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ABSTRACT

A modification of the Effros-Handelman-Shen Theorem with Zo
actions
by
Bit Na Choi

In this thesis, we show that if we have a Z, action on a lattice-
ordered dimension group, then it will arise as an inductive limit of Zs
actions on simplicial groups. This work was motivated by the range of
the invariant problem in Elliott and Su’s classification of AF type Z, ac-
tions. In order to show this, we modify the proof of Effros-Handelman-

Shen theorem to include Zs actions at every stage of the arguments.



CHAPTER 1

Introduction

This is a thesis in Ordered Group Theory devoted to the study
of actions on dimension groups. Dimension groups arise naturally as
invariants in the classification of C*-algebras.

The classification of AF-algebras started with Glimm’s supernatu-
ral numbers, which he used to classify UHF-algebras [8]. Also, Bratteli
showed how diagrams could be used to classify AF-algebras. The Brat-
teli diagram is a systematic way to write down inductive sequences of
finite dimensional C*-algebras [2]. For example, we encode a sequence
C — Mo@CPH MP My — MgEP M; as a Bratteli diagram. In
the diagram below, the dots in each horizontal row represent the di-
rect summands in the algebras in the inductive system, the number of
arrows between dots counts the multiplicity of the partial embedding
between those two summands. The Bratteli diagram below gives one

sequence of maps such as above.

Yo
N

For AF algebras, the Bratteli diagram carries on downwards infinitely.
After that, George Elliott used K-theory to classify AF-algebras.

He clarified the classification of these algebras by using invariants [5].

i

Elliott’s invariant was the K group of the C*-algebras. The group K|
of an AF algebra is an example of an ordered abelian group, a group

with a partial order that is translation invariant.
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An ordered abelian group (G, GT) is said to be unperforated if every
z € G for which nx > 0 for some n € N satisfies + > 0. An ordered
abelian group (G,G™) is said to have the Riesz interpolation property
if for every x1,z2,y1,y2 € G where ; < y; for 4,7 = 1,2, there exists
z € Gwithz; < z <y, fori,j = 1,2 [14]. The Effros-Handelman-Shen
theorem says that a countable ordered abelian group (G, G*) is the K
group of an AF-algebra if and only if it is unperforated and has the
Riesz interpolation property[4]. After the classification of AF-algebras
was done, people began to add more things to the invariant besides K
in order to classify more algebras.

We mentioned the generalization of the classification of AF algebras
above. Now, we would like to talk about the generalization of the
classification of AF algebras to classifications of algebras with actions
on them. First, Handelman and Rossmann assumed that the algebra
was a UHF algebra and the action was product type in [10]. After
that, they generalized the content of their previous paper [10] to locally
representable action on an AF algebra in [11]. In [1], Blackadar showed
that there were actions of Z, that were not locally representable even on
UHF algebras. Elliott and Su generalized the K-theoretic classification
of Handelman and Rossman in [11] by removing locally representable.
They still keep AF inductive limit type and they restricted the action
to the group Zs [7].

The range of the invariant that Elliott and Su used has still not
been completely determined. In this thesis, we tried to generalize the
Effros-Handelman-Shen theorem to apply to the invariant of Elliott
and Su. Our main theorem is a step towards the generalization. This
thesis is organized as follows. In chapter 2, we discuss classification,
especially, using a functor. We discuss C*-algebra facts in chapter
3. We describe the semi-groups D(A), the K, group of a unital C*-
algebra, and inductive limits in chapter 4. In chapter 5, we discuss
Elliott’s intertwining argument that is the pattern to prove Elliott’s AF
classification theorem. Chapter 6 contains the range of the invariant
problem for the classification that goes with the theorem Elliott and

Su found. Chapter 7 is our main result of this thesis. It contains a
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modification of the Effros-Handelman-Shen theorem where we restrict

the dimension group to a lattice-ordered one but include Z, actions.



CHAPTER 2

Classification

This chapter explains about classification, in particular, a classifi-
cation by using a functor.

As we see in [6], there are lots of classifications as follows:

— A complete list
— A complete list using labels

— A functor

Here are examples of each kind of classification.

EXAMPLE 2.1.

(1) An example of a complete list is the classification of finite
simple groups. As we see in [3], the Holder program is the
project to classify those groups.

(2) An example of a complete list using labels is the classifica-
tion of complex simple Lie algebras, of which there are four
sequences A, By, Cy,, D,, and five exceptions(FEs, E7, Eg, Fy,
and G9). These Lie algebras are classified by their Dynkin
diagrams.

(3) The last example is the classifying functors that are used in

the Elliott classification program.

We would like to explain about a functor in detail. Before explain-
ing about a functor, we have to know what a category is. Here is the

definition of a category.

DEFINITION 2.1. [14, 3.2.1] A category C consists of a class O(C)
of objects and for each pair of objects A, B in O(C) a set Mor(A, B)
of morphisms from A to B with an associative rule of composition
Mor (A, B) x Mor(B,C) — Mor(A,C), (¢,¥) — o
6
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such that for each object X there is an element idx in Mor(X, X) which
satisfies idy o ¢ = ¢ = p oidy for every ¢ in Mor(X,Y).

Here are various examples of categories.

EXAMPLE 2.2 (Category (Objects, Morphisms)).

(Groups, Group homomorphisms)
Rings, Ring homomorphisms)
Vector spaces, Linear maps)

Sets, Functions)

(
(
(
(Topological spaces, Continuous maps)
(Pointed spaces, Pointed maps)

(C*-algebras, *-homomorphisms)

(Partially ordered abelian groups, ordered group homomor-

phisms)

From now on, C* denotes the category that consists of C*-algebras

and *-homomorphisms, and AbG denotes the category that consists

of partially ordered abelian groups and ordered group homomorphisms.

Based on the definition of category, we define the two types of

functors.

DEFINITION 2.2. [14, 3.2.1] Let C and Cy be categories. For each
object A in C, we have an object F'(A) in Cy. Also, for each morphism
¢:A— Bin (Cf,

We can define F'(¢) in two different ways.

(1)

we have F'(¢) : F(A) = F(B), F(ida) = idp(a), and
F(fog)=F(f)o F(g) where f and g are morphisms in C.
A functor F such as this is called a covariant functor.

This functor preserves identity morphisms and composition of
morphisms.

we have F'(¢) : F(B) = F(A), F(ida) = idp(a), and
F(fog)=F(g)o F(f) where f and ¢g are morphisms in C}.
A functor F such as this is called a contravariant functor.

This functor reverses the direction of composition.
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Here are examples of functors.

EXAMPLE 2.3.

(1) Ky is a covariant functor from approximately finite dimen-
sional C* (AF C*) to AbG.

