.  Considering 

the spatial component of the transverse displacement, (3.11) is substituted into (3.7) and (3.8), 

written in terms of the mode shape function yields: 
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Writing (3.12) in matrix form, yields the state transition matrix: 
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  (3.13) 

where, the 4x4 constant state matrix of (3.13) is denoted Bj.  A solution to (3.13) is found from 

the linear systems theory [93], which gives the field transfer matrix Fj(Δx) for the jth beam 

segment as: 

 ( )
x

x e


  jB

jF  (3.14) 
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where, Δx represents the position considered along the length within the jth beam segment.  The 

matrix exponential appearing in (3.14) is evaluated using the Cayley-Hamilton theory as follows: 
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Substituting the constant state matrix, Bj, into (3.15), the field transfer matrix is found 

using a software package Maple to perform symbolic manipulation, giving: 
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where,  
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where, β represents the eigenvalues per unit length, which is defined as: 
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The field transfer matrix allows us to relate the state vector to different axial positions 

within the local beam element. Due to the semigroup property of this transfer matrix, we can find 

the global transfer matrix, by performing matrix multiplication on each individual field transfer 

matrix as follows: 

 
1

( ) (( ) , )j
j n

x 


  jU F   (3.19) 



 

67 

 

which is used to relate the states at both the ends of the beam as follows: 
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U   (3.20) 

The characteristic equation of the system is contained within the global transfer matrix, 

which is found by imposing appropriate boundary conditions on the beam.  Fixed-free boundary 

conditions are applied, as a cantilevered adhesive bonded SLJ is investigated.  The boundary 

conditions for this configuration, assuming the fixed and free ends are located at positions x = 0 

and x = Ln, respectively, are: 
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where, n represents the number of beam segments.  Substituting (3.21) into (3.20) and 

considering the third and fourth rows of the resulting system gives: 
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   (3.22) 

Equation (3.22) has a nonzero solution for M(0) and V(0) if and only if the reduced 

global transfer matrix is singular.  Setting its determinant equal to zero yields a transcendental 

equation, which must be solved numerically to find the natural frequencies of the system. 

The mode shapes are found by evaluating the displacements of each element evaluated at 

the corresponding resonant frequency.  The internal bending moment and shear force are 

required to compute the mode shapes.  From (3.22) the internal bending moment can be written 

in terms of the internal shear force as follows: 
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V(0) then is a scaling factor for the mode shapes, and a convenient arbitrary value of 1 is 

assigned to it.  Thus, the displacement amplitude at location x along the beam is found as follow: 
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Evaluating the first row of (3.24) at multiple positions along the beam yields the mode shapes.  

In this case, the displacement amplitudes for the mode shapes are computed at the same locations 

as the FE model. 

3.3. Single Variable TMM Model Updating Approach 

In order to model the overlap region of an adhesive bonded SLJ, we must determine its 

effective material properties.  Since the thickness of the aluminum and adhesive is constant, we 

assume that the effective material properties within the overlap region must also be constant.  

The material properties, which must be determined, are the effective density, and effective 

Young’s modulus. 

A volume fraction approach is used to find the effective density, while a single variable 

model updating approach is used to obtain the effective Young’s modulus.  This constrains the 

material property ratio, which gives an effective density and an effective Young’s modulus, 

which describe the true properties more accurately.  The effective density of the overlap region is 

obtained as follows: 

 * *2
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V V      (3.25) 

where, 
*V  and 

*

adV  are the volume fractions of the adherend and adhesive layers, respectively, 

given by: 
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where, V=lbt and Vad=lbtad are the volumes of the adherend and adhesive layers, respectively.  

Substituting these volumes into (3.25) and (3.26) yields: 
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It should be noted that the effective density found in equation (3.27) can be found from equation 

(3.9) by dividing by the cross-sectional area of the overlap region.  Thus, the effective density 

determined by both the approaches is the same. 

A model updating process intends to vary the effective Young’s modulus such that an 

objective function is minimized. The second norm of the relative errors between the true natural 

frequencies and the TMM natural frequencies is chosen as the objective function as follows: 
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where, ωr represents the rth natural frequency computed using the TMM, ωr,0 represents the rth 

true natural frequency of the system, and k represents the number of the natural frequency targets 

used for model updating.  The Young’s modulus corresponding to the minimum objective 

function is selected as the effective Young’s modulus for the overlap region of the SLJ.  It should 

be highlighted that the single variable TMM model updating approach and the additive TMM 

approach differ only in the way the effective Young’s modulus for the overlap region of the SLJ 

are determined. 

3.4. Simulation Results 

The simulated dynamic characteristics of the SLJ specimens are shown for the FE model, 

the single variable TMM model updating approach, and the additive TMM approach.  

Specifically, this section presents the effects of the adhesive layer thickness, and overlap length 

on the natural frequencies and the effective material properties of the specimens.  Since the 

effective Young’s modulus of the single variable TMM model updating approach is found 

through model updating, the FE model natural frequencies are used as model updating targets in 

this chapter.  In this way, the performance of the single variable TMM model updating approach 

to determining the effective material properties can be compared with the additive TMM 

approach.  From hereafter, the term ‘FE model natural frequencies’ is used to refer to the natural 

frequencies obtained from the FE model.  Further, the terms ‘the single variable TMM model 

updating approach natural frequencies’ and ‘the additive TMM approach natural frequencies’ are 

used to refer to the natural frequencies obtained by the single variable TMM model updating 

approach and the additive TMM approach respectively. 
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3.4.1. Effect of Adhesive Thickness 

Consider an adhesive bonded SLJ cantilever beam shown in Figure 3.1, where the 

thickness of the adhesive layer, tad, is varied from 0.5 mm to 4 mm, incrementally by 0.5 mm.  

The overlap length, lad, is fixed at 40 mm.  The first six transverse natural frequencies are first 

found by the FE model.  The first four FE model natural frequencies are then used as model 

updating targets for the single variable TMM model updating approach, to determine the overlap 

region effective Young’s modulus.  Once the effective Young’s modulus of the overlap region is 

found, the first six natural frequencies determined by the TMM are computed to see whether the 

fifth and sixth natural frequencies agree with the FE results.  The effective Young’s moduli 

determined by the single variable TMM model updating approach are compared with those 

determined by the additive TMM approach.  The natural frequencies and mode shapes of each of 

the two TMM approaches are compared, using the FE model results as a benchmark for 

comparison. 

The resulting FE model natural frequencies at each adhesive thickness are shown in 

Table 3.3.  It can be seen that increasing the adhesive layer thickness causes a relatively modest 

reduction in the natural frequencies of the SLJ specimens.  This is expected, since increasing the 

adhesive layer thickness causes an increase in the specimen’s overall mass and decrease in the 

rigidity.  Increasing the mass and deceasing the rigidity of a vibrating structure will result in a 

reduction in its resonant frequencies.  It is noted that an increase of the adhesive layer thickness 

affects higher natural frequencies more than lower natural frequencies. For example, when the 

thickness is increased from 0.5 mm to 4.0 mm the relative reduction in the first natural frequency 

is 0.014% while for the sixth natural frequency is 0.145%. 
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Table 3.3: Natural frequencies determined by the FE model 

Adhesive 

Thickness 

(mm) 

Natural Frequencies (Hz) 

f1 f2 f3 f4 f5 f6 

0.5 7.64 45.51 133.25 257.25 428.22 638.89 

1.0 7.63 45.05 132.93 255.45 425.70 634.00 

1.5 7.61 44.65 132.63 253.92 423.38 628.51 

2.0 7.60 44.28 132.34 252.46 421.01 621.22 

2.5 7.58 43.91 132.05 251.05 418.48 610.30 

3.0 7.57 43.56 131.75 249.65 415.71 593.43 

3.5 7.55 43.21 131.45 248.27 412.59 570.68 

4.0 7.54 42.87 131.14 246.89 409.00 545.96 

 

Table 3.4 shows the effect of the adhesive layer thickness on the overlap region effective 

material properties using both the single variable TMM model updating and additive TMM 

approaches.  Figure 3.6 displays the contrast between the two approaches.  In general, increasing 

the adhesive thickness causes a reduction in the effective Young’s modulus and density.  This is 

expected as the adhesive material has a significantly lower Young’s modulus and is less dense 

than the aluminum adherends.  The second norm curves of the relative errors of the single 

variable TMM model updating approach are shown in Figure 3.7 for each of the adhesive layer 

thicknesses considered. 

Table 3.4: Overlap region effective properties 

Adhesive 

Thickness 

(mm) 

Single Variable TMM 

Model Updating Young’s 

Modulus (GPa) 

Additive TMM 

Young’s Modulus 

(GPa) 

Effective 

Density (kg/m3) 

0.5 9.00 69.93 2,547 

1.0 6.25 69.56 2,422 

1.5 4.75 68.85 2,319 

2.0 3.50 67.86 2,231 

2.5 2.75 66.67 2,157 

3.0 2.13 65.34 2,092 

3.5 1.69 63.91 2,035 

4.0 1.38 62.44 1,986 

 



 

72 

 

The effective Young’s moduli for the overlap region of the SLJ found by the single 

variable TMM model updating approach are significantly different from those found by the 

additive TMM approach.  From Table 3.1, we can see that the Young’s moduli of the adhesive 

and aluminum adherends are 7.31 MPa and 70 GPa, respectively.  The single variable TMM 

model updating effective Young’s moduli are significantly different from the aluminum and 

adhesive Young’s moduli, whereas there is little difference between the additive TMM effective 

Young’s moduli and the aluminum Young’s modulus.  This can be explained by the influence of 

the polar moment of inertia on the effective Young’s modulus of the additive TMM approach.  

The polar moment of inertia of each adherend is relatively larger than the adhesive layer, since 

the aluminum layers are located further away from the neutral axis of the overlap region beam 

Figure 3.6: Effective Young’s modulus comparison 
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segment.  As the adhesive layer thickness is increased, the local neutral axis of the aluminum 

layer is moved further away from the neutral axis of the overlap region segment.  This increases 

the aluminum layer’s polar moment of inertia, due to the parallel axis theorem, which 

significantly increases its contribution to the effective bending stiffness, EIeff.  This introduces a 

Figure 3.7: Objective function for adhesive thickness of: (a) 0.5 mm; (b) 1 mm; (c) 1.5 mm; 

(d) 2 mm; (e) 2.5 mm; (f) 3 mm; (g) 3.5 mm; (h) 4 mm 
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bias towards the aluminum material properties, due to the geometry of the SLJ overlap region.  

Therefore, although increasing the adhesive thickness shows a decrease in the additive TMM 

effective Young’s modulus compared with the aluminum Young’s modulus, the drop is small.  

The single variable TMM model updating approach does not face this problem, as the effective 

Young’s modulus of the overlap region is simply determined by minimizing the error between 

the computed natural frequencies and the true natural frequencies (FE in this case) of the 

structure.  Thus, the geometric bias is avoided. 

Table 3.5 and Table 3.6 show the resulting natural frequencies and relative errors of the 

single variable TMM model updating approach, respectively.  The first four natural frequencies 

are particularly in close agreement with the FE model.  From Table 3.6, it can be seen that the 

relative errors of the first four natural frequencies are less than 1%.  This is mainly a result of the 

model updating scheme, which used the first four FE natural frequencies as error minimization 

targets.  The fifth and sixth natural frequencies are of interest, since these were not used as model 

updating targets.  In general, the fifth natural frequency shows close agreement with the FE 

model, with the largest absolute error of 2.577%.  However, the relative error tends to increase 

with increasing adhesive thickness.  This trend continues for the sixth natural frequency, where 

the single variable TMM model updating approach gives an absolute error greater than 5% for 

adhesive thicknesses larger than 2.5 mm.  The greatest error magnitude is found to be 15.089% 

for an adhesive thickness of 4 mm.  This demonstrates that the natural frequencies for higher 

modes of vibration can be found using the single variable TMM model updating approach, 

particularly for thinner adhesive layer thicknesses. 
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Table 3.5: Natural frequencies determined by the single variable TMM model updating 

approach 

Adhesive 

Thickness 

(mm) 

Natural Frequencies (Hz) 

f1 f2 f3 f4 f5 f6 

0.5 7.64 45.50 133.44 257.36 429.51 642.70 

1.0 7.62 44.99 133.16 255.48 427.45 639.80 

1.5 7.61 44.67 132.99 254.54 426.44 638.37 

2.0 7.59 44.20 132.73 252.84 424.60 635.74 

2.5 7.58 43.87 132.55 251.84 423.54 634.20 

3.0 7.56 43.44 132.31 250.36 421.95 631.90 

3.5 7.54 43.06 132.10 249.10 420.62 629.94 

4.0 7.53 42.73 131.92 248.08 419.54 628.34 
 

Table 3.6: Relative error of the single variable TMM model updating approach 

Adhesive 

Thickness 

(mm) 

Relative Error (%) 

f1 f2 f3 f4 f5 f6 

0.5 0.018 0.021 -0.142 -0.040 -0.303 -0.597 

1.0 0.055 0.140 -0.173 -0.010 -0.412 -0.915 

1.5 0.005 -0.040 -0.266 -0.245 -0.724 -1.568 

2.0 0.070 0.178 -0.290 -0.148 -0.853 -2.337 

2.5 0.048 0.095 -0.378 -0.317 -1.207 -3.917 

3.0 0.098 0.263 -0.425 -0.284 -1.501 -6.483 

3.5 0.123 0.343 -0.497 -0.337 -1.944 -10.385 

4.0 0.118 0.323 -0.596 -0.485 -2.577 -15.089 

 

The resulting resonant frequencies and relative errors from the additive TMM approach 

are shown in Table 3.7 and Table 3.8, respectively.  Comparing the relative errors of the single 

variable TMM model updating approach with the additive TMM approach shows that the former 

consistently outperforms the latter.  The relative errors of the additive TMM approach tend to 

increase with increasing adhesive thickness for all six modes of vibration.  Interestingly, the first 

and third modes of vibration show reasonable agreement with the FE model, while the others 

show compare poorly.  Apart from a 0.5 mm adhesive layer thickness, the relative errors of the 

second, fourth, fifth, and sixth natural frequencies have absolute relative errors greater than 5%.  