(2) Fundamental group is a contravariant functor from pointed
topological spaces to groups.

(3) A forgetful functor, which is covariant, forgets or drops some
or all of the input’s structure or properties before mapping to
the output. For example, a mapping from vector space to set,

and a mapping from linear maps to functions.

We will explain more about the first one of the above examples in
chapter 4.

When we have classification by a functor, we have a class of objects
that we want to classify with their homomorphisms, and a simpler
category for the functor to take its values in. We want a functor to
have the property that an isomorphism between invariants comes from
an isomorphism between objects. In fact, if v : F(A) — F(B) is
an isomorphism, then we want a {/}v : A — B that is an isomorphism
with ¢ = F (@Z) In this case, trivial automorphisms should go to the
identity maps. The advantage of using functors for classification is
giving more information about the relationship between objects than
isomorphism. We usually get a homomorphism theorem which tells us
when one object embeds into another one.

In order to classify a category, we would like to have a functor which
ignores certain automorphisms considered to be trivial. So, here are

some definitions.

DEFINITION 2.3. Let R be aring. Suppose x is an invertible element

!'is an isomorphism of R with itself, also

in R. The map ¢(y) = zyx~
known as an automorphism. Such an automorphism is called an inner
automorphism of R. With a C*-algebra A, if u satisfies uu* = u*u =

1, then o — uzu* is called an inner *-automorphism.
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There exist automorphisms that are not inner. For instance, con-
sider the ring C & C. Then, there is an automorphism (z,y) — (y, )
where x,y € C. Since the ring is commutative, the only inner auto-
morphism is the identity. In this case, the automorphism is not inner.

We would like to consider the case of inner automorphisms as a

trivial one. Here is a brief example, a classification using a functor.

ExAMPLE 2.4. Consider the domain category, being classified, which
consists of matrix algebras over complex number as objects and uni-
tal *-homomorphisms as morphisms, i.e., (Matrix algebras(M,,), unital
*-homomorphisms), and trivial automorphism in this case is inner au-
tomorphism.

An order unit for an ordered group G is any positive element u in
G™ such that for any element ¢ in G, there is some positive integer n
for which |g| < nu. Define the target category, ((Z, Z*, n), positive
unital group homomorphism). Then, we can get a functor (K, Ky , [1])

from the domain category to the target category such that
(Ko(M,), Ko(My)", [1]) = (Z, 27, n).

In this case, each unital homomorphism looks like down below;
M, — M, = M, ® My, by z — u(z ® 1)u* for some unitary u
Z. — 7 by x — kx for some k > 0

In particular, the map = — kx is the image under the functor of
the map = — x ® 13 from M, — M,;. It means that K, ignores the

inner automorphism part.

We explain more this example in the next chapter.



CHAPTER 3
(*-algebras

As we mentioned above, we would like to describe C*-algebras in
this chapter. In particular, we define AF algebras, one of the most
interesting classes of C*-algebras. First of all, we define the category

of C*-algebras, *-homomorphism, and unital.

DEFINITION 3.1. [14, Definition 1.1.1]

(1) A C*-algebra A is an algebra over C with a norm a — ||al|
and an involution a — a*, a € A, such that A is complete
with respect to the norm, and such that [|ab|| < ||a||||b]] and
laa*|| = ||a||? for every a,b in A.

An involution is a conjugate linear function that is its own
inverse, i.e., a** = a.

(2) A *-homomorphism ¢ : A — B between C*-algebras A, B is
a linear and multiplicative map which satisfies ¢(a*) = ¢(a)*.

(3) A C*-algebra A is called unital if it has a multiplicative iden-
tity, which will be denoted by 1 or 14.

(4) If A and B are unital and ¢(14) = 1p, then ¢ is called unital.

Here are some examples of C*-algebras.

EXAMPLE 3.1.

(1) Co(X), the complex valued continuous function on X vanish-
ing at infinity, where X is a locally compact Hausdortf space
with pointwise multiplication (fg)(z) = f(x)g(x), the involu-
tion f*(x) = f(z), and the norm || f(z)|| = sup|f(x)

(2) M,(C), complex n x n matrices with the involution A* = AT

and the norm such that

[A]] = sup{[| Az |z € C" with [lz]| = 1}
10
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(3) B(H), the Banach space consisting of all bounded operators
from H to H for H a complex Hilbert space, where the involu-
tion is the Hilbert adjoint, defined by < z|Ty > =< T*x|y >.

In this case, the norm is
17| = sup{[|Ty[l |y € H with [[y|| < 1}.

In order to clarify the AF C* that we mentioned in Chapter 2, we
move on to the definition of AF-algebra.

DEFINITION 3.2. [14, Definition 7.2.1] An AF-algebra A is a C*-
algebra that satisfies that there is an increasing sequence A,, of finite
dimensional C*-algebras such that A =]~ A,

The term “AF” is an abbreviation of Approximately Finite dimen-

sional.

In order to fully understand the above definition, we need to know
a bit about finite dimensional C*-algebras.
In [12], it is shown that an arbitrary finite dimensional C*-algebra
A takes the form
M, &M, & --& M,

for some integers ny,no, -+ ,n, where M, is the algebra of n x n ma-
tricies over the complex numbers.
We can define a unital map between matrix algebras;
M, — M = M, @ M,,, by z — u(z ® 1,,)u*
for some unitary u € M. In fact, any unital *— homomorphism be-
tween full matrix algebras is of this form.
By generalizing these unital maps, we can define *~-homomorphisms

between finite dimensional C*-algebras. Define
T My, &M, &M, — M
by

m1(x)

()

()
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where m; : M, — M, by x — u(z®1)u* for each i = 1,2,--- |k and
for some unitary u € M,,;,, and there are, possibly, some zero maps,
for example, C & C — C by (x,y) — z for any x,y € C.

This is what unital homomorphisms M,,, ®M,,,®- - - M, — M; all
look like, in other words, any *-homomorphism is conjugate to one of
this forms, i.e., ¢(x) = vi)(x)v* for some unitary v. In general, unital
*_homomorphisms between finite dimensional algebras are direct sums
of maps like above. Since the injective *-homomorphisms are norm
preserving, we can define a norm for the union of an increasing sequence
of finite dimensional algebras. In this way, we can take a completion.
Therefore, we can get an AF-algebra.



CHAPTER 4

K-theory

In this chapter, we shall introduce the semi-group D(A) and the
Ky groups that arise from the semi-group. We will show that Kj is a
functor from AF C* to AbG as we mentioned in Chapter 2.

1. The Semi-Groups D(A)

In this section, we would like to describe a specific semi-group,
D(A). First, we describe the set of projections, Py (A).

Here are definitions of a projection and Py, (A).