The maximum absolute error reported of 21.692% corresponds to the sixth modal frequency for 
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the 4 mm adhesive layer thickness.  Thus, the single variable TMM model updating approach of 

determining the effective Young’s modulus for the overlap region shows improved performance 

compared to the commonly used additive TMM approach. 

Table 3.7: Natural frequencies determined by the additive TMM approach 

Adhesive 

Thickness 

(mm) 

Natural Frequencies (Hz) 

f1 f2 f3 f4 f5 f6 

0.5 7.77 48.25 134.97 271.91 447.34 667.06 

1.0 7.76 48.08 134.89 271.85 447.39 667.19 

1.5 7.75 47.87 134.79 271.63 447.22 667.02 

2.0 7.74 47.65 134.68 271.30 446.91 666.66 

2.5 7.73 47.42 134.56 270.92 446.51 666.18 

3.0 7.72 47.18 134.45 270.49 446.07 665.62 

3.5 7.71 46.95 134.33 270.05 445.59 665.02 

4.0 7.70 46.71 134.22 269.60 445.09 664.39 
 

Table 3.8: Relative error of the additive TMM approach 

Adhesive 

Thickness 

(mm) 

Relative Error (%) 

f1 f2 f3 f4 f5 f6 

0.5 -1.599 -6.025 -1.289 -5.699 -4.466 -4.409 

1.0 -1.753 -6.709 -1.471 -6.420 -5.097 -5.235 

1.5 -1.854 -7.203 -1.622 -6.975 -5.632 -6.126 

2.0 -1.932 -7.616 -1.764 -7.462 -6.152 -7.314 

2.5 -1.998 -7.986 -1.904 -7.914 -6.698 -9.156 

3.0 -2.056 -8.329 -2.047 -8.349 -7.301 -12.166 

3.5 -2.110 -8.655 -2.194 -8.775 -7.997 -16.532 

4.0 -2.160 -8.970 -2.348 -9.200 -8.825 -21.692 

 

3.4.2. Effect of Overlap Length 

To investigate the effect of the overlap length on the dynamic behaviours of the SLJ 

specimens, the overlap length is varied, while the individual adherend lengths are fixed.  Further, 

the general use of the effective Young’s modulus, found by the single variable TMM model 

updating approach, is evaluated by varying the overlap region length.  In this case, consider the 
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category A beams listed in Table 3.2.  The overlap lengths are varied from 30 mm to 60 mm in 

10 mm steps. 

Increasing the overlap length causes an overall reduction in beam length, and an increase 

in the overall mass of the structure, since more adhesive is required for a larger overlap length.  

The natural frequencies of the structure are related to its mass and stiffness, where the stiffness in 

this case is dependent on overall beam length (since all other properties are fixed).  The 

increased mass and decreased beam length, due to an increasing overlap length, has a conflicting 

impact on the natural frequencies of the specimens.  Increasing mass typically causes a reduction 

in the natural frequencies, while decreasing overall beam length typically increases the 

specimen’s stiffness, thus increasing the natural frequencies.   

The FE model natural frequencies for the category A beam specimens are shown in Table 

3.9.  It can be seen that all of the natural frequencies increase with an increase in the SLJ overlap 

length, for the specimens considered.  This suggests that the reduced overall length of the 

specimens with increasing overlap length has a greater impact on the natural frequencies than the 

increased adhesive mass.  The increase in adhesive mass due to the increased overlap length is 

almost negligible relative to the specimen’s overall mass.  On the other hand, the reduction in 

overall length caused by the increase in overlap length is of greater significance.  For example, 

consider beams 1A and 4A, whose overlap lengths are 30 mm and 60 mm, and overall specimen 

lengths are 495 mm and 465 mm, respectively.  Beam 4A represents an approximate 6.1% 

reduction in overall length compared to beam 1A.  Thus, the increase in natural frequencies with 

increasing overlap length in this case is reasonable to expect. 

Table 3.9: Natural frequencies determined by the FE model for the category A specimens 

 Overlap 

Length 

(mm) 

Natural Frequencies (Hz) 

Beam 

Specimens 
f1 f2 f3 f4 f5 f6 

1A 30 7.30 42.94 127.53 242.01 404.84 595.56 

2A 40 7.60 44.35 132.40 252.74 421.47 622.86 

3A 50 7.91 45.76 137.38 263.75 438.28 647.93 

4A 60 8.24 47.36 142.54 275.74 456.19 673.35 

 



 

78 

 

The effective material properties for both the single variable TMM model updating 

approach and additive TMM approach are listed in Table 3.10.  For the additive TMM approach, 

the effective Young’s modulus and effective density is the same for each category A specimen, 

since the adherend and adhesive thickness in the overlap region is fixed.  The effective Young’s 

modulus for the single variable TMM model updating approach is found for beam 2A, using the 

first four natural frequencies from the FE model as model updating targets.  The effective 

material properties are then used in the TMM for the other category A beam specimens, to 

evaluate the general usability of the effective Young’s modulus determined by the single variable 

TMM model updating approach.  There is a significant difference between the effective Young’s 

modulus of the single variable TMM model updating approach and the additive TMM approach, 

while the effective density is the same.  This is expected considering the results from Section 

3.4.1. 

Table 3.10: Overlap region effective material properties 

Effective Density 2,248 kg/m3 

Single Variable TMM Model Updating Young’s Modulus 3.75 GPa 

Additive TMM Young’s Modulus 68.08 GPa 

 

The single variable TMM model updating natural frequencies of the category A 

specimens are shown in Table 3.11.  Table 3.12 shows the relative errors of the natural 

frequencies for each specimen compared to the FE model.  The relative errors show that the 

single variable TMM model updating approach performs well compared to the FE model, with a 

maximum absolute error of 3.223% given by the sixth natural frequency of beam specimen 1A.  

The minimum absolute error of 0.035% is given by the fundamental frequency of beam 

specimen 2A, which is expected since the effective Young’s modulus is found using model 

updating for beam 2A.  These results suggest that the effective Young’s modulus found by the 

single variable TMM model updating approach can be used when the overlap length is varied.  

Interestingly, the fifth and sixth natural frequency of the specimens tend to compare better with 

the FE model as the overlap length is increased. 
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Table 3.11: Natural frequencies determined by single variable TMM model updating for 

the category A specimens 

 Overlap 

Length 

(mm) 

Natural Frequencies (Hz) 

Beam 

Specimens 
f1 f2 f3 f4 f5 f6 

1A 30 7.32 43.37 128.09 244.99 410.81 614.75 

2A 40 7.60 44.32 132.80 253.32 425.12 636.49 

3A 50 7.89 45.39 137.66 262.52 440.05 658.37 

4A 60 8.21 46.58 142.65 272.50 455.52 680.16 
 

Table 3.12: Relative errors of the single variable TMM model updating for the category A 

specimens 

 Overlap 

Length 

(mm) 

Relative Error (%) 

Beam 

Specimens 
f1 f2 f3 f4 f5 f6 

1A 30 -0.262 -0.994 -0.439 -1.229 -1.476 -3.223 

2A 40 0.035 0.060 -0.302 -0.231 -0.866 -2.188 

3A 50 0.223 0.816 -0.202 0.467 -0.404 -1.612 

4A 60 0.422 1.651 -0.076 1.173 0.147 -1.011 
 

Table 3.13 and Table 3.14 show the resulting natural frequencies and relative errors, 

respectively, of the additive TMM approach.  Considering the relative errors for the first and 

third natural frequencies, the additive TMM approach gives a maximum absolute relative error of 

3.121% compared with the FE model.  However, the remaining natural frequencies give absolute 

relative errors greater than 4%, with a maximum absolute relative error of 11.609% found for the 

second natural frequency of beam 4A.  Furthermore, the relative errors tend to increase with 

increasing overlap length for each natural frequency, which contrasts with the fifth and sixth 

natural frequencies from the single variable TMM model updating approach.  Comparing these 

results with those of the single variable TMM model updating approach shows that the latter 

outperforms the additive TMM approach for all natural frequencies. 
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Table 3.13: Natural frequencies determined by the additive TMM for the category A 

specimens 

 Overlap 

Length 

(mm) 

Natural Frequencies (Hz) 

Beam 

Specimens 
f1 f2 f3 f4 f5 f6 

1A 30 7.42 45.64 129.24 257.02 424.27 634.33 

2A 40 7.74 47.69 134.70 271.37 446.98 666.74 

3A 50 8.09 50.09 140.59 287.65 473.31 702.78 

4A 60 8.46 52.86 146.99 305.91 504.23 743.54 
 

Table 3.14: Relative errors of the additive TMM for the category A specimens 

 Overlap 

Length 

(mm) 

Relative Error (%) 

Beam 

Specimens 
f1 f2 f3 f4 f5 f6 

1A 30 -1.698 -6.272 -1.344 -6.199 -4.799 -6.510 

2A 40 -1.920 -7.542 -1.739 -7.374 -6.052 -7.044 

3A 50 -2.281 -9.447 -2.337 -9.061 -7.993 -8.466 

4A 60 -2.668 -11.609 -3.121 -10.943 -10.532 -10.423 
 

Mode shapes determined by the FE model, single variable TMM model updating 

approach, and additive TMM approach are shown in Figure 3.8 and Figure 3.9.  For brevity, only 

the first, second, and fifth mode shapes of beams 1A and 4A are shown.  In general, the mode 

shapes of both the TMM approaches compare well with the FE mode shapes for all category A 

beams, with the single variable TMM model updating approach giving slightly better 

performance.  This can be seen for the fifth mode in particular, as the additive TMM approach 

shows significant deviation from the FE mode shapes.  Due to the relatively stiff overlap region 

found by the additive TMM approach, the overlap region is more difficult to bend than the rest of 

the beam.  The relatively high bending stiffness of the overlap region found by the additive 

TMM approach has a noticeable impact on the mode shapes of the beams.  The negligible 

change in slope in the overlap region of beam 4A suggests that little bending occurs relative to 

the rest of the beam.  This is best seen in the second mode shape between positions 177 mm and 

228 mm.  On the other hand, the single variable TMM model updating approach gives a 

significantly lower bending stiffness for the overlap region.  This gives an overlap region which 

is more susceptible to bending, which tends to agree better with the FE model than the additive 

TMM approach. 
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Figure 3.8: Beam 1A mode shapes: (a) mode 1; (b) mode 2; (c) mode 5 
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Figure 3.9: Beam 4A mode shapes: (a) mode 1; (b) mode 2; (c) mode 5 
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3.4.3. General Use of the Effective Young’s Modulus 

This section further investigates the general use of the effective Young’s modulus found 

by the single variable TMM model updating approach.  From Table 3.2 it can be seen that the 

adherend and adhesive thicknesses of the category A and B specimens differ.  However, both the 

category A and B specimens have the same adherend to adhesive thickness ratio of 1.16.  The 

effective Young’s modulus found for beam 2A using the single variable TMM model updating 

approach in Section 3.4.2 is used in the TMM for the category B specimens.  Thus, the general 

use of the effective Young’s modulus is evaluated for specimens with the same overlap adherend 

to adhesive thickness ratio.  Although model updating is not used in this section, the FE model is 

still used as a benchmark for comparison. 

The effective material properties of the additive TMM approach are determined for each 

specimen by equation (3.9) and (3.10).  Since the adherend to adhesive thickness ratio is the 

same for both the category A and B specimens, the effective material properties determined by 

the additive TMM approach are the same for both the categories (i.e. an effective density and 

Young’s modulus of 2,248 kg/m3 and 68.08 GPa, respectively).  This can be seen by defining an 

adherend to adhesive thickness ratio, r, and solving for the effective density and Young’s 

modulus in equations (3.9) and (3.10).  The adherend to adhesive thickness ratio, overlap region 

area, and polar moment of inertia are as follows: 
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Substituting equation (3.29) into equations (3.9), (3.10), (3.30), and (3.31), and solving for the 

effective density and Young’s modulus yields: 
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Through equations (3.32) and (3.33) we can see that the effective Young’s modulus and density 

depend upon the adherend to adhesive thickness ratio.  The results from the additive TMM 

approach are presented for the purpose of comparison. 

Table 3.15 shows the FE model natural frequencies for the category B specimens.  

Increasing the overlap region length causes an increase in the natural frequencies of each 

specimen, like the findings in Section 3.4.2.  It can be seen that the natural frequencies of the 

category B specimens are significantly lower than the natural frequencies of the category A 

specimens from Table 3.9.  This is due to the thinner adherend and adhesive thicknesses of the 

category B specimens, which causes a significant reduction in beam stiffness. 

Table 3.15: Natural frequencies determined by the FE model for the category B specimens 

 Overlap 

Length 

(mm) 

Natural Frequencies (Hz) 

Beam 

Specimens 
f1 f2 f3 f4 f5 f6 

1B 30 5.32 31.57 93.05 178.13 297.87 444.46 

2B 40 5.54 32.49 96.56 185.40 309.52 461.80 

3B 50 5.77 33.56 100.25 193.59 322.08 479.65 

4B 60 6.01 34.82 104.09 202.73 335.76 498.31 

 

Table 3.16 and Table 3.17 show the resulting natural frequencies and relative errors, 

respectively, of the TMM using the effective Young’s modulus determined by the single variable 

TMM model updating approach for beam 2A.  Interestingly, the absolute maximum relative error 

of the category A specimens, from Table 3.12, is greater than the category B specimens, 

reporting 3.223% and 2.626% respectively.  This may be explained by the model updating 

process.  The maximum error for the category A specimens is found to occur to the sixth natural 

frequency of beam 1A.  The fifth and sixth natural frequencies are impacted by the overall error 

minimization of the first four natural frequencies of beam 2A, since the fifth and sixth natural 

frequencies are not used during model updating.  The maximum error for the category B 

specimens is reported in the third natural frequency of specimen 4B.  Thus, although the absolute 
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maximum relative error is reduced, the relative error within the first four natural frequencies of 

the category B specimens is negatively impacted.  With that said, the resulting natural 

frequencies determined by the TMM for the category B specimens using the effective material 

properties of beam 2A, are in good agreement with the FE model.  This suggests that the 

effective material properties determined by the single variable TMM model updating approach 

can be used in general when the adherend to adhesive thickness ratio is the same. 

Table 3.16: Natural frequencies of the TMM using the effective Young’s modulus from 

beam 2A for the category B specimens 

 Overlap 

Length 

(mm) 

Natural Frequencies (Hz) 

Beam 

Specimens 
f1 f2 f3 f4 f5 f6 

1B 30 5.32 31.55 93.16 178.24 298.85 447.20 

2B 40 5.53 32.25 96.59 184.34 309.29 463.06 

3B 50 5.74 33.03 100.13 191.06 320.19 479.04 

4B 60 5.97 33.91 103.76 198.35 331.50 494.96 
 

Table 3.17: Relative errors of the TMM for the category B specimens 

 Overlap 

Length 

(mm) 

Relative Error (%) 

Beam 

Specimens 
f1 f2 f3 f4 f5 f6 

1B 30 0.057 0.058 -0.125 -0.060 -0.328 -0.616 

2B 40 0.233 0.735 -0.025 0.576 0.074 -0.272 

3B 50 0.499 1.571 0.113 1.308 0.585 0.127 

4B 60 0.685 2.626 0.308 2.160 1.268 0.672 

 

The natural frequencies for the category B specimens, found by the additive TMM 

approach, are listed in Table 3.18.  Table 3.19 shows the natural frequency relative errors 

between the FE model and the additive TMM approach.  Like Section 3.4.2, the natural 

frequencies of the category B specimens increase with increasing overlap region length, along 

with their corresponding relative errors compared to the FE model.  Comparing the relative 

errors found by the additive TMM approach with those by the TMM using the effective Young’s 

modulus of beam 2A, the latter outperforms the former for all frequencies of the beam specimens 

considered.  Further, the absolute maximum relative error from the additive TMM approach is 

nearly four times larger in magnitude, at 10.372%, than that from the TMM using the effective 
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Young’s modulus of beam 2A.  This is particularly significant, since the effective materials 

properties used by the latter were the same as the category A specimens.  Thus, although model 

updating was not directly used for the category B specimens, the performance of the effective 

Young’s modulus determined by the single variable TMM model updating approach for beam 

2A significantly outperforms the additive TMM approach. 

Table 3.18: Natural frequencies determined by the additive TMM for the category B 

specimens 

 Overlap 

Length 

(mm) 

Natural Frequencies (Hz) 

Beam 

Specimens 
f1 f2 f3 f4 f5 f6 

1B 30 5.40 33.19 93.99 186.91 308.55 461.32 

2B 40 5.63 34.68 97.96 197.35 325.06 484.89 

3B 50 5.88 36.42 102.24 209.19 344.22 511.10 

4B 60 6.15 38.43 106.89 222.47 366.71 540.74 
 

Table 3.19: Relative errors of the additive TMM for the category B specimens 

 Overlap 

Length 

(mm) 

Relative Error (%) 

Beam 

Specimens 
f1 f2 f3 f4 f5 f6 

1B 30 -1.357 -5.108 -1.018 -4.925 -3.583 -3.792 

2B 40 -1.695 -6.736 -1.444 -6.443 -5.021 -4.999 

3B 50 -1.969 -8.510 -1.995 -8.058 -6.874 -6.557 

4B 60 -2.360 -10.372 -2.696 -9.738 -9.218 -8.514 

 

The first, second, and fifth mode shapes of beams 1B and 4B are shown in Figure 3.10 

and Figure 3.11, respectively, for each of the numerical methods used.  Like the category A 

specimens, the TMM using the effective Young’s modulus from beam 2A compares slightly 

better with the FE mode shapes than the additive TMM approach, particularly for the fifth mode 

shape.  This is particularly noteworthy since model updating was not used for the overlap region 

effective material properties of the category B specimens.  This further shows the general 

usability of the effective Young’s modulus found by the single variable TMM model updating 

approach, when the adherend to adhesive thickness ratio is the same.  Like Section 3.4.2, the 

second mode shape shows that the overlap region bending stiffness of the additive TMM 

approach is significantly higher than the TMM using the effective Young’s modulus of beam 2A. 
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Figure 3.10: Beam 1B mode shapes: (a) mode 1; (b) mode 2; (c) mode 5 
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Figure 3.11: Beam 4B mode shapes: (a) mode 1; (b) mode 2; (c) mode 5 
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3.5. Conclusion 

This chapter considers the dynamic single physics scenario, to determine the dynamic 

behaviours of an adhesive bonded SLJ cantilever beam.  The effects of adhesive layer thickness, 

and the overlap length on the dynamic behaviours have been studied.  It is found that increasing 

the adhesive thickness causes a reduction in the specimen’s natural frequencies, while increasing 

the overlap length causes an increase in the specimen’s natural frequencies.  Further, the 

performance of the single variable TMM model updating approach has been compared with the 

additive TMM approach.  For comparison sake, the FE model has been used as a benchmark to 

compare their performance.  The effective Young’s modulus determined by the single variable 

TMM model updating approach consistently outperforms the additive TMM approach.  The 

robustness and general use of the effective Young’s modulus from the single variable TMM 

model updating approach has been investigated.  The effective material properties are shown to 

be robust, and their general usability is shown when the adherend to adhesive thickness ratio of 

the overlap region is maintained. 
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Chapter 4 Experimental Evaluation of the Numerical 

Analysis Results  

In this chapter, the dynamic behaviours of adhesive bonded SLJs are measured 

experimentally to evaluate the performance of the numerical analysis approaches from Chapter 

3.  Category A and B specimens are investigated in this chapter, to validate the effects of overlap 

length, and the presence of an overlap region adherend to adhesive thickness ratio.  The iterative 

design and benchmarking of an experimental testing apparatus are presented.  This apparatus 

differs slightly from those reported in the literature of adhesive bonding, since optical non-

contact position sensors are used for measurement, eliminating the effect of the added mass from 

accelerometers.  Data collection is discussed, along with signal processing techniques used to 

remove noise from the collected data, thus improving the quality of the results.  The 

experimental apparatus is used to determine the transmissibility function, natural frequencies, 

damping ratios, and mode shapes of the adhesive bonded SLJ specimens, to validate the 

numerical models.  Further, the measured damping ratios used to tune the Rayleigh damping 

criterion are presented, and the Rayleigh damping tuning is discussed. 

4.1. Experimental Apparatus 

To measure the dynamic behaviours of the SLJ specimens, the specimens need to be 

excited harmonically. There are two kinds of excitation: direct force excitation and base 

excitation.  In order to achieve the direct force excitation, an apparatus is designed using a shaker 

to apply force to the specimen, and optical position sensors are used to measure the displacement 

amplitudes of the specimen.  It is important to ensure that the apparatus gives accurate 

measurements, and that contamination from the excitation system is minimized.  Thus, the 

apparatus is benchmarked using a well-known and established analytical approach, to validate its 

performance.  The iterative design and validation of the apparatus is detailed in the following.  

The equipment used for data collection is discussed, along with the signal processing techniques 

used to process and remove noise from the collected data. 

Benchmarking of the apparatus is done by measuring the natural frequencies and mode 

shapes of an aluminum cantilever beam of constant rectangular cross section throughout.  For 

clarity, this aluminum beam is called the benchmark beam in the remainder of this chapter.  The 

benchmark beam is shown in Figure 4.1, while its material properties are the same as the 
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adherend material properties listed in Table 3.1 from Chapter 3.  In this case, we can apply the 

Euler-Bernoulli beam theory as the benchmark to evaluate the performance of the apparatus.  

The Euler-Bernoulli beam theory is a well-established analytical formulation which can be used 

to find the natural frequencies and modes shapes of continuous thin beam structures.  The thin 

beam criterion is satisfied if the beam has a ratio of l/t ≥ 10, which the benchmark beam gives 

302.5.  Thus, the apparatus can be validated with confidence.  For a beam with fixed-free 

boundary conditions, the Euler-Bernoulli beam theory gives the natural frequencies and mode 

shapes as follows [90]: 
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where, Xn, σn, ωn, and βn represent the mode shape, mode shape constant, natural frequency, and 

eigenvalue per unit length of the nth vibration mode, respectively.  The position along the beam is 

represented by x.  The eigenvalue per unit length and mode shape constant are dependent on 

boundary conditions.  These are tabulated in Table 4.1 for the first three modes of vibration for 

the fixed-free boundary condition. 

Table 4.1: Weighted frequencies and mode shape constants of a fixed-free beam 

Vibration 

Mode 

Weighted 

Frequency, βnl 

Mode Shape 

Constant, σn 

1 1.87510407 0.7341 

2 4.69409113 1.0185 

3 7.85475744 0.9992 
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Figure 4.1: Benchmark beam geometry (not drawn to scale) 

4.1.1. Experimental Data Collection 

The experimental measurements are collected using the equipment shown in Figure 4.2 

below.  The key components of the measurement and data collection system are labeled 

accordingly.  The computer provides the user interface allowing the user to send outputs, and 

record the measurement data.  A Brüel & Kjær data acquisition unit (model 2827-002) is used to 

convert analog signals into digital ones and digital signals to analog ones.  A software package 

Pulse by Brüel & Kjær allows the computer to communicate with the data acquisition unit.  The 

amplifier amplifies the output signal from the data acquisition unit to adequately power the 

shaker.  The shaker is a linear electromagnetic motor, and is used as the excitation system, which 

subjects the specimen under test to forced harmonic excitation.  Two Wenglor optical position 

sensors (model CP24MHT80) measure the displacement of the beam at locations of interest for 

data collection.  Finally, the power supply converts AC to DC power in order to power the 

optical position sensors. 

Specimen transmissibility functions relate the input excitation displacement acting on the 

specimen, to the output measured at a location of interest, over a given frequency range.  Further, 

the transmissibility function can be used to identify the damped resonant frequencies and modal 

damping ratios of the structure under test.  Since the specimens have fixed-free boundary 

conditions, the output displacement at the free end of the beam is of interest.  Therefore, the 

displacement of the free end and input excitation location are measured with optical position 

sensors.  The transmissibility function is found as follows: 

b = 40 mm

t = 1.6 mm

y(t)
l = 484 mm
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where, TR(ω), x12(ω), and x0(ω) represent the TR, output displacement, and input displacement, 

respectively, at a given excitation frequency, ω.  The notations of the output and input 

displacements are consistent with the sensor positions shown in Figure 4.3 to measure the mode 

shapes.  Since the measured displacement of the input and output is oscillatory, their RMS 

amplitude is used to compute the transmissibility functions and mode shapes of the specimen 

under test.  The transmissibility function then represents the TRs over the given frequency range.  

To ensure that the first three vibration modes are measured, the frequency range considered for 

this study is 1 Hz - 150 Hz.  For the frequency sweeping test, like the FE model, the frequency 

resolution near resonant frequencies is 0.25 Hz, and 2 Hz elsewhere, to reduce the time required 

for data collection. 

Figure 4.2: Data collection equipment 
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The displacement data is collected by performing an excitation frequency sweep over the 

frequency range of interest.  The time duration for an individual exciting frequency must allow 

the beam’s response to achieve steady state.  As the driving frequency changes, the transient 

response is induced.  Data is collected over a two second time interval once the response has 

reached steady state.  The sampling frequency of the experiment is 512 Hz, which means that the 

measured displacements are recorded approximately every 1.953 ms. 

The mode shapes of the specimen under test are found by exciting the specimen at the 

corresponding natural frequency, and measuring the displacement amplitudes of the specimen at 

various locations.  The measurement locations are selected along the centerline of the specimen.  

It is important to use a suitable number of measurement positions to measure the mode shapes of 

the specimens.  Increasing the number of measurement positions increases the resolution of the 

mode shapes.  However, there is a trade-off between the mode shape resolution and the amount 

of time required to measure the mode shapes.  Since one optical position sensor is used to 

measure the displacement amplitude of the structure under test, the displacement amplitude of 

each position must be measured one by one.  Thus, a balance between mode shape resolution and 

data collection time must be considered.  Therefore, a total of twelve measurement positions are 

used.  This is suitable, since the first three modes of vibration are measured within the frequency 

range used for the experiment.  Figure 4.3 shows the general locations of the measurement 

positions.  The measurement position x12 corresponds to the location used to measure the TR of 

the specimen; 10 mm from the free end.  The remaining measurement locations are spaced 40 

mm apart.  The displacement of the base is also measured, such that the relative displacements 

can be found.  The resulting mode shapes are normalized for comparison with the numerical 

solutions. 