DEFINITION 4.1. [14, Definition 2.2.1] An element p in a C*-algebra
is a projection if p = p? = p*. The set of all projections in a C*-
algebra A is denoted by P(A).

DEFINITION 4.2. [14, Definition 2.3.1] Put
Pn(A) = P(M,(A)), Po(A) = Uzozl Pu(A),
where A is a C*-algebra and n is a positive integer.
Define the relation ~¢ on Py (A) as follows. Suppose that p is a
projection in P,(A) and ¢ is a projection in P,,(A). Then p ~q q if
there is an element v in M,, ,(A) with p = vv* and ¢ = v*v.

Define a binary operation & on P, (A) by
) p 0O
p© q = diag(p.q) = ( )
0 ¢
Based on the P, (A), we would like to introduce the definition of
semi-group D(A).

DEFINITION 4.3. [14, Definition 2.3.3] With (P (A), ~o, ), set
D(A) = Po(A)/ ~o.
13
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For each p in Py (A), let [plp in D(A) denote the equivalence class
containing p. Define addition on D(A) by
Pl + lalp = [p ® qlp, for p,q € Po(A).

Then, (D, +) is an abelian semi-group.
Here are some examples about the semi-groups D(A).

EXAMPLE 4.1.
- D(C)=N
- D(M,(C)) =N
— D(B(H)) = NU oo when H is an infinite dimensional Hilbert

space.

In each case, we get the isomorphism by taking the trace of any pro-

jection in an equivalence class.

2. The K, Group of a unital C*-algebra

Before explaining the K group, we should explain what the Grothendieck

construction is.

DEFINITION 4.4. [14, 3.1.1] Let (S,+) be an abelian semi-group.
We say that the semi-group (.S, +) has the cancellation property if,
whenever z, y, and z are elements in S with z+ 2z = y+z, it follows that
x =y. Define an equivalence relation ~ on S x S by (x1,y1) ~ (22, y2)
if there exists z in S such that 1 +ys + 2 = 29 + y1 + 2.

Let G(S) be the quotient (S x S)/ ~, and let < x,y > denote the
equivalence class in G(S) containing (z,y) in S x S. Then, the opera-
tion

<Y >+ < Ta, Y2 >=< X1+ T2, Y1 + Y2 >

is well-defined and (G(S), +) is an abelian group. The group (G(S), +)
is called the Grothendieck group of S. Define a map

vs: S —= G(S), z =< zx+y,y>
for every y. This map ~g is additive. It is called the Grothendieck

map . It is injective if S has the cancellation property.
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The Grothendieck construction generalizes how we obtain the inte-

gers Z from the natural numbers N.

EXAMPLE 4.2. Consider the abelian semi-group (N,+). When we
use the Grothendieck group construction, we obtain the formal differences
between natural numbers as elements n —m. Since this semi-group has
the cancellation property, we don’t need the extra element added on

the equivalence relation below
/ ! 3 ! __ /
n—ma~n —m'ifn+m =n"+m.

Now, define for all n € N,

This defines the integer Z.

We consider another example. Consider the semi-group NUoo with
addition and n + oo = oo for all n € NU oco. In this case, every pair is
equal to every other pair. There is only one equivalence class. So, the
Grothendieck group of this is {0} and the semi-group (NU oo, +) does
not have the cancellation property.

By using the semi-group and Grothendieck construction, we begin
to introduce K, groups. K, groups are defined in two cases, unital
C*-algebras and non-unital C*-algebras. In this thesis, we concentrate

on unital C*-algebras.

DEFINITION 4.5. [14, Definition 3.1.4] Let A be a unital C*-algebra,
and let (D(A),+) be the abelian semi-group. Define K¢(A) to be the
Grothendieck group of D(A), in other words, Ky(A) = G(D(A)).
Define a map []o : Poo(A) = Ko(A) by

plo = 7([plp) € Ko(A), for p € Poo(A),
where v : D(A) — Ky(A) is the Grothendieck map.

Here is the example when we apply Ky to the example 4.1.

EXAMPLE 4.3.
- Ko(C)=12
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- Ko(My(C)) = Z
- Ko(B(H)) =0

Now, we would like to explain the functoriality of K.

PROPOSITION 4.1. [14, Proposition 3.1.8] Let A and B be a unital
C*-algebra. Given a *-homomorphism ¢ : A — B, we get a group ho-
momorphism Ky(¢) such that Ko(p)([p]) = [¢(p)] for every projection
p € P(A).

With the definitions above we have a proposition below.

PROPOSITION 4.2. [14, Proposition 3.2.4] [13, Proposition 9.151]
The K, is a covariant functor from the category of unital C*-algebras

to the category of abelian groups, in other words,

(1) For each unital C*-algebra A, Ky(ida) = idg,(a)
(2) If A, B and C are unital C*-algebras, and if ¢ : A — B and ¢ :
B — C are *-homomorphisms, then Ky (op) = Ky(¢)oKy(p)

If the C*-algebras are AF-algebras, then the following statement is
true. The Grothendieck map ~ is injective and its image in K is the

positive cone for an order of the group.

The functor Ky moves an inductive sequence to another inductive
sequence and an inductive limit to another inductive limit, 7.e.,
Ko(limA,) = limKo(A,). In other words, Ko is continuous with re-
spect to inductive limits. This will be explained in the next sec-
tion. Here is another property: Ko(M,, & --- & M,,) is isomorphic
to Z & --- & Z where the image of the Grothendieck map is the posi-

-

k—times

tive cone N@ --- ¢ N.
—_——

k—times

3. Inductive Limits

The purpose of this section is to explain what an inductive limit is

and what characteristics the inductive limit with actions have.
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DEFINITION 4.6. An inductive sequence in a category C' is con-
sist of a sequence {A,}>2, of objects in C' and a sequence ¢, : A, —

A, 11 of morphisms in C. We write the inductive sequence like

®1 ®2 ®3

A2 Ag

Ay
For m > n, we consider the composed morphisms
Spm,n:SDm—logom—Qo"'oQDn:An_>Am7

which are called the connecting morphisms (or connecting maps).

DEFINITION 4.7. [14, Definition 6.2.2]
An inductive limit of the inductive sequence
1

©2 ©3

Ay A, As

in a category C' is a system (A, {u,}72 ), where A is an object in C,
where p, : A, — A is a morphism in C' for each n in N, and where the

following two conditions hold.

(1) The diagram

Pn

Ay

An+1

A Al

A

commutes for each n in N.

(2) If (B,{A\u}22,) is a system, where B is an object in C, A, :
A, — B is a morphism in C for each n in N, and where
An = Ayt 0 @, for all n in N, then there is one and only one

morphism A : A — B making the diagram

commutative for each n in N.
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Here are examples of inductive limits. These examples clear up the

definition and illustrate what inductive limits look like.