 

Figure 4.3: General sensor positions for all specimens (not drawn to scale) 

10 mm40 mm
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x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12x0



 

95 

 

The modal damping ratios are evaluated from the transmissibility functions.  This method 

measures the magnitude of damping based on the steepness and magnitude of the resonant 

frequencies.  To extract the modal damping ratios of the specimen, we use the quadrature peak 

picking method illustrated in Figure 4.4, and computed as follows [90]: 

    
 
2

d
a b

TR
TR TR


     (4.4) 

where, TR(ωd) represents the magnitude of the transmissibility function at the damped resonant 

frequency of interest (ωd), and TR(ωa) and TR(ωb) represent the 3-dB down point magnitude of 

the corresponding excitation frequencies ωa and ωb.  By calculating the magnitude of the 3-dB 

down point, the corresponding excitation frequencies are found, using interpolation if necessary.  

The damping ratios are then computed as follows [90]: 
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Figure 4.4: Quadrature peak picking method 
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4.1.2. Signal Processing and Analysis 

One of the challenges of conducting the experiment is noise, whether it is introduced by 

the physical apparatus or the data collection equipment used.  Regardless of the sources, noise 

can contaminate the collected data to a varying degree and should be minimized where possible.  

Although noise reduction is a consideration in the design of the experiment, there is typically 

some level of noise present in the measured data.  During post-processing, a filter may be applied 

to the measured data to remove noise and improve the quality of the data. 

There are many design considerations when using a filter to remove noise from the 

collected data, including its classification, frequency response, cut-off frequency and filter order.  

A Butterworth filter is selected.  In this case, either a lowpass or bandpass frequency response is 

selected.  Applying the filter to the measured data associated with frequencies lower than 10 Hz, 

a lowpass frequency response is used to eliminate high frequency noise contamination.  For 

frequencies greater than or equal to 10 Hz, a bandpass frequency response is used to eliminate 

both low and high frequency noise contamination.  The cut-off frequency of the lowpass filter is 

equal to the driving frequency of the data sample plus 6 Hz.  The bandpass filter requires two 

cut-off frequencies, which correspond to plus and minus 3 Hz of the driving frequency.  For 

example, for a driving frequency of 20 Hz, the bandpass cut-off frequencies are 17 Hz and 23 

Hz.  The filter order is selected as 8 and 3 for the lowpass and bandpass filters respectively. 

In addition to filtering the data, zero padding is a post-processing technique which can 

improve the frequency spectrum quality.  Zero padding is similar to applying a rectangular 

window function to the measured data in its advantages and disadvantages.  Applying a 

rectangular window would mean that the data within the window is preserved, while the data 

outside of the window is zeroed.  However, zero padding involves appending a large number of 

zeros to the measured data, such that the measured data is preserved.  In our application, zero 

padding is a better option, especially in the lower frequency range, since only two cycles would 

be recorded over the two second sampling duration for a driving frequency of 1 Hz.  The main 

advantages include the prevention of spectral leakage, improved frequency spectrum resolution, 

and preservation of the frequency spectrum magnitude within the passband of the filter.  The 

main disadvantage is the presence of side lobes on either side of the exciting frequency.  The 

sampling duration and frequency of the experiment results in 1,024 samples per driving 
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frequency.  Zeros are appended to the measured data by sixteen times the number of samples 

(16,384). 

Comparisons of the raw and post-processed (filtered and zero padded) time response and 

frequency spectrum for Beam 1A excited at a driving frequency of 30 Hz are shown in Figure 

4.5 to Figure 4.7.  Figure 4.5(a) shows the raw time response of the specimen, which contains a 

significant amount of noise.  It can be seen in Figure 4.6(a) that the main contributors to the 

noise seen in the time response are low and high frequency components of 7 Hz and 90 Hz 

respectively.  It can be seen in Figure 4.5(b) that the time response is quite smooth, and there is 

an imperceptible amount of noise after post-processing.  The reason for this can be seen in 

Figure 4.6(b), where the blue and green lines represent the post-processed frequency spectrum 

and the bandpass filter, respectively.  The main noise contributors from Figure 4.6(a) have been 

removed after post-processing.  Figure 4.7(a) to (b) show a detailed view of the raw and post-

processed frequency spectrum, respectively.  The resolution of the post-processed frequency 

spectrum is finer than the raw spectrum.  Further, the characteristic side lobes due to zero 

padding can be seen in Figure 4.7(b).

 

Figure 4.5: Time response comparison at 30 Hz excitation frequency: (a) raw; (b) post-

processed 
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Figure 4.6: Frequency spectrum comparison at 30 Hz excitation frequency: (a) raw; (b) 

post-processed 

 

Figure 4.7: Detailed view of frequency spectrum comparison at 30 Hz excitation frequency: 

(a) raw; (b) post-processed 

4.1.3. Original Experimental Apparatus 

Subjecting a structure to forced harmonic excitation and measuring its dynamic behaviors 

requires the minimization of unwanted contamination.  For example, when using a shaker to 

apply a dynamic load to a beam, the dynamic behaviours of the shaker must have a minimal 

impact on the specimen under test.  When the shaker directly excites the specimen under test, 

additional stiffness is introduced, which affects the dynamics of the structure.  If the impact of 

the dynamic behaviours of the shaker are not minimized, unwanted contamination is introduced 
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in the measured response of the structure, which gives results which do not represent the 

dynamics of the actual specimen under test. 

The original experimental apparatus is built to reduce the fundamental frequency of the 

shaker system.  The original experimental apparatus is shown in Figure 4.8.  The specimen is 

held in a base fixture which is fixed to the ground, such that the specimen is mounted in a fixed-

free, or cantilevered, configuration.  Through a stinger, the shaker applies a force at a location of 

20% of the length of the specimen from the base fixture.  Eye bolts are mounted to a steel frame, 

which provide mounting locations for aircraft cable used to suspend the shaker.  Suspending the 

shaker is recommended when the structure under test is fixed [94].  In this configuration, the 

shaker system is similar to a pendulum, whose fundamental frequency is inversely proportional 

to the suspension length.  Thus, the vertical distance between the shaker and the aircraft cable 

mount locations is selected to be as large as possible, to achieve a relatively low fundamental 

frequency.  Of course, the height of the frame constrains the suspension cable length. 

 

Figure 4.8: Original experimental apparatus for forced vibration (not drawn to scale) 

Benchmarking of the original experimental apparatus showed poor performance when 

compared with the Euler-Bernoulli beam theory.  The first natural frequency of the benchmark 

beam is found to be 5.75 Hz, which compares well with the analytical result of 5.62 Hz.  The 

second natural frequency of the benchmark beam is found as 60.25 Hz compared with the 
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analytical result of 35.21 Hz, which is an unacceptable representation of the beam.  Mayes and 

Gomez provide several recommendations to reduce the impact of the shaker and stinger on the 

structure, such as adjusting the stinger length, and choosing different excitation locations [94].  

However, these adjustments show an insignificant change in the second natural frequency of the 

benchmark beam.  Mohammadali and Ahmadian suggest that the shaker-stinger interaction with 

the beam can significantly impact its response, especially for flexible and lightweight structures 

[95], which is an appropriate description of the benchmark beam, and the category A and B SLJ 

specimens.  Thus, the original experimental apparatus is revised to improve accuracy. 

4.1.4. Revised Experimental Apparatus 

It is apparent from benchmarking the original experimental apparatus that using the 

shaker and stinger to directly excite the specimen under test gives poor results.  Thus, the 

excitation system of the revised experimental apparatus imparts harmonic base excitation to the 

specimen under test.  In this configuration, the specimen under test is in a fixed-free 

configuration, but the fixed support is free to move along the transverse direction relative to the 

structure under test.  Applying a harmonic base excitation to the specimen under test eliminates 

the additional stiffness acting on the specimen from the shaker and stinger.  Measurements then 

become a more accurate representation of the specimen’s dynamic behaviors. 

The revised experimental apparatus is shown in Figure 4.9.  The main components used 

in this apparatus include the shaker, shaking table, fixed support, optical position sensor, and the 

cooling vacuum.  The shaking table is mounted to linear bearings, which allows the base to move 

along the transverse direction.  The shaker is fixed to the ground to prevent it from moving 

during operations.  The shaking table and shaker are connected through the stinger, which is 

threaded into a mount on the shaking table.  The fixed support is mounted to the shaking table, 

and the specimen under test is inserted into the fixed support, giving fixed-free boundary 

conditions.  In this configuration, the shaker excites the specimen under test through the shaking 

table and fixed support, resulting in harmonic base excitation.  Since the base is free to oscillate, 

we must measure its displacement as well as the displacement of the specimen under test, which 

requires two optical position sensors.  The cooling vacuum is used to ensure the shaker does not 

overheat, since the shaker typically runs for more than 2 hours during data collection per 

specimen. 
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The natural frequency benchmarking results for the revised experimental apparatus show 

a significant improvement over the results from the original apparatus.  The resulting analytical 

and experimental natural frequencies of the first three vibration modes are displayed in Table 

Figure 4.9: Revised experimental apparatus for harmonic base excitation 
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4.2, including the measurement error percentage.  From these benchmarking results, it can be 

seen that the measured natural frequencies from the revised experimental apparatus are in close 

agreement with those based on the Euler-Bernoulli beam theory.  The largest reported error of 

2.31% is found in the first vibration mode, whereas the remaining vibration modes report less 

than 1% error.  The amount of error reported in the first vibration mode is likely due to the 

frequency resolution used in the data collection frequency sweep.  This means that the measured 

natural frequency has a tolerance of plus or minus 0.125 Hz.  Thus, a measured natural frequency 

of 5.75 Hz means that the actual result could range from 5.625 Hz to 5.875 Hz.  It is also worth 

mentioning that the frequency resolution affects the magnitude of the measured error to a greater 

extent in the low frequency range than in the higher frequency range, due to the relative 

magnitude of the frequency resolution compared to the lower frequency range.  This confirms 

that the revised experimental apparatus can reliably measure the resonant frequencies of the 

structure under test within the frequency range considered. 

Table 4.2: Revised experimental apparatus natural frequency benchmarking 

Vibration 

Mode 

Analytical Natural 

Frequency (Hz) 

Experimental Natural 

Frequency (Hz) 

Measurement Error 

Percentage (%) 

1 5.62 5.75 2.31 

2 35.21 35.50 0.82 

3 98.58 99.25 0.68 

 

The measured mode shapes of the benchmark beam are compared with those based on the 

Euler-Bernoulli beam theory.  Figure 4.10 shows the comparison between the analytical and 

measured mode shapes for the first three vibration modes, respectively.  The experimentally 

measured mode shapes are in close agreement with the analytical results for all three vibration 

modes.  Of these measured mode shapes, the second vibration mode compares most favourably.  

These results further validate the performance of the revised experimental apparatus, which can 

be used with confidence for the remainder of the analyses when required. 
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Figure 4.10: Benchmark beam mode shapes: (a) mode 1; (b) mode 2; (c) mode 3 
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4.2. Experimental Validation of Simulation Results 

In this section, the results obtained using the numerical analysis approaches from Chapter 

3 are compared with the experimental ones.  The measured natural frequencies and mode shapes 

of category A and B specimens are presented.  The effective Young’s modulus of the single 

variable TMM model updating approach is updated using the measured natural frequencies of 

beam 2A as model updating targets.  The experimental damping ratios are presented, and used in 

the FE model to investigate Rayleigh damping tuning.  Further, the experimental and FE 

transmissibility functions are presented and discussed. 

4.2.1. Evaluation of Dynamic Behaviours of Category A Specimens 

The natural frequencies measured experimentally for the category A specimens are 

shown in Table 4.3.  It can be seen that the natural frequencies tend to increase with increasing 

overlap length.  This is in agreement with the numerical analysis findings in Section 3.4.2 from 

Chapter 3.  This validates the relationship between the beam overlap region length and the 

natural frequencies for category A specimens. 

Table 4.3: Natural frequencies measured by the experiment for the category A specimens 

 Overlap 

Length 

(mm) 

Natural Frequencies (Hz) 

Beam 

Specimens 
f1 f2 f3 

1A 30 7.00 42.00 123.00 

2A 40 7.25 43.25 128.25 

3A 50 7.50 44.25 133.00 

4A 60 8.00 46.25 138.50 

 

To determine the effective Young’s modulus from the single variable TMM model 

updating approach, model updating is performed for beam 2A, using the measured natural 

frequencies as model updating targets.  However, the first two measured natural frequencies of 

beam 2A are used for model updating, since only three natural frequencies are measured 

experimentally.  In this way, the single variable TMM model updating approach results for the 

third natural frequency can be evaluated, to determine its ability to find the natural frequencies of 

higher modes of vibration which are not used in model updating.  Through model updating, the 

effective Young’s modulus is found to be 2.375 GPa.  Of course, the effective density is 
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unchanged from Section 3.4.2, however, the effective Young’s modulus is slightly lower than the 

effective Young’s modulus from Section 3.4.2 of 3.75 GPa.  The updated natural frequencies 

from the single variable TMM model updating approach are shown in Table 4.4.  Like the 

experimentally measured natural frequencies, the natural frequencies determined by the single 

variable TMM model updating approach increase with increasing overlap length. 

Table 4.4: Natural frequencies determined by single variable TMM model updating for the 

category A specimens 

 Overlap 

Length 

(mm) 

Natural Frequencies (Hz) 

Beam 

Specimens 
f1 f2 f3 

1A 30 7.25 42.18 127.49 

2A 40 7.51 42.66 131.86 

3A 50 7.78 43.22 136.30 

4A 60 8.06 43.88 140.74 

 

The relative natural frequency error between the experiment and the FE model, the single 

variable TMM model updating approach, and the additive TMM approach are shown in Table 

4.5 to Table 4.7, respectively.  Both the FE model and the single variable TMM model updating 

approach compare well with the measured natural frequencies.  The additive TMM approach, 

however, compares poorly with the measured natural frequencies.  For all the category A 

specimens, the relative errors found by the additive TMM approach are greater than 5% in 

absolute value for each natural frequency, giving a maximum absolute relative error of 14.294% 

for the second natural frequency of beam 4A.  The additive TMM approach is consistently 

outperformed by the FE model and the single variable TMM model updating approach for 

category A specimens.  These results demonstrate the improved performance given by the 

effective Young’s modulus determined by the single variable TMM model updating approach 

compared to the additive TMM approach.  Comparing the FE model and the single variable 

TMM model updating approach shows that the latter outperforms the former for all computed 

natural frequencies, apart from the second natural frequency of beam 4A.  This is particularly 

notable for the third natural frequency of each specimen, which was not used as a model 

updating target in the determination of the effective Young’s modulus of the single variable 

TMM model updating approach.  This shows that this approach performs well under uncertainty 
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for the category A specimens.  The maximum absolute relative error of the FE model and the 

single variable TMM model updating approach are 5.459% and 5.114%, respectively, both 

considerably lower than the additive TMM approach.  

Table 4.5: Relative errors of the FE model for category A specimens 

 Overlap 

Length 

(mm) 

Relative Error (%) 

Beam 

Specimens 
f1 f2 f3 

1A 30 -4.241 -2.250 -3.683 

2A 40 -4.804 -2.543 -3.233 

3A 50 -5.459 -3.420 -3.296 

4A 60 -3.007 -2.406 -2.915 

 

Table 4.6: Relative errors of the single variable TMM model updating for the category A 

specimens 

 Overlap 

Length 

(mm) 

Relative Error (%) 

Beam 

Specimens 
f1 f2 f3 

1A 30 -3.623 -0.434 -3.648 

2A 40 -3.561 1.365 -2.814 

3A 50 -3.685 2.321 -2.479 

4A 60 -0.737 5.114 -1.614 

 

Table 4.7: Relative errors of the additive TMM for the category A specimens 

 Overlap 

Length 

(mm) 

Relative Error (%) 

Beam 

Specimens 
f1 f2 f3 

1A 30 -6.011 -8.663 -5.077 

2A 40 -6.816 -10.277 -5.028 

3A 50 -7.865 -13.190 -5.710 

4A 60 -5.755 -14.294 -6.127 

 

The measured and simulated mode shapes of beams 1A and 4A are shown in Figure 4.11 

and Figure 4.12, respectively.  Of course, the measured mode shape resolutions are significantly 

lower than the numerical analysis approaches, however, they adequately describe the specimen 

mode shapes.  All of the numerical analysis approaches are in good agreement with the 



 

107 

 

experimentally measured mode shapes for category A specimens.  Overall, the FE model and the 

single variable TMM model updating approach compare slightly better with the experimental 

results of beams 1A and 4A than the additive TMM.  However, the additive TMM approach 

compares better with the second measured mode shape of beam 4A.  The measured mode shape 

shows a decreased change in slope near the overlap region, like the relatively stiffer overlap 

region of the additive TMM approach. 
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Figure 4.11: Beam 1A updated mode shapes: (a) mode 1; (b) mode 2; (c) mode 3 
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Figure 4.12: Beam 4A updated mode shapes: (a) mode 1; (b) mode 2; (c) mode 3 
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4.2.2. Evaluation of Dynamic Behaviours of Category B Specimens 

The natural frequencies measured by the experiment for the category B specimens are 

shown in Table 4.8.  Like Section 4.2.1, the natural frequencies tend to increase with increasing 

overlap length.  This is in agreement with the numerical analysis findings in Section3.4.3 from 

Chapter 3.  This validates the relationship between the beam overlap region length and the 

natural frequencies for category B specimens. 

Table 4.8: Natural frequencies measured by the experiment for the category B specimens 

 Overlap 

Length 

(mm) 

Natural Frequencies (Hz) 

Beam 

Specimens 
f1 f2 f3 

1B 30 5.25 31.00 91.25 

2B 40 5.25 32.00 94.50 

3B 50 5.75 33.25 99.00 

4B 60 6.00 34.75 103.75 

 

Table 4.9 show the resulting natural frequencies of the TMM for the category B 

specimens.  The effective Young’s modulus determined by the single variable TMM model 

updating approach for beam 2A in section 4.2.1 (2.375 GPa) is used for the category B 

specimens to investigate their general use.  Like the experimentally measured natural 

frequencies, the natural frequencies increase with increasing overlap length. 

Table 4.9: Natural frequencies determined by single variable TMM model updating for the 

category B specimens 

 Overlap 

Length 

(mm) 

Natural Frequencies (Hz) 

Beam 

Specimens 
f1 f2 f3 

1B 30 5.28 30.70 92.73 

2B 40 5.46 31.05 95.91 

3B 50 5.66 31.47 99.15 

4B 60 5.86 31.96 102.38 

 

The relative natural frequency error between the experiment and the numerical analysis 

approaches are listed in Table 4.10 to Table 4.12, for the category B specimens.  Like Section 

4.2.1, the additive TMM approach compares least favourably with the measured natural 
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frequencies.  It is worth noting, however, that the performance of the additive TMM approach for 

the category B specimens is significantly improved compared to the category A specimens.  The 

maximum absolute relative error in this case is 10.601%, a significant reduction compared to 

14.249% for the category A specimens.  The FE model and the TMM using the effective 

Young’s modulus determined by the single variable TMM model updating approach for beam 

2A are in good agreement with the measured natural frequencies for the category B specimens.  

From the individual relative errors, it is difficult to determine whether the FE model or the TMM 

using the effective Young’s modulus from beam 2A compare better with the experiment.  

However, comparing the maximum absolute relative errors from each shows that the former 

tends to compare more favourably, at 5.484%, than the latter which gives 8.035%.  Further, the 

maximum absolute relative error for the category B specimens, determined by the TMM using 

the effective Young’s modulus of beam 2A, is greater than the category A specimens, 

determined by the single variable TMM model updating approach, giving 5.114%.  Interestingly, 

in both cases, the maximum relative error is found in the second natural frequency of the fourth 

specimen, corresponding to an overlap length of 60 mm.  Apart from beam 4B, the third natural 

frequencies of the category B specimens found by the TMM compare better with the 

experimental results than the FE model.  This is interesting again since the third natural 

frequency was not used when model updating was performed for beam 2A.  The presence of an 

adherend to adhesive thickness ratio for the overlap region is confirmed in this case, since the 

effective Young’s modulus determined by the single variable TMM model updating approach for 

beam 2A perform well for category B specimens in the TMM. 

Table 4.10: Relative errors of the FE model for the category B specimens 

 Overlap 

Length 

(mm) 

Relative Error (%) 

Beam 

Specimens 
f1 f2 f3 

1B 30 -1.418 -1.846 -1.968 

2B 40 -5.484 -1.532 -2.184 

3B 50 -0.339 -0.935 -1.258 

4B 60 -0.177 -0.207 -0.323 
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Table 4.11: Relative error of the single variable TMM model updating for the category B 

specimens 

 Overlap 

Length 

(mm) 

Relative Error (%) 

Beam 

Specimens 
f1 f2 f3 

1B 30 -0.506 0.980 -1.619 

2B 40 -4.041 2.965 -1.494 

3B 50 1.604 5.358 -0.148 

4B 60 2.269 8.035 1.318 

 

Table 4.12: Relative error of the additive TMM for the category B specimens 

 Overlap 

Length 

(mm) 

Relative Error (%) 

Beam 

Specimens 
f1 f2 f3 

1B 30 -2.795 -7.049 -3.006 

2B 40 -7.272 -8.372 -3.660 

3B 50 -2.315 -9.525 -3.278 

4B 60 -2.541 -10.601 -3.028 

 

The measured and simulated mode shapes of beams 1B and 4B are shown in Figure 4.13 

and Figure 4.14, respectively.  All of the numerical analysis approaches are in good agreement 

with the experimentally measured mode shapes for all of the category B specimens.  For beam 

1B, the performance of each numerical technique is mixed, therefore, it is difficult to say for 

certain which performs best.  However, for beam 4B it can be seen that the FE model tends to 

compare favourably with the measure mode shapes, while the TMM using the effective Young’s 

modulus determined by the single variable TMM model updating approach for beam 2A is a 

close second.  The second mode shape of the additive TMM approach does not compare as well 

with the experiment for beam 4B, unlike beam 4A from Section 4.2.1. 
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Figure 4.13: Beam 1B updated mode shapes: (a) mode 1; (b) mode 2; (c) mode 3 
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Figure 4.14: Beam 4B updated mode shapes: (a) mode 1; (b) mode 2; (c) mode 3 
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4.2.3. Specimen Damping Ratios 

The measured damping ratios of the category A and B specimens are shown in Table 4.13 

and Table 4.14, respectively.  Apart from the second and third damping ratios of beam 3A, the 

damping ratios for the category A specimens tend to decrease with increasing overlap length.  

The first damping ratio of the category B specimens shows a similar relationship as the category 

A specimens.  Finally, the damping ratios of each specimen decrease with an increase in 

vibration mode.  This is expected from (4.5) of the quadrature peak picking method, which 

shows that an increase in resonant frequency tends to decrease the damping ratio.  For this 

reason, it is interesting that the damping ratios of the category B specimens do not show a clear 

decrease with increasing overlap length.  From Sections 4.2.1 and 4.2.2, it was seen that 

increasing the overlap length caused an increase in the specimen’s natural frequency.  Thus, one 

would expect the category B specimens to follow a similar trend as the category A specimens.  

An explanation for this might be related to the experimental driving frequency resolution used 

near resonant frequencies.  Using a finer driving frequency resolution may give higher 

magnitude resonant frequency TRs, which would impact the 3-dB down point, and therefore, the 

specimen damping ratios.  However, this needs to be investigated further in future work. 

Table 4.13: Damping ratios of category A specimens 

Beam 

Specimens 

Damping Ratios 

ζ1 ζ2 ζ3 

1A 1.439 x 10-2 4.919 x 10-3 2.515 x 10-3 

2A 1.436 x 10-2 4.159 x 10-3 2.112 x 10-3 

3A 1.326 x 10-2 6.168 x 10-3 2.808 x 10-3 

4A 1.174 x 10-2 2.983 x 10-3 9.301 x 10-4 

 

Table 4.14: Damping ratios of category B specimens 

Beam 

Specimens 

Damping Ratios 

ζ1 ζ2 ζ3 

1B 2.381 x 10-2 5.103 x 10-3 2.795 x 10-3 

2B 2.421 x 10-2 4.193 x 10-3 2.342 x 10-3 

3B 2.113 x 10-2 4.469 x 10-3 3.380 x 10-3 

4B 2.056 x 10-2 6.421 x 10-3 2.709 x 10-3 
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4.2.4. Rayleigh Damping Tuning 

Tuning the Rayleigh damping model requires two natural frequencies and corresponding 

damping ratios, as discussed in Section 3.1.2 from Chapter 3.  Rayleigh damping has some 

shortcomings, particularly when used for large frequency ranges.  These shortcomings are 

presented to demonstrate the care needed when tuning the Rayleigh damping model, and to 

choose which vibration modes are used for the remainder of the FE models in this chapter.  The 

Rayleigh damping model is tuned for all possible vibration mode combinations found 

experimentally for Beam 1A.  Since the experimental analysis gives three natural frequencies for 

all the dynamic SLJ specimens, over the frequency range considered, there are three possible 

combinations that can be used for tuning.  Plotting the resulting transmissibility functions 

illustrates the impact of selecting different frequency combinations. 

Figure 4.15 shows the FE transmissibility functions for Beam 1A using the following 

tuning combinations: vibration modes 1 and 2, modes 1 and 3, and modes 2 and 3.  The TR 

magnitudes at the resonant frequencies are noticeably affected by the tuning combination used.  

To further illustrate this, Figure 4.16 gives a detailed view of each natural frequency.  Using a 

tuning combination of vibration modes 1 and 2 results in overdamping of the third mode, shown 

by the drastic reduction in magnitude.  Similarly, using a tuning combination of vibration modes 

2 and 3 shows overdamping in the first mode.  Using a tuning combination of vibration modes 1 

and 3 results in slight underdamping of the second mode, evidenced by the increase in 

magnitude.  These results demonstrate that the Rayleigh damping model tends to cause 

overdamping for natural frequencies outside of the frequency range defined by the vibration 

modes used for tuning, while the opposite is true within this frequency range. 

The normalized FE transmissibility function magnitudes for Beam 1A are further 

compared with the experiment at the resonant frequencies.  The overall error between tuning 

combinations of modes 1 and 2, modes 1 and 3, and modes 2 and 3 are 19.8%, 18.0%, and 12.0% 

respectively.  For Beam 1A, it is apparent that the tuning combination of modes 2 and 3 gives the 

best overall performance.  However, the tuning combination of modes 1 and 2 is selected for the 

remainder of the FE models, since this combination is best suited for the first two vibration 

modes of the specimen, which are typically dominant compared to the third mode. 