EXAMPLE 4.4.

(1)

[14, Example 6.2.3] Let D be a C*-algebra and let {A4,}5°,
be an increasing sequence of finite dimensional subalgebras of
D. Put

A= G A,
n=1

and for each n let ¢, : A, — A be the inclusion map. Then
(A, {e,}) is the inductive limit of the sequence A; — Ay —
Az — -+ where the connecting maps are the inclusion maps.
This is an example of a non-unital AF algebra.

Consider the sequence

¥3

C —2 My(C) 2= My(C) Zs ..

Y

where the connecting map ¢,, maps an n X n matrix into the
upper left corner of an (n+ 1) X (n+ 1) matrix whose last row
and last column are zero. The inductive limit of this sequence
is isomorphic to K, the C*-algebra of compact operators on a
separable infinite dimensional Hilbert space. Its Ky group is
Z, with the usual order relation, but there is no class of the
unit.

This is an example of a UHF algebra called Myo.

Consider the sequence

C —— My(C) — M(C) — - --

) x 0} .
with z — in each case.
T

When we apply the functor Ky to the above sequence, we get

X2

(2, 7+1) =2 (2,7+,2) =2 (2,77, 4) 2~ ..

)
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which has a inductive limit (Z[3], Z[1]T, 1),
where Z[3] = { £ | n=1,2,3,--- and k € Z}.

We use that Kj is a continuous functor in (2) and (3).

Now, we are going to show explicitely the construction of inductive
limits for partially ordered abelian groups with actions of a fixed group
and equivariant connecting maps.

Let {G,, pnnt1} be an inductive system of abelian groups. (In
other words, for each n, ¢, ,+1 is a group homomorphism and ¢y, ;41 :
Gpn — Gpi1. Write @ m for ©m—1m 0+ 0@, i1 when m > n.) Define
[= Gn={(91,92:93, ) | gn € Gu} and D, G = {(91, 92,93, *) €
[1.2, Gy | gx = 0 for all but finitely many k}.

In this case, [[,~, G, is an abelian group with operation

(91, 92,93, ) + (P, hoshg, o) = (g1 + hi, g2 + ha, g3 + hg, -+ +) and
@D,-, G, is a subgroup of [[* | G,,.

PROPOSITION 4.3. Define a map i, : G, = [[.~; G, by

Zn(x) = (Oa <, 0,m, Qon,n-l—l(x)a Spn,n+2(x)v ¢n,n+3<x>’ T )

where there are n — 1 zeros at the beginning. Then 7, is a group

homomorphism.

PROPOSITION 4.4. Define a map

Onoo =T 0 iy : Gy — ﬁGn/éGn
n=1 n=1

where 7 : [[°2, G, =[], Gn/ @,—, G, is the quotient map and let

Goo - Uzozl gn,oo(Gn)
Then, G« is a subgroup of [[°2, G,/ D.~, G,.

Straightforward calculations show proposition 4.3 and 4.4.

THEOREM 4.1. If H is an abelian group and v, : G,, — H is a
collection of homomorphisms such that ¥,4+1 0 ¢, 41 = ¥, for every

n, then there exists a unique homomorphism v, : Go — H such that



3. INDUCTIVE LIMITS 20

Yn = Yoo © P o for every n.

Pn,n+1
G 2 G ——m e —— G

X l

Yoo
Pn
H

PRroOF. First of all, we need to show the existence of this homo-

morphism. Pick an element of g, o(Gy),

(pn,oo<g) = (07 07 e 70797 SDH,TH-l(g)? Qpn,n—l—Q(g)u e )7

where g € G,. We define ¥o(pno00(9)) = ¥n(g). We need to show
that ¢ is well defined. Suppose @,.00(h) = @n.oo(g) where h € G,.
Since they represent the same class, they are eventually equivalent. By
the commutativity of the diagram, we could go further along in the
sequence before applying the maps 1. Therefore, we could go past
where the two agree. Since Goo = |~ gn.0o(Gr) and the property of
the commutative diagram determines what 1o, must be on g, «(Gp),

uniqueness follows. Therefore, there exists the unique homomorphism.

O

This shows that G, is the inductive limit of the system {G,, ¢, }

in the category of abelian groups and group homomorphisms.

PROPOSITION 4.5. Suppose that K is a group and that for each n,

v, 1s an action of K on G,,. Then, we get an action avof K on [[>2, G,
defined by

a(k)(g1: g2, g3, -+ ) = (a1 (k) (1), 2(k)(g2), az(k)(g3), - -)
for each k € K.

PROOF. We need to show that a(k), which is an automorphism
of the group for each £ € K, is an action. Let K be a group and
ki,ko € K. Since «,, is action for each n, a,(kiks) = ay(k1)(a,(k2))
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So,

a(kik2)(g1, 92,93, )
=(c1(ki1k2)(91), aa(kik2)(g2), z(kika)(gs), - -)
=(a1 (k1) (o (k2)(g1)), aaki)(o2(k2)(g2)), as(ki)(es(k2)(gs)), - - )
=a(k1)(a(k2)(g1, 92,93, )

Suppose e is an identiy element of K. Then, ay,(e)(g,) = gn for

each n. So,

a(e)(g1, 92,93, ) = (au(e)(g1), aale)(g2), as(e)(g3), - )
= (91792,93, e )
]

PROPOSITION 4.6. With the action a of K on [[ 2, G, defined
above,we have a(k)(@D._, Grn) C D, Gy. Also, we get an action & of
Kon[[2, G,/ ®., G, defined by a(k)((91, 92,93, - - )+ P Gn) =
a(k)(g1,92,93, ) + D, Gy, for k € K.

PROOF. By the definition of the action «, a(k)(g1,92,93, ) =
(1 (k) (g1), 2(k)(g2), 3(k)(gs), - -+ ) where (91,92, 93,--+) € [[;2; G-
If (g1, 92,93, ) belongs to @, Gy, then, since a,(k)(0) = 0 for all
n, (a1(k)(g1), a2(k)(g2), as(k)(gs),- - ) becomes 0 when it passes some
point. So, a(k)(B., G,) C D,~, Gn.

Now, we need to check that the action & is well defined. Take
two sequences g = (g1, 92,93, -+ ) and h = (hy, hg, hs,---) in [[2, G,
such that (g1 — h1,92 — ha, g3 — hs,--- ) belongs to @, G,. Then,
a(k)(g) — a(k)(h) € B, Gn. .

PROPOSITION 4.7. If the connecting maps ¢, ,4+1 are equivariant,
that is to say a+1(k)o@nni1 = @ant10an(k) foralln € Nand k € K,
then a(k)(Gx) € G for all k € K, so we get an action of K on G.