 

117 

 

 

Figure 4.15: FE transmissibility function of Beam 1A damping tuning 

 

Figure 4.16: Detailed view of the FE transmissibility function of Beam 1A: (a) first mode; 

(b) second mode; (c) third mode 
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4.2.5. Specimen Transmissibility Functions 

Overall the FE transmissibility functions compare well with the experimental ones.  The 

resulting experimental and FE transmissibility function comparisons are shown in Figure 4.17 to 

Figure 4.20 for the category A specimens, and Figure 4.21 to Figure 4.24 for the category B 

specimens.  The FE results for the category B specimens show better agreement with the 

experiment than the category A specimens.  This is particularly noticeable in the regions between 

the natural frequencies.  The transmissibility function of Beam 4A in Figure 4.20 shows a 

noticeable discrepancy compared to the experiment in terms of magnitude.  In this case, the 

measured natural frequency of the third vibration mode had a significantly larger magnitude than 

the first two natural frequencies.  Evidently from Table 4.13, the third damping ratio of beam 4A 

is significantly smaller than all other specimens.  Selecting a different natural frequency 

combination used to tune the Rayleigh damping model could give improved results. 

The effect of damping on the location of the natural frequencies in the FE model can also 

be observed in their transmissibility functions.  All three FE vibration modes from the 

transmissibility function of Beam 4B show exact matches with experiment; however, the effects 

of damping in the first two vibration modes cannot be observed with the 0.25 Hz swept 

frequency resolution used near resonant frequencies.  For example, the frequency of the first FE 

vibration mode from the undamped eigenfrequency analysis is 6.01 Hz (Table 3.15 from Chapter 

3), whereas the transmissibility function gives 6 Hz.  Thus, a finer swept frequency resolution 

would be required to see the effects of damping on the first two vibration modes.  On the other 

hand, the third FE vibration mode clearly shows the effects of damping.  The undamped 

eigenfrequency analysis give a frequency value of 104.09 Hz (Table 3.15 from Chapter 3), 

whereas the transmissibility function gives a frequency of 103.75 Hz, which matches the 

frequency of the third vibration mode found in the experiment.  Taking the swept frequency 

resolution into account for the third mode of vibration, one would expect the frequency to be 104 

Hz for the undamped eigenfrequency case due to the swept frequency resolution.  Thus, the 

damped natural frequency can be observed in the third FE vibration mode within an accuracy of 

0.25 Hz from the transmissibility function of Beam 4B. 
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Figure 4.17: Measured and FE simulated transmissibility functions of Beam 1A 

 

Figure 4.18: Measured and FE simulated transmissibility functions of Beam 2A 
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Figure 4.19: Measured and FE simulated transmissibility functions of Beam 3A 

 

Figure 4.20: Measured and FE simulated transmissibility functions of Beam 4A 
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Figure 4.21: Measured and FE simulated transmissibility functions of Beam 1B 

 

Figure 4.22: Measured and FE simulated transmissibility functions of Beam 2B 
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Figure 4.23: Measured and FE simulated transmissibility functions of Beam 3B 

 

Figure 4.24: Measured and FE simulated transmissibility functions of Beam 4B 
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4.3. Conclusion 

This chapter has evaluated the performance of the numerical analysis techniques 

experimentally.  Further, this chapter has presented the FE and experimental transmissibility 

functions of the SLJ specimens.  The mode shapes of all of the numerical analysis approaches 

compare well with the measured mode shapes.  Both the FE model and the single variable TMM 

model updating approach natural frequencies show good agreement with the experimental 

results, with the latter outperforming the former for the category A specimens, and vice-a-versa 

for the category B specimens.  The effective Young’s modulus determined by the single variable 

TMM model updating approach consistently outperforms the effective Young’s modulus 

determined by the additive TMM approach, thereby demonstrating the improvements introduced 

by model updating.  Lastly, the Rayleigh damping tuning has been explored and employed in the 

FE model.  Overall, the transmissibility functions from the FE model compare well with the 

experiment. 
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Chapter 5 Performance of a Piezoelectric Energy 

Harvester 

This chapter focuses on the output performance of a PEH.  Typically, PEHs provide a 

power source for low energy devices.  The PEH’s design should deliver the required 

performance demands depending on the specific device to be powered, to ensure reliable 

operation.  Ideally, its design should be optimized such that its output power is maximized.  If 

the PEH does not meet the performance requirements, the device it powers will not operate 

correctly. On the other hand, vastly exceeding the performance requirements of the PEH would 

potentially increase costs, and waste of the excess energy output.  Using numerical models in the 

design of a PEH gives insight into its performance, which can assist in the optimization of its 

design, to increase overall efficiency.  An FE model of a PEH is developed in this chapter to 

simulate its performance, which is compared with experimental testing for validation. 

The performance of the PEH is tested with and without an added proof mass.  Attaching a 

proof mass to the energy harvester can be useful to reduce the fundamental frequency of the PEH 

when operating in an environment with excitation of low frequency.  The effects of the proof 

mass are examined in terms of the fundamental frequency, transmissibility function, voltage and 

power output of the PEH.  Further, the effects of the electrical load on the power output of the 

PEH are investigated for both the configurations.  Impedance matching is an important 

consideration in the performance of a PEH, as it maximizes the power output of the PEH [96].  

By varying the electrical load on the circuit and computing the corresponding power output of 

each corresponding resistance, the impedance matched resistance is found, which corresponds to 

the maximum power output. 

Figure 5.1 shows the geometry of a cantilever beam attached by a PEH and a proof mass, 

where the green, grey, and orange shaded areas represent the piezo-ceramic material, stainless-

steel beam, and proof mass, respectively.  The geometry of the configuration without the proof 

mass is identical, with the proof mass removed.  The proof mass is a magnet of 29 g, which can 

be attached or removed from the PEH when required.  The piezo-ceramic patch is glued to the 

stainless-steel beam using the 3M electrically conductive adhesive transfer tape 9707.  Table 3.1 

displays the material properties of the stainless-steel beam and proof mass.  Only the density of 

the proof mass is known, thus, the remaining properties are assumed to be the same as the 
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stainless-steel material.  This assumption is reasonable, since the deformation of the proof mass 

is insignificant, and it has a negligible impact on the stiffness of the beam.  The structural 

material properties of the adhesive tape are not provided by the manufacturer.  Further, the 

adhesive tape is assumed to have a negligible impact on the PEH, and is not considered in the FE 

model.  Thus, the available adhesive tape material properties are not listed in this work, but the 

technical data sheet is found in the following reference [97]. 

Table 5.1: Stainless-steel beam and proof mass material properties 

Stainless-steel Young’s Modulus 200 GPa 

Stainless-steel Density 8,000 kg/m3 

Stainless-steel Poisson’s Ratio 0.29 

Proof mass Young’s Modulus 200 GPa 

Proof mass Density 8,200 kg/m3 

Proof mass Poisson’s Ratio 0.29 

 

 

Figure 5.1: PEH geometry with the proof mass (not drawn to scale) 

The piezo-ceramic material used is the PZT-5H manufactured by Steminc.  Only selected 

material property components are given by the piezo-ceramic material manufacturer (see 

Appendix).  Specifically, the piezoelectric coefficients d33 and d31, the elastic compliance 

components s11 and s33, and the dielectric permittivity component e33.  Thus, the absent material 

properties are provided by the built in PZT-5H material provided by Comsol, which is modified 
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to suit the material property components given by the manufacturer where available.  It can also 

be assumed that s11 = s22, s13 = s23, s44 = s55, d31 = d32, and d15 = d24, according to [98].  Thus, the 

material properties of the PZT-5H are defined as follows: 
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The density and quality factor of the piezo-ceramic material are 7,800 kg/m3 and 80, 

respectively. 

5.1. Finite Element Model 

Developing an FE model of the PEH adds further complexity than those from the 

previous chapters, as it involves dynamics and multi-physics coupling.  Since the PEH converts 

mechanical energy input to electrical energy output, the FE model must include an electro-

mechanical coupling.  This requires the use of additional boundary conditions to effectively 

characterize the PEH.  Further, the inclusion of multi-physics increases the model’s degrees of 

freedom, thus increasing computational demand. 

Building from the modeling simplifications presented in the previous chapters, the PEH 

is modelled in 2D.  The electrically conductive adhesive transfer tape is neglected due to its 

negligible impact on the PEH structure.  The adhesive has a thickness of 50 µm, which is much 

thinner than the piezo-ceramic and stainless-steel beam.  This would require a significant 

increase in the number of elements used in the model for an insignificant impact on the results.  

Further, the adhesive tape has an electric resistance less than 0.5 Ω for a 2 mm x 5 mm area.  

This is equivalent to an electrical resistance of less than 6.25 Ω for the PEH, which is 

insignificant compared to the resistances used for impedance matching.  The FE model is 
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developed in the following, including mesh design, study and physics, boundary conditions, and 

post-processing. 

Figure 5.2 shows the general geometry of the PEH FE model with the added proof mass.  

The proof mass used for the physical PEH, shown in Figure 5.1, is cylindrical in shape which 

cannot be modelled in 2D.  Instead, the FE model represents the proof mass as two square cross-

section rectangular prisms which span the out-of-plane width of the stainless-steel beam.  The 

cross-sectional area of the proof mass in the FE model is selected such that it has a total volume 

equivalent to the physical proof mass.  This ensures that the total mass of the proof mass is 

approximately 29 g in the FE model. 

 

Figure 5.2: Geometry of the PEH FE model with the proof mass 

5.1.1. PEH Model Mesh 

The model mesh of the PEH without the proof mass is user-defined, while the PEH with 

the proof mass includes elements automatically generated by the FE software.  Since the PEH is 

subjected to in-plane transverse vibration, the quadratic quadrilateral elements are used for the 

piezo-ceramic domain and the stainless-steel beam.  Since the proof mass experiences 

insignificant bending stresses, its domain is meshed using quadratic triangular elements. 

Since the FE model involves the coupling of mechanical and electrical physics, the 

number of degrees of freedom is inherently increased when compared with an FE model 

involving single physics.  Thus, a computationally efficient model mesh is desired as the number 

of elements used is directly related to the model’s degrees of freedom.  For the PEH without the 

proof mass, the piezo-ceramic domain and the stainless-steel beam use one quadratic 

quadrilateral element through their thickness.  Along their lengths, the piezo-ceramic domain and 

the stainless-steel beam use 50 and 532 quadratic quadrilateral elements, respectively.  This 

yields a total of 582 elements, with an average and minimum element quality of 0.9899 and 

0.8824, respectively.  The PEH with the proof mass uses the same mesh for the piezo-ceramic 

domain and the stainless-steel beam.  However, the proof mass domains are represented by 
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quadratic triangular elements, generated by the software package with a normal mesh density.  

Using triangular elements is suitable as it is assumed that the proof mass will experience 

negligible bending stress.  The software package automatically generates a mesh to ensure 

continuity with the smaller quadratic quadrilateral elements, regardless of the minimum element 

size setting defined by the mesh density.  The proof mass domains are represented by 244 

quadratic triangular elements.  This yields 826 total elements for the PEH with the proof mass 

FE model, with an average and minimum element quality of 0.9751 and 0.7802, respectively.  

Figure 5.3 shows the FE model mesh for the PEH with the proof mass, including detailed views 

of the piezo-ceramic domain, and the proof mass domain, to clearly illustrate the mesh elements.  

The FE model mesh of the PEH without the proof mass is the same, apart from the proof mass. 

 

Figure 5.3: PEH with the proof mass FE model mesh: (a) complete FE model mesh; (b) 

piezo-ceramic domain detail; (c) proof mass domain detail 

5.1.2. Physics and Study 

The PEH for both the configurations require a dynamic multi-physics FE model to 

evaluate the voltage load dependence, impedance matching, and transmissibility function.  The 

FE model includes the solid mechanics, the electrostatics, and the electrical circuit physics.  

Further, the piezoelectric devices multi-physics coupling is used to couple the electro-mechanical 

physics interaction.  A time dependent and a frequency dependent study are used to solve for the 

output of the PEH and its dynamic behaviours. 
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The solid mechanics physics are applied to every component of the PEH, which solves 

the displacement field of the PEH.  The electrostatics physics are applied only to the piezo-

ceramic domain, which solves for its electric potential.  The piezo-ceramic domain includes both 

the solid mechanics and electrostatics physics. Thus, the piezoelectric devices multi-physics 

coupling is automatically applied to the piezo-ceramic domain.  Further, the electrical circuit 

physics are applied, which incorporate the effects of the load resistance.  Instead of applying the 

electrical circuit physics to a domain, it interacts with the FE model through appropriate 

boundary conditions, which are detailed in Section 5.1.3.3. 

The time dependent study is used to determine the transmissibility function of the PEH.  

Like Chapter 3, the transmissibility function is found by an excitation frequency sweep, 

corresponding to the range used in the experiment, which are discussed in Section 5.2.  The 

transmissibility function of each PEH configuration is evaluated at the impedance matched 

resistance.  A time duration of 10 seconds is used to collect the time response for the PEH 

without the proof mass, where the final 2 seconds represent the steady state solution, used to 

compute the transmissibility ratio for each excitation frequency.  It was difficult for the PEH 

with the proof mass to achieve steady state operation.  Thus, a 50 second time duration is used in 

an attempt to minimize the transient response, where the final 2 seconds were used to determine 

the transmissibility ratios.  The difficulty in achieving a steady state response is observed in 

Section 5.3.2. 

The frequency dependent study is employed to compute the voltage load dependence and 

impedance matching.  Although this could be done with a time dependent study, the frequency 

dependent study is computationally efficient by comparison, since the software solves the steady 

state solution directly.  Furthermore, the frequency dependent study is suitable in this case, since 

the output from the PEH is determined by the strain energy of the piezo-ceramic material.  Thus, 

the relative displacement of the input and output locations are not necessary to determine the 

voltage and power output. 

To determine the voltage load dependence and impedance matching, an auxiliary sweep 

of the load resistance is performed.  The resistance is varied between a range of 500 Ω - 3 MΩ 

for the PEH without the proof mass, and 500 Ω - 10 MΩ for the PEH with the proof mass.  The 
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PEH with the proof mass requires a higher resistance for impedance matching, which is 

discussed in Section 5.3.1. 

5.1.3. Boundary Conditions 

The boundary conditions for each physics module are discussed in the following.  For 

both PEH configurations, the boundary conditions are the same.  However, the settings for some 

of the boundary conditions are different to suit each configuration.  For example, the damping 

model for each PEH configuration must of course be tuned individually. 

5.1.3.1. Solid Mechanics 

The solid mechanics physics module includes the material models for the PEH 

components.  The linear elastic material model is applied to the stainless-steel beam and proof 

mass domain, while the piezoelectric material model is applied to the piezo-ceramic domain.  

The piezoelectric material allows the user to define the piezoelectric constitutive relation.  Since 

the material properties provided by the manufacturer are based on the strain-charge form, it is 

used as the constitutive relation for the piezoelectric material.  Within the linear elastic and 

piezoelectric material models, the Rayleigh damping and dielectric loss are defined, respectively.  

The dielectric loss is selected as 1.25%, which is the inverse of the piezo-ceramic material 

quality factor. 

The PEH is intended to operate at its fundament frequency.  Thus, the Rayleigh damping 

is tuned using only the fundamental frequency, which differs from the approach detailed in 

Section 3.1.2 from Chapter 3 Chapter 3.  Comsol suggests that the Rayleigh damping can be 

modified to represent an equivalent viscous damping model at the resonant frequency by 

considering only the stiffness proportional term [91].  This gave a significantly overdamped 

displacement response.  Another approach, explored by Charney [99], is to consider only the 

mass proportional term.  This approach is suitable in the low frequency range, since the mass 

proportional term of Rayleigh damping is dominant in this range.  In the high frequency range, it 

shows poor performance, since the damping tends to zero when the stiffness proportional term is 

neglected.  Using this approach, the Rayleigh damping is modified as follows: 

 C M   (5.1) 
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In equation (5.2) the subscript n is equal to 1, since the fundamental frequency of the PEH is 

used. 

The time dependent study requires different boundary conditions than the frequency 

dependent study in terms of applied loads and constraints.  A prescribed displacement is applied 

to the base of the PEH in the time dependent study to simulate base excitation, like the 

prescribed displacement applied in the FE models from Chapter 3.  In fact, the same sinusoidal 

displacement function given by equation (3.5) from Chapter 3 is applied.  For the frequency 

dependent study, a fixed constraint and body load replace the prescribed displacement.  The 

fixed constraint is applied to the base of the PEH structure.  The body load is applied to all the 

PEH domains, and the applied load are described in terms of g-force.  The voltage output across 

the load resistor of the PEH scales linearly with the applied body load.  Since the applied g-force 

from the experiment is not measured, the FE model initially uses a body load of 1 g-force.  The 

voltage corresponding to the impedance matched resistance is then scaled by the experimental 

one to determine the g-force which gives voltage and power output results comparable to the 

experiment.  This yields a body load of approximately 1.2 x 10-3 g-force and 1.0 x 10-3 g-force 

for the PEH without the proof mass and with the proof mass, respectively. 

5.1.3.2. Electrostatics 

The electrostatics boundary conditions are the same for both the time dependent and 

frequency dependent study.  The boundary conditions applied to the PEH are the ground and 

terminal nodes.  The ground node is applied to the top of the piezo-ceramic domain, while the 

terminal node is applied to the interface of the piezo-ceramic and stainless-steel beam domain.  

Within the terminal settings, the terminal type is selected as a circuit, such that the terminal can 

be used by the electrical circuit physics. 

5.1.3.3. Electrical Circuit 

The electrical circuit module allows for an electrical circuit to be linked to the FE model.  

The electric circuit is the same for both the time dependent and frequency dependent study.  The 

electrical circuit includes a ground node, a resistor, and an external terminal.  The resistance of 
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the resistor is varied, which is used to determine the voltage load dependence and the output 

power load dependence.  The external terminal is linked to the terminal discussed in 5.1.3.2. 

5.1.4. Post-Processing 

The transmissibility functions of the specimens are found using the method described in 

Section 4.1.1 from Chapter 4.  The input and output displacements are measured at the base and 

5 mm from the free end, respectively.  These displacements are measured from the time 

dependent study.  The RMS amplitude of the input and output displacements are used to compute 

the transmissibility function for each PEH configuration. 

To evaluate the voltage load dependence, the voltage output across the load resistor is 

evaluated for each resistance used in the auxiliary sweep from the frequency dependent study.  

Since the resistor is not discretely modelled, a global evaluation of the resistor from the electrical 

circuit module is used.  The absolute voltage across the resistor is measured.  The voltage output 

is necessary to compute the power output of the PEH to perform impedance matching.  The 

power output of the PEH for each resistance value is computed as follows: 

 
2V

P
R

   (5.3) 

where, P, V, and R represent the power output, voltage output, and resistance, respectively.  

Impedance matching is performed by plotting the power output versus load resistance to find the 

resistance which corresponds to the maximum power output. 

5.2. Experimental Data Collection 

The experimental apparatus detailed in Chapter 4 is used to measure the voltage load 

dependence, impedance matching, and the transmissibility function of both the PEH 

configurations.  The signal processing techniques applied to the PEH data are the same as 

described in Section 4.1.2 from Chapter 4.  The same filter design is applied to the experimental 

data to remove noise, and zero padding is used to improve the frequency spectrum resolution, 

and prevent spectral leakage. 

Figure 5.4 shows the experimental configuration of the PEH.  To measure the voltage 

load dependence and impedance matching, a load resistor (the blue component) is connected to 

the leads of the piezo-ceramic material.  To measure the voltage across the load resistor the black 
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and red leads are connected across the it and are sent to the data acquisition unit.  To determine 

the voltage load dependence and impedance matching, the PEH is excited at its fundamental 

frequency.  The fundamental frequency of the PEH without the proof mass and with the proof 

mass determined by the FE model is 6.7 Hz and 3.4 Hz, respectively.  Once the PEH’s response 

reaches steady state, the voltage output across the resistor is recorded over a time duration of two 

seconds.  This process is conducted for load resistances of 500 Ω, 1 kΩ, 2 kΩ. 5 kΩ, 10 kΩ, 20 

kΩ, 50 kΩ, 100 kΩ, 200 kΩ, 500 kΩ, 1 MΩ, 2 MΩ, and 3 MΩ for the PEH without the proof 

mass, while the PEH with the proof mass also includes load resistances of 5 MΩ, and 10 MΩ. 

 

Figure 5.4: Experimental configuration of the PEH 

Determining the transmissibility functions of the PEH is similar to the method in Section 

4.1.1 from Chapter 4, with slight modifications.  Since the electrical circuit is attached during the 

measurement of the transmissibility functions, the impedance matched load resistance is applied.  

Since the PEH is intended to operate at its fundamental frequency, the transmissibility functions 
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are found for a relatively narrow frequency range, unlike those from Chapter 4.  The driving 

frequency ranges of the PEH without the proof mass and the PEH with the proof mass are 

between 4 Hz – 10 Hz and 3 Hz – 4 Hz, respectively.  Since these are relatively narrow, the time 

required for data collection is significantly reduced.  Thus, a finer frequency resolution is used to 

determine the transmissibility function.  The frequency resolutions of the PEH without the proof 

mass are 0.25 Hz and 0.10 Hz when far from and near the resonant frequency, respectively.  The 

frequency resolution of the PEH with the proof mass is 0.05 Hz throughout the frequency sweep, 

since the frequency range considered is particularly narrow. 

5.3. Results 

The experimental and simulation results of both PEH configurations are presented and 

discussed, including the voltage load dependence, impedance matching, and transmissibility 

functions.  The simulation results are compared with the experimental ones, to validate the 

performance of the PEH FE models.  Finally, the performance of the PEH without the proof 

mass and the PEH with the proof mass are compared. 

5.3.1. PEH Voltage Load Dependence and Impedance Matching 

Figure 5.5 shows the voltage load dependence, determined experimentally and by the FE 

model, of the PEH without the proof mass.  In general, the voltage load dependence determined 

by the FE model is in close agreement with the experiment.  The voltage output tends to increase 

with an increasing load resistance for the resistance sweep considered.  The voltage load 

dependence curves, determined by the experiment and the FE model, are concave upwards up to 

the inflection point at a load resistance of 1 MΩ, where the curve becomes concave downwards.  

The maximum voltage outputs determined by the experiment and the FE model are 0.517 V and 

0.554 V, respectively. 
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Figure 5.5: Voltage load dependence of the PEH without the proof mass 

Figure 5.6 shows the impedance matching curves for the PEH without the proof mass, 

determined experimentally and by the FE model.  It can be seen that the impedance matching 

curve determined by the FE model compares favorably with the experimental one.  In both the 

experimental and the FE results, the power output reaches a maximum at a load resistance of 1 

MΩ, which corresponds to the location of the inflection point shown in Figure 5.5.  This load 

resistance is the impedance matched resistance of the PEH without the proof mass.  The 

maximum power output magnitude measured by the experiment of 144 nW is the same as the 

maximum power output magnitude determined by the FE model.  Of course, this is expected 

since the FE model body load is scaled based on the voltage output at the impedance matched 

resistance. 
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Figure 5.6: Impedance matching of the PEH without the proof mass 

The voltage load dependence, determined experimentally and by the FE model, of the 

PEH with the proof mass are shown in Figure 5.7.  The voltage load dependence determined by 

the FE model compares well with the experiment, showing a similar trend.  Like the voltage load 

dependence from Figure 5.5, increasing the load resistance causes an increase in the voltage 

output across the resistor.  In this case, the inflection point location in the voltage load 

dependence curve differs between the experiment and the FE model.  The inflection point of the 

voltage load dependence curve determined by the experiment is located at a load resistance of 2 

MΩ, whereas the FE model shows the inflection point at a load resistance of 3 MΩ.  It can be 

seen that the FE model uses more load resistances in the resistance sweep than the experiment.  

This is done to show the general trend of the voltage load dependence curve determined by the 

FE model beyond the inflection point, which is useful for impedance matching.  Thus, the 

voltage outputs, determined experimentally and by the FE model, at a load resistance of 3 MΩ 

are 0.170 V and 0.188 V, respectively. 
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Figure 5.7: Voltage load dependence of the PEH with the proof mass 

The impedance matching curves for the PEH with the proof mass, determined 

experimentally and by the FE model, are shown in Figure 5.8.  It can be seen that the overall 

trend of the impedance matching curve determined by the FE model compares well with the 

experiment.  The maximum power outputs correspond to the locations of the inflection points 

from the voltage load dependence curves.  The impedance matched resistance determined by the 

experiment is 2 MΩ, which gives a maximum power output of 11.5 nW.  The impedance 

matched resistance determined by the FE model is 3 MΩ, giving a maximum output of 11.8 nW.  

In this case, the maximum power outputs are different, since the FE body load is scaled by the 

voltage corresponding to then experimental impedance matched resistance, which can be seen in 

Figure 5.8, since the power output is the same at a 2 MΩ. 
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Figure 5.8: Impedance matching of the PEH with the proof mass 

5.3.2. PEH Transmissibility Functions 

The measured damping ratios of both the PEH configurations are listed in Table 5.2.  The 

damping ratios are determined using the quadrature peak picking method described in Section 

4.1.1 from Chapter 4.  It can be seen that the damping ratio of the PEH without the proof mass is 

significantly larger than the damping ratio of the PEH with the proof mass. 

Table 5.2: PEH damping ratios 

PEH Configuration Damping Ratio ζ1 

With the proof mass 6.675 x 10-3 

Without the proof mass 1.247 x 10-2 

 

Figure 5.9 shows the transmissibility functions of the PEH without the proof mass, 

determined experimentally and by the FE model.  The transmissibility function determined by 

the FE model shows good agreement with that determined by the experiment.  The fundamental 

frequency determined by the FE model is 6.7 Hz, whereas the experimental fundamental 
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frequency is 6.5 Hz, giving a relative error percentage of approximately 3.08%.  The 

transmissibility function magnitudes at the fundamental frequency determined by the FE model 

and the experiment are 72.07 and 69.03, respectively.  These magnitudes are within an order of 

magnitude and give a relative error percentage of approximately 4.40%. 

 

Figure 5.9: Transmissibility function of the PEH without the proof mass  

Figure 5.10 shows the transmissibility functions determined experimentally and by the 

FE model for the PEH with the proof mass.  In general, the transmissibility function determined 

by the FE model compares well with that by the experiment.  However, it can be seen that the 

transmissibility function determined by the FE model is not as smooth as that by the experiment.  

Section 3.1.4 mentions that the time response of the PEH determined by the FE model did not 

reach steady state for some of the driving frequencies.  This explains the poor smoothness of the 

transmissibility function determined by the FE model.  The fundamental frequency found 

experimentally is 3.35 Hz, whereas the fundamental frequency determined by the FE model is 

3.4 Hz, giving a relative error percentage of approximately 1.49%.  The transmissibility function 
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magnitudes at the fundamental frequency determined by the FE model and the experiment are 

99.17 and 119.60, respectively, giving a relative error percentage of approximately 17.08%. 