PROOF. Suppose g € G. Then,

g = (0707” : 70797Q0n7n+1(g)aSpn,n—f—Q(g);' : )
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If we apply a(k) to the element g, then &(k)(g) =

(07 0,---,0, Ozn(k)(g), an+l(k) ((10“,71+1 (g))v an+2(k)(90n,n+2(g))> T )
If we have equivariant, we can interchange the order of the maps. So, we

can replace Qn+1 (k) (@n,n+1 (g>> with Pn,nt1 (an(k) (g>)7 Ont2 (k> (‘pn,n+2 (g)>
with ¢, ni2(an(k)(g)), and similarly for following elements in the se-

quence. So, a(k)(g) € G- O

One can show that (G, @) is the inductive limit of the (G, a;,) in
the category of abelian groups with K actions and equivariant group

homomorphisms.

ProprosiTIiON 4.8. If each G, is an ordered group, we get an or-
der on G by defining G, = U~ gn.(G;") that makes G into an

ordered group.

PROOF. Since g, ~ is a positive group homomorphism, it preserves
the group structure. Since G, is an ordered group for each n, G,
satisfies three conditions; (1) Gf + G C G}, (2) G NG, = {0}, and
(3) G+ @G, = G, for each n. Now, we need to show that G, satisfies

the three conditions as well.

(1) Suppose g1 = (0,0, ,0,91, Pnnt1(91), Prmia(g), ),
g2 = (07 0,---,0, 92, (Pn,n+1(g2)a Spn,nJrQ(gQ)v T ) are in G;—o
Since each term of g; and gs is in G, the addition of each term
isin G;f. So, g1+¢2 € GE. We may suppose that the elements
g1 and go are in the same G;. Therefore, G, + GL C G

(2) Suppose the element g € GL N G.
Then, g,—g € U, gn(G,}). Since the images of g, - are
all compositions of these maps, ¢, —¢ € gm.oo(G}) for some
m. Then, there are hy,hy € G}, such that g (h1) = ¢
and gmoo(h2) = —g. Since gmoo(—h2) = g = Gmeo(h1),
Gmi(—h2) = gmu(h1) for some m > [. Since g¢,,; is a posi-
tive map and hg is a positive element of Gy, gm(h2) > 0 and
gm.i(—h2) > 0. So, the image of hy in G; is 0. So, the image in
G is also 0. Therefore, g = 0, and hence, G, NG = {0}.
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(3) Suppose g = (0,0,---,0,9, ©nn+1(9); Pnni2(9),---) € GL
and —g € G. Then, each term of ¢ is in G and each term of
—gisin G, for each n. Since G} +G,, C G, GL +G5, C Gu.

Now, we need to show that G, C GL + G,. Suppose the
element g € G. Since each term of g is in G,, C G} + G, for

each n, the element g is in G} + G .

Therefore, G, is an ordered group. O

One can show that (G, GL) is the inductive limit of (G, G}) in
the category of partially ordered abelian groups with positive group
homomorphisms.

With the order defined in the above proposition, it is obviouse that
an element (0,0, .0, gn, Gni1, Gni2, - - ) € G is positive if, and only
if, for some [ > n, g; > 0 for every ¢t > [. In other words, elements are

positive if, and only if, they are eventually positive.

ProproOSITION 4.9. If we have actions by positive automorphisms
on the ordered groups, then these give an action by positive automor-

phisms on the ordered groups inductive limit.

ProOOF. Let Gy — Gy — G3 — - -+ — (G, be an inductive sequence
where G; is an ordered group for each ¢. Suppose that H is a fixed
group and each «,, is an action by possitive automorphisms. Then we
need to check that a.(h)(GL) C G for all h € H. By the definition
of action and the construction of an element in G, each term of an
element in ay(h)(GL) is in «;(G;), and hence, an(h)(GL) C GZ. So,
it preserves group structures. Therefore, the action of H on G, is by

positive automorphisms on the ordered group inductive limit. O

Define a category of H actions on partially ordered groups G. In
this case, object is (G,G™, a(h)) and a morphism is an ordered group
homomorphism ¢ : G; — Gy with o(Gf) C G5 and ¢(a(h)(g)) =

a(h)(e(g)). Then, we have constructed an inductive limit which one
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can show satisfies the universial mapping property;

a1 a2 Qoo

! ﬂ M
(leGr) — (G%G;) ro ’ (GOOvG—oi_o)

G

e

In other words, (G, GL, ) is the inductive limit of the induc-
tive system in the category of partially ordered abelian groups with H
actions and equivariant group homomorphisms.

In this section, we have shown how the group G, is defined, how

its positive cone is defined, and how the action on it is defined.



CHAPTER 5

Elliott’s Intertwining Argument

We will discuss three important theorems; Elliott’s AF classifica-
tion theorem, the Effros-Handelman-Shen theorem, and the Elliott-Su
theorem that is the motivation for our main theorem.

In this chapter, we discuss the Elliott’s AF classification theorem

and Elliott’s intertwining argument that is used to prove the theorem.

THEOREM 5.1 (Elliott). [14, Theorem 7.3.4] If (Ko(A), Ko(A)T,[14])
>~ (Ko(B),Ko(B)",[15]), then A = B for AF-algebras. Moreover, if
a : Ko(A) — Ky(B) is an isomorphism that satisfies a(Ky(A)T) =
Ko(B)" and a([14]) = [15], then A = B and there is an isomorphism
v : A— B with Ky(p) = a.

Before we prove this theorem, there are a couple of lemmas to know.

LEMMA 5.1. [14, Lemma 7.3.2]

(1) (Existence) Let A and B be AF-algebras. For each posi-
tive group homomorphism « : Ky(A) — Ko(B) satisfying
a([14]) < [1p] there is a *-homomorphism ¢ : A — B with
Ko(p) = a. If o([14]) = [1p], then ¢ is necessarily unit pre-
serving.

(2) (Uniqueness) Let A and B be finite dimensional algebras and
let p,1 : A — B be *-homomorphisms. Then Ky(¢) = Kq(1))
if and only if there exists an unitary « in B such that ¢ (z) =

Adu o p(x) for every x.

We will prove (2), but only a special case of (1) when we go through
the proof below.
Here is the proof of Theorem 5.1.
25
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PRroOF. This proof uses the Elliott’s intertwining argument. It con-
sists of four parts; pull back the invariant, existence lemma, uniqueness
lemma, and intertwining. We will explain about each parts of the El-

liott’s intertwining argument.

Let
Al A2 A InA
)
Bl BQ B InB

be sequences where A; and B; are finite dimensional algebras for all i,

and ¢, ¢ are isomorphisms of invariants.

(1) (Pull back the invariant) Suppose an invariant is continuous
with respect to inductive limits. When we apply the invariant
to sequences, the invariant turns the inductive system into
another inductive system. With a continuous invariant, such
as Ky, the inductive limit of invariants is the invariant of the

inductive limit. We want a commutative diagram:

InA, —= InAy —— -+« ——= InA

NNl e

InBy —= InBy —— --- —— InB

where InC' is invariant of C.

We need to show that there are, possibly after passing to
subsequences, maps ¢; and 1; that make the above diagram
commutative.

Since A; and B, are finite dimensional algebras, the values
of invariants are finitely generated. Suppose InA; = Z". Take
the simplicial basis xq,x2,--- ,2z, in InA;. We make z; go
along the horizontal maps to InA and down to InB by ¢.
Since InB is the union of the images of InB;’s, there exists y;
which is the image along the bottom horizontal row of some
element of InB; such that ¢(x;) = y;. So, we can do this
for each of x;’s. Then, there exists a homomorphism ¢, from

InA; to InBy, for some k that makes a commuting diagram.
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If we renumber By as By, then we get the homomorphism :
InA; — InBs. We do the same thing to the simplicial basis
of InBy. Then we can get a map v from InBs to some InA,.
Similarly, we renumber A, as As. Finally, we get the map v:
InBy — InAs.

Now, we need to show that we can make the first trian-
gle that consists of the maps ¢, ¥, and the horizontal map
InA; — InAjy in (%) commutative by going further along the
top row and renumbering if necessary. The diagram that con-
sists of 1,1, a map from InA; to InA, and a map from InB,
to InB is commutative. Also, the diagram that consists of
U1, @, a map from InAs to InA, and a map from InBs to
InB is commutative. Therefore, the result when the element
goes along the horizontal maps to InA is eventually same as
the result when we take maps @1, ¥; and the horizontal maps
to InA. Therefore, by moving out to some A, further along
the top row and renumbering, we can make the first triangle
is commutative. Once we have done this, we can apply this to
each triangle in turn. So, the diagram (x) commutes. We can
ensure all the maps are positive and preserve the class of the
unit as well.

(2) (Existence Lemma) We stated the existence lemma in gen-
eral above. We show explicitly a special case of the existence
lemma here.

We have a map Z* — Z! such that

ni ma

no mo
— )

Nk my

In this case, those two columns mean the class of the unit
for each Z™". Since the homomorphism is positive and unital,
we have a class of the unit which is the single vector in Z*

and our matrix M = [a;;];; where a;; € N that preserves
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the unit. So, we need to show that there exists a unital *-

homomorphism from A to B which induces the map Z*F — Z!

where A = M,, &---® M,, and B = M,,, & --- & M,,.
Consider the case B = M,,,. In this case,

M = (an a1 - '&119) .
ny
U]
Then, M | | =anun +agnz + - + appnge = ma

Nk
If we take a look an element z € A where

21
22

z = X EMnl@MnQ@@Mnk7
2k

then we can define a *—homomorphism by a map

ZHdlag(fla 7217527"' YRy 3 Ryttt 7Zk)

TV TV
aiitimes aiatimes aqtimes

and the size of this matrix is m;. We can do this one direct
summand at a time to get the expanded case, B = M,,, &
-+ M,,,. This proves the existence lemma.

So, we get a diagram below that does not commute by

applying existence lemma to (x).

Al A2 A
| S

®1 Y2

B, Bs B

Once we have got this diagram, this is not commuting. We
need to fix this diagram so that it is commuting and induces
the original one on the invariant. In order to fix the diagram,

we need the uniqueness lemma.
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(3) (Uniqueness Lemma) Now, we show the uniqueness lemma
stated above. Consider the case A = M,,, & --- ® M,, and
B = M,,,. Assume that ¢ and 1 are unital homomorphisms.
We have Ky(p) = Ko(¢). Consider ¢(M,,) C B, ¥(M,,) C
B, and ey € M,,. Since Ko(p(e11)) = Ko(¢(e1r)), v(err) ~
@(e11) . There exists an element v € B such that vo* = 1¥(e1;)
and v*v = p(enn). Let uy = Y71 ¥(ej1) vp(er;). Then uyuy =
(O ess) and wjur = (DL, ess). By direct calculations,
urp(ew)ul = Y(ey) if ey € M,, C A. Now, we do the same for
M,,, -, M,,, and let u = u; +uy + - - - +u,. We can do this
one summand at a time for the general case on B. Then we
get up(x)u* = 1(x) for all x € A. This proves the uniqueness
lemma.

Now, we use the uniqueness lemma one at a time to adjust
all of the maps to make the diagram commute. Apply inner
automorphims A; — A; and B; — B; where 4,5 =1,2,3,---

to make the diagram commutative.

(2

A1N s Ao —> - s A
[ a5

By > Bo > B
) )

Since it does not change the image at the level of the invariant,
the diagram in (2) commutes and we get the diagram (%) when
we apply the invariant.

(4) (Intertwining) If we have the commutative diagram like the
diagram in (2), then we get maps between A and B that make

the whole diagram commutative [15].

A, Ay A

AT

B, By B

@
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The maps ibv and ¢ induce the maps ¢ and ¢ when we apply
the invariant. Since this diagram is commutative, the maps

are isomorphisms.

l

The same pattern of Elliott’s intertwining argument has been used
in other classification arguments. In particular, Elliott and Su used

this pattern for classification with Z, actions.



CHAPTER 6

The Range of Invariant Problem

We discussed that the functor K sends AF algebras to partially
ordered abelian groups. What partially ordered abelian groups arise
as Ky groups of AF C*-algebras is the natural question of the range
of invariant problem. The Effros-Handelman-Shen theorem gives the
answer to the range of invariant problem for AF C*-algebras. In order
to precisely understand the Effros-Handelman-Shen theorem, there are
some terms to know: a dimension group and a simplicial group.

To clarify the definition of dimension group, we would like to de-
fine new terminologies that help to understand the meaning. We have

previously mentioned the definition of these words earlier in the thesis.

DEFINITION 6.1. [9]

— Directed means that every element has the form z — y for
x,y € GT.

— Unperforated means that if z € G, n € N\0, nx > 0, then
z > 0.
For instance, if G = Z and Gt =Z* = {0,1,2,---} = N, then
(G,G7T) is directed and unperforated. Consider the different
example. If G = Z and G ={0,2,3,4,---}, then (G,G7) is
directed but not unperforated because 1+1 € G, but 1 ¢ G™.

— Interpolation means that for every xi,xo,y1,y2 € G, where
x; < y; for all 7, j, there exists an element z € G with z; <

z < yj for all 7, 5.