 

Figure 5.10: Transmissibility function of the PEH with the proof mass 

5.3.3. Impact of the Proof Mass 

Comparing the transmissibility functions, determined experimentally, of both the PEH 

configurations leads to key insights.  Most obviously, the fundamental frequency of the PEH is 

directly impacted by the proof mass.  This is useful for tuning the PEH to suit the ambient 

excitation frequency of the operating environment.  Ensuring that the PEH is excited at its 

fundamental frequency increases its power output, which is desired.  Further, the transmissibility 

function magnitude at the fundamental frequency for the configuration with the added proof 

mass is larger than the magnitude for the configuration without the proof mass.  Thus, for a given 

input displacement applied to both the PEH configurations, the configuration with the proof mass 

has a larger free end displacement, which should increase the strain energy of the piezo-ceramic 

material. 
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Interestingly, the maximum power output of the PEH without the proof mass is 

significantly larger than the PEH with the proof mass.  Their respective impedance matched 

power outputs are 144 nW and 11.8 nW.  This seems to conflict with the expected increase in 

piezo-ceramic strain energy caused by the added proof mass.  However, this could be related to 

the mechanical power input, which may have been higher for the PEH without the proof mass.  

Since the mechanical power input was not measured experimentally, the FE model is used to 

estimate it.  It is found that the simulation mechanical power input for the PEH without the proof 

mass and the PEH with the proof mass are 905 nW and 63.5 nW, respectively.  These give 

respective efficiencies of 15.94% and 18.17%.  Therefore, the increased efficiency of the PEH 

with the proof mass suggests that the low power output relative to the PEH without the proof 

mass is related to its mechanical power input.  This of course requires experimental validation, 

since the mechanical power input determined by the FE model is based on the scaled applied 

body load. 

The proof mass tends to cause an increase in the impedance matched resistance.  

Comparing the impedance matching curves of both the configurations in Figure 5.6 and Figure 

5.8, it can be seen that the impedance matched resistance without the proof mass is 1 MΩ, 

whereas the addition of the proof mass increases it to 2 MΩ.  This suggests that increasing the 

proof mass could be a way to tune the impedance matched resistance of the piezo-ceramic 

material. 

5.4. Conclusion 

This chapter focused on the numerical modeling of the dynamic response and 

performance output of a PEH.  The effects of an added proof mass were explored and compared 

with the performance of the PEH without the proof mass.  The transmissibility functions, voltage 

load dependence, and impedance matching for each PEH configuration were found 

experimentally and by the FE model.  The performance of the FE models compares well with the 

experimental results.  The FE model shows trends which compare well with the experiment.  The 

transmissibility functions and fundamental frequencies determined by the FE models were 

validated by the experimental ones.  However, further analysis should be done to validate the 

performance of the FE model with respect to the voltage load dependence, and impedance 

matching results, since the body load magnitude was scaled based on the experimental 
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impedance matched output voltage.  With that said, the FE results presented for the PEH 

electrical output performance are encouraging, and future work should be conducted to validate 

these. 
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Chapter 6 Conclusion and Recommendations 

6.1. Conclusion 

This research explored the use of numerical analysis approaches to study discontinuous 

beam structures in several applications.  Specifically, the focus of the study is placed on the static 

and dynamic behaviours that involve single physics or multi-physics.  Both the static single 

physics, and dynamic single physics cases were represented by modelling an adhesively bonded 

SLJ, whereas the dynamic multi-physics case was represented by modelling a PEH.  In both the 

adhesively bonded SLJs and PEHs, material and geometric discontinuities exist.  The FEM was 

used for all the three applications. A commercial FE software package Comsol Multiphysics was 

used to implement the FE simulations. In addition, the TMM was employed as an alternative 

numerical approach in the dynamic single physics scenario.  The models used for simulation 

were discussed in detail, and their performance was evaluated by the analytical approaches and 

experimental testing.  Furthermore, the impact of certain design considerations was investigated 

in each of the applications. 

An experimental apparatus was developed and benchmarked, to validate the performance 

of the numerical analysis approaches.  The iterative design of the apparatus highlighted the 

shortcomings of the original experimental apparatus, and the modifications necessary to improve 

the measurement quality in the revised apparatus.  Data collection equipment and signal 

processing techniques were discussed in detail, including the use of zero padding and a 

Butterworth filter to prevent spectral leakage, improve the frequency domain resolution, and 

remove unwanted noise.  The measured natural frequencies and mode shapes closely matched 

the analytical ones of the benchmark beam.  Thus, the revised experimental apparatus was used 

to measure the dynamic behaviours of the adhesively bonded SLJs and the PEHs, as well as the 

electrical performance output of the PEHs. 

An FE model was developed to model the shear and peel stress distribution within the 

adhesive layer of an adhesively bonded SLJ.  Classical analytical approaches including the shear 

lag model, the Goland and Reissner Model, and the Hart-Smith model, were used to validate the 

FE model.  Three distinct FE mesh designs were used to determine which mesh design gave the 

results that most favorably matched those from the analytical approaches.  The shear and peel 

stress distributions determined by the selected FE model mesh design compared favorably with 
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those from the analytical approaches.  The effect of the adhesive layer thickness on the stress 

distribution within the adhesive layer was investigated.  It was shown that an increase in the 

adhesive layer thickness resulted in a reduction of the maximum shear and peel stresses.  Also, 

the location of the maximum shear and peel stresses shifted towards the middle, away from the 

ends, of the overlap region.  Further, increasing the adhesive layer thickness resulted in more 

evenly distributed shear and peel stress distributions.  These relationships could be useful in the 

design of adhesively bonded SLJs. 

The effects of the adhesive layer thickness, and the overlap length on the dynamic 

behaviours of an adhesively bonded SLJ were investigated.  A single variable TMM model 

updating approach was proposed to determine the effective Young’s modulus of the overlap 

region.  This method was compared with the commonly used additive approach to determine the 

effective material properties of the overlap region.  An FE model was used to estimate the 

natural frequencies used as model updating targets in the single variable TMM model updating 

approach.  The natural frequencies and modes shapes of the SLJ specimens were determined.  It 

was found that the TMM using the effective Young’s modulus determined by the single variable 

TMM model updating approach more favourably matched the FE results than the TMM using 

the effective Young’s modulus determined by the additive approach.  It was also shown that the 

effective Young’s modulus determined by the single variable TMM model updating approach 

was robust.  The natural frequencies of an adhesively bonded SLJ were reduced when the 

adhesive thickness was increased, due to the increased adhesive mass and reduction in the 

overlap region rigidity.  Further, increasing the length of the overlap region caused an increase in 

the natural frequencies of the SLJ specimens. 

The natural frequencies, mode shapes, damping ratios, and transmissibility ratios of the 

adhesively bonded SLJ specimens were found experimentally to validate the results obtained by 

the FE simulations.  It was shown that the natural frequencies and mode shapes determined by 

the FE model and the TMM, using the effective Young’s modulus determined by the single 

variable TMM model updating approach, compared favourably with the experimental ones.  The 

experimentally determined damping ratios were used in the FE model to determine the 

transmissibility functions of the specimens.  It was found that the transmissibility functions 
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determined by the FE model compared well with the experimental ones.  This validated the 

applicability of using the FE model to find the transmissibility functions of the SLJ specimens. 

A multi-physics FE model was employed to model the dynamic behaviours and electrical 

generation performance of a PEH.  Experimental measurement was done to validate the 

performance of the FE model.  Two PEH configurations were considered including a PEH 

without the proof mass and a PEH with the proof mass.  The effects of the added proof mass, the 

voltage load dependence, and the impedance matching of the PEH were investigated.  The 

voltage load dependence, impedance matching, and transmissibility functions determined by the 

FE model closely matched the experimental ones.  Therefore, the ability of the FE model to 

represent the PEH was validated.  It was found that the added proof mass significantly reduced 

the natural frequencies of the PEH, dramatically increased the resonant amplitude of the 

transmissibility function, and caused an increase in the impedance matched resistance of the 

PEH.  It was shown that the PEH with the added proof mass gave a lower power output than the 

PEH without the proof mass.  A reason for this could be related to the lower mechanical power 

input for the PEH with the proof mass.  These relationships play an important role in designing 

an optimized PEH. 

This research has shown the ability for the numerical analysis approaches to model 

discontinuous beam structures.  Overall, in the applications presented, it was shown that the 

results from the numerical analysis approaches closely match the analytical and experimental 

results.  Key relationships within each application were demonstrated, which could be useful in 

design.  Limitations in the research were discussed throughout, and suggestions are made in the 

recommendations section.  This work has presented the successful application of the numerical 

analysis approaches in multiple applications. 

6.2. Recommendations for Future Study 

When numerically modelling the adhesive peel and shear stress distributions within an 

adhesively bonded SLJ, the applied load was within the elastic region of the adhesive material.  

Plastic deformation within the adhesive layer would have a significant impact on the peel and 

shear stress distributions.  According to the Hart-Smith model, plastic deformation would initiate 

at the ends of the overlap region and move inwards with increasing applied load [31].  

Investigating the effect of applied loads causing plastic deformation would require the 
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development of more advanced adhesive material models in the FE software package which 

include the material plasticity and hardening function.  A material model of this sort could show 

the effects of the plasticity on the adhesive peel and shear stress distributions for high applied 

loads.  Further, a time dependent model could be used to determine the residual strain within the 

adhesive layer once the applied load is removed. 

The effect of the adhesive layer thickness on the dynamic behaviours of adhesively 

bonded SLJs were studied numerically in this work.  The simulations showed that increasing the 

adhesive layer thickness would cause a reduction in the specimen’s natural frequencies due to the 

increased adhesive mass and reduction in the overlap region rigidity.  Although the effect of the 

adhesive layer thickness is logical, the degree to which it impacts the natural frequencies should 

be measured experimentally to validate the numerical results.  Further, the effects of the adhesive 

layer thickness on the transmissibility functions of adhesively bonded SLJs could also be 

investigated. 

The robustness of the effective Young’s modulus of the overlap region determined by the 

single variable TMM model updating approach was investigated in this work.  The effective 

Young’s modulus was determined for one overlap length, and then applied to adhesively bonded 

SLJs with different overlap lengths.  The robustness was also tested by holding a constant 

adherend to adhesive thickness ratio.  Future work could consider modifying the boundary 

conditions of the adhesively bonded SLJ to further investigate the robustness of the effective 

Young’s modulus.  For example, the free end of a cantilevered adhesively bonded SLJ could be 

fixed, giving fixed-fixed boundary conditions.  The effective Young’s modulus determined by 

the cantilevered configuration could then be applied for the fixed-fixed configuration.  Changing 

the boundary conditions of an adhesively bonded SLJ could give further insight about the 

robustness of the effective Young’s modulus determined by the single variable TMM model 

updating approach. 

Investigating uncertainty in the model updating targets used by the single variable TMM 

model updating approach could be done.  In this work, model updating was performed using a 

selective number of the known natural frequencies in sequential order.  However, for example, if 

only the first and third natural frequencies of a system was known, how would the performance 

of the resulting effective Young’s modulus be affected?  In other words, how well would the 
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model updating scheme handle this uncertainty?  This could be conducted with the experimental 

data collected in Chapter 4. 

Future work could be conducted to investigate the performance of the single variable 

TMM model updating approach for adhesively bonded joints with other bond line 

configurations.  In this work, the SLJ configuration was used.  Determining the effective 

Young’s modulus of an adhesively bonded scarf joint would be interesting, since the overlap 

region of the scarf joint is more complex than the SLJ.  This could be done for all the joint 

configurations shown in Figure 1.1 from Chapter 1. 

For future work, using the TMM for different joint designs can be explored – for example 

how well does the single variable TMM model updating work when a double 

lap/scarf/bevel/step/butt strap joint is considered?  Could the TMM deal with, for example, the 

entire overlap area of a step joint as a single element, or would it be better to break up a step joint 

into multiple elements at each step discontinuity to improve results?  Due to the geometry of a 

bevel joint, should the element representing it be bound by the terminus of the adhesive region, 

or should this element extend slightly beyond the adhesive terminus, including more of the 

adherends, to improve results? 

The base excitation load applied to the PEH was not measured during the experimental 

data collection.  For sake of comparison, the body loads used in the FE models of both the PEH 

configurations were scaled since the voltage load dependence and impedance matching curves 

scaled linearly with the body load magnitude.  Scaling the body loads was useful to demonstrate 

that the voltage load dependence and impedance matching plots gave similar trends compared to 

the experimental ones.  It is suggested that the excitation load applied to the PEH during the 

experiment should be measured to validate the simulation results.  Further, the experimental 

power output for the PEH without the proof mass was one order of magnitude larger than the 

power output for the PEH with the proof mass, at the impedance matched resistance.  The 

mechanical energy input required to excite the PEH during the experiment was not measured.  

However, the simulation results showed that the mechanical energy input for the PEH without 

the proof mass was higher based on the scaled body loads.   Thus, it is suggested that further 

experimental testing be done to measure the mechanical energy input for both PEH 

configurations to verify the mechanical energy input determined by the FE model.  
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Appendix 

 

Figure A.1: Technical data sheet of Dinitrol 501 FC-HM (page 1) 



 

160 

 

 

FigureA.2: Technical data sheet of Dinitrol 501 FC-HM (page 2) 
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Figure A.3: Steminc piezo-ceramic material properties 