DEFINITION 6.2. [9] A dimension group (G,G") is any directed,

unperforated, interpolation group.

Also, we want to define a simplicial group. Here is the definition.

31
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DEFINITION 6.3. [9] A simplicial group is any partially ordered
abelian group that is isomorphic (as an ordered group) to Z™ for some
nonnegative integer n. A simplicial basis for a simplicial group G
is any basis {x, - ,z,} for G as a free abelian group such that also
Gt = Y Z"'z;. By convention, the empty set is considered to be a

simplicial basis for the zero simplicial group.

THEOREM 6.1 (Effros-Handelman-Shen). [9, Theorem 3.19]
Any dimension group is isomorphic to a direct limit (or inductive
limit) of a direct system of simplicial groups (in the category of partially

ordered abelian groups).

This theorem points out that simplical groups are dimension groups
and inductive limits of a sequence of simplicial groups are dimension

groups.

Now, we would like to move on the range of invariant problem for
the Elliott-Su classification of actions. In [7], Elliott and Su generalized
the Elliott AF classification theorem to classifying the inductive limit

of dynamical systems where the actions are by the group Z,.

Zo Zz Lo
) ) )
Ay > Ay > . s A

We need to know what certain crossed products are. We shall only
be concerned with the special case of crossed product where the group
is Zo. Here is the definition of a crossed product (%), dual action , and

special element that we will use in this thesis.

DEFINITION 6.4. Let A be a unital C*-algebra and let «a be a Zs
action on A. There is a canonical embedding of A into A X, Zs. There
is also a dual action of Zy on A X, Zs. In general, (A X Zs) Xy, Zo =
M(A) and with the inclusions

a 0 01 10
““No a7 o) T o 2
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So,
AXoZy={a+bg|abe A}

a b
_{<a(b) &(a)) |a,be A}

and the dual action is given by ~, d,(x) = yzv*. The special element

g _ 1 (11

mentioned below is =3 .
1 1

The K-theory data we need here is the following:

— (Ko(A), Ko(A)", [1a], ov)
— (Ko(A X4 Zs), Ko(A x4 Z)T, the special element, d,)
— The map Ky(A) = Ko(A x4 Zs)

Consider the following special cases of the invariant in [7].

EXAMPLE 6.1.

(1) Consider A = M,, and «(z) =
where u = diag(1,1,--- ,1,—1,—1,--+ ,—1) with k + [ = n.

J/

uru*

) 1
Then, M, X, Zy = M, & M,. In this case, the special element
is, by the definition,

(59 = ([, 14 = (k. )
So, the invariant is
— (Ko(A), Ko(A)T, [14], o) = (Z,Z7,n,id) where n is a
dimension.
— (Ko(A x4 Zs), Ko(A x4 Zy)™, the special element, d,)
2 (Z®Z, 7", (k1), (a,b) — (b,a))
— Themap k € Z — (k,k) € ZBZ
(2) A UHF-algebra(“Uniformly Hyper-Finite C*-algebra”) is a C*-
algebra which is isomorphic to the inductive limit of the se-

quence

®1 P2 ®3

My, (C) —— My, (C) —= M, (C) — -+



6. THE RANGE OF INVARIANT PROBLEM 34

for some natural numbers ki, ko, k3, -+ and some unit pre-
serving connecting *-homomorphisms ¢4, 9, 3, - - - ([14, Def-
inition 7.4.1]).
Consider UHF-algebra A and «a(z) = vav*,
where v = dz’ag(}, Lo 1, —1,—1,- ,—11) with p+q = r.
7 7
Suppose r = ki. Then, v € My, (C)
In this case, the invariant is
— (Ko(A), Ko(A)T, [1a], ax) = (G,GT,r,id) where G is a
subgroup of Q and r is a class of unit.
— (Ko(A X4 Zs), Ko(A x4 Zy)™T, the special element, d)
~ (GGG e G (pq), (s,t) — (t,5))
— The map = — (z,x)
(3) Consider A = M, & M,, a(z,y) = (y,z)
The invariant is
~ (Ko(A), Ko(A)*, L], o)
~ Z&Z, 7 & T, (n,n), (3,5) & (7))
Ko(A x4 Zs), Ko(A X, Zy)™, the special element, d)
(Z,Z%, n, id)
— The map (z,y) — z+y

—~

12

In [7], Elliott and Su used this invariant to classify certain actions
by using the pattern of the Elliott intertwining argument. As we would
like to get an Effros-Handelman-Shen theorem for this invariant from
the type of action Elliott and Su classified, we try to show what kind
of action we can get on a dimension group arising from a Zs action of
inductive limit type. What we were able to show is that if the dimension
group is a lattice-ordered group, then any action of Zy comes from the

direct limit of Zy actions on simplicial groups.



CHAPTER 7

A Modification of the Effros-Handelman-Shen

Theorem

The purpose of this chapter is to check that the Effros-Handalman-
Shen theorem, any countable dimension group is isomorphic to a direct
limit of a countable sequence of simplicial groups, is still valid if we re-
strict the dimension group to lattice-ordered groups but with Z, actions
added. Before starting to prove a modificaton of the theorem, we need
to check a few propositions that support our main theorem.

First of all, we would like to talk about lattice-ordered groups, the
relation between lattice ordered groups and dimension groups, and a

few examples.

DEFINITION 7.1. [9, pp. xxi & 5]
— If every finite subset of a partially ordered set X has a least

upper bound and a greatest lower bound in X, then X is called
a lattice .
— A lattice-ordered abelian group is any partially ordered

abelian group which, as a partially ordered set, is a lattice.

EXAMPLE 7.1. A group Z" with the usual order is a lattice-ordered

group. Such groups are called simplicial groups.

PROPOSITION 7.1. [9, Proposition 1.22 & pp.44] Any lattice-ordered

abelian group is a dimension group.

EXAMPLE 7.2. [9, pp.44] The group Q? equipped with the strict

ordering is a dimension group which is not lattice-ordered.

LEMMA 7.1. If GG is lattice-ordered dimension group, and « is an
action of Zs on G, then the fixed-point subgroup G is also a lattice-
ordered dimension group.

35
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PROOF. Suppose z,y € G°, ie., a(zr) = x and a(y) = y. In G,
there exists an element x A y such that x Ay < x,y and if z < z,v,
then z < x Ay for any z € G. If x Ay € G*, then this will do.

We will show that in general a(z A y) = a(x) A a(y) for an ordered
automorphism « of period 2. Suppose z < a(x) and z < a(y). Then
a(z) <zand a(z) <y. So,a(z) < zAyand z < a(zAy). In particular,
since a(z)Aa(y) < a(z) and a(x)Aa(y) < ay), a(z)Aa(y) < a(zAy).
Since z Ay < z, we have a(z Ay) < a(z). Similarly, z Ay < y, so
alz ANy) < aly). Thus, a(z Ay) < a(z) A aly). Therefore, a(x Ay) =
ax) Na(y) =z Ny. O

The following propositions and theorem are modifications of Effros,

Handelman and Shen’s original [4].

PROPOSITION 7.2. Let G be a lattice-ordered dimension group,
and « be an action of Zy, on GG. Suppose z1,--- ,x, are elements of
G such that a acts on {x1,---,z,} by a permutation o,. Suppose
p1,- - ,Pn are integers such that pyx; + poxs + - -+ + ppx, = 0. Then
there exist elements yq,- -+ ,y; in G* such that «a acts on {y1,- -+, vy}
by permutation o; and nonnegative integers ¢;; (for i = 1,---n, and
j=1,---,t) such that

Ty = quy1 + -+ Gy and piqi; + -+ Prgn; =0
foralli=1,--- ,nand j=1,---,t, and M,Q = QM;, where M,, M,
are the permutation matrices giving o, 0; respectively, and @) is the

matrix of the ¢;;’s.

PROOF. The proof closely follows Goodearl’s treatment [9, pp. 51-
53]. We consider the relationship between Z" and G. From the hy-
pothesis of this proposition, we get a diagram below.

Qn

(2
Zn

le

G
e



7. A MODIFICATION OF THE EFFROS-HANDELMAN-SHEN THEOREM 37

where ¢ is a positive homomorphism sending the simplicial basis for
Z" to the elements x; and «, is given by the permutation o,,. The map
¢ sends an element p = piey + -+ + ppe, € Z" to prx1 + -+ + Ppy,
which is 0.

The conclusion of the proposition is that we can construct a com-

muting diagram below.

where the map ¢ is given by the matrix QT in the statement of the
proposition. We get new maps 1) and ¢», a new action «,,, and ¥ (p) =
0. Two new maps also intertwine the action; ¢ o o, = v, 0 1 and
2 O Oy, = (L O Pa.

We will show that we may assume that for each i, either a(x;) = ;

or a(x;) A xz; = 0. Since G is a lattice-ordered group, we can consider

i ANa(x) =1
z; — (2 AN alzy)) = s
alz;) — (z; Na(x;)) =t

Then, we get a new set of variables;

alry)) =r;
als;) =t;
at;) = s;
siNt; =0

T; = S; + r;
alx;) =t +r;

We are going to show that we can replace our original x; with the

new list r;, s;, and t; the variables of which satisfy the conditions.
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We consider two cases; x; = a(x;) and x; # a(x;). We look at the
first case, x; = a(x;). Two variables s; and t; are 0. In this case, we
use only r;. Otherwise, we use variables r;, s;, and ;.

Now, we need to check that the proposition still works if we use the
new lists. First of all, we need to show that there is a commutative
diagram like (*) above with Z", Z™, where m is the number of variable
in our new list, and G. From the hypothesis of the proposition, we get

the relationship between Z", and G. We can consider two cases, one

is e; is fixed by «, and the other is not. Suppose eq,--- ,¢e; are fixed
and e;y1,--- ,e, are flipped in pairs by the action «,,. Then, we take
a simplicial basis of Z™, {ay, -+ ,an, biy1,- -+ b, Cio1, -+, }. We let

ai = iy 0(a;) = a;
bi = S;, O./m(bz‘) =C;
C; > ti, Ozm(Ci) = bz

for each 7. Now, we consider the map v : Z"™ — Z™. We look at an
element e; € Z" such that e; goes to x; € G for each i. Since x; = r;
when¢=1,--- land x; =r; +s; when¢=1[041,--- ,n, we can send
e; toa; wheni=1,--- ,land e; to a; + b; when i =1+1,--- . n. If we
adapt this process to all basis, then we can get the map 1. Then, we
get a commutative diagram below.

QAn Qam

By the proposition, with our new assumption, applied to our new

variables and the image of p under ¢, we get a commutative diagram
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below.

Qo

A

zm —> /il
l‘Pl‘/

OZ

We put two diagrams together.

A A O

where p € Z" and ¢ : e; — x;. This whole diagram commutes. In
this diagram, the maps 1/, 0 9 and @3 solve the problem with original
variables. From now on, we may assume two conditions; either a(x;) =
x; or a(z;) A x; = 0 for each i.

First of all, we need to consider the case in which all the p; > 0. If
any p; > 0, then

0<a <px; <prxy+---+ppx, =0,

and hence x; = 0. In particular, if all the p; > 0, then all the x; = 0.
In case all the p; < 0 , we apply the same process to the relation
(=pr)z1+ -+ (=pp)an =0.

For the general case, we assign a degree to the coeficient list py, - -+, pp,
and proceed by an induction on degree. The degree of a list py,--- , p,
means the ordered pair (p, A) where p is the maximum of the values
|p:i|, and A is how many times p appears in the list |p1|, - - |pn|-

Next, we show that we can divide the problem into two special
cases. If p(p) = 0, then ¢(a,(p)) = 0. So, ¢(p + a,(p)) = 0 and
¢(p—an(p)) = 0. Conversely, If p(p+an(p)) = 0 and p(p—au(p)) = 0,
then p(2p) = 0. Since G is torsion free, p(p) = 0. Here, we devide

two special cases; a,(p) = —p and «a,(p) = p. Now, we look at ¢ =
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p+ an(p) and go = p — @, (p). Then, a,(¢1) = ¢1 and a,(q2) = —¢qo. If
we use the first special case, then, we get two maps ¢y : Z™ — G and

11, both equivariant, such that we have a commuting diagram:

sUNe
/A
[
G

7

Since 1, and 9 are equivariant, they intertwine the two actions. By
the first case, 1 (qz) = 0. We get 0a(t1(g2)) = (q2) = 0.

If we use the second special case, we can replace go with ;(gz).
Then we can define a new map 1, : Z™ — Z™2, and a new commuta-

tive diagram

Then, we get ¢(¢)1(g2)) = 0.
Put these diagrams together.

Qan Amy Amy

Cy (O @

zn Yy gm Y2, gme

1//
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We need to check what result we can get about p. Let ¢ = 15 o 9.
Then,

¥ (2p)
=Y(q1 + ¢2)
= o (V1(q1) + ¥1(q2))
= 2 (¥1(q1))
=0

Therefore, we can consider two cases,

Case 1 ay,(p) = —p and
Case 2 a,(p) =p

Now, we look at Case 1, a,,(p) = —p.
Suppose ey, ey, - -+, e; are fixed and €41, an(€j11), €42, n(€js2), -+,

ek, a(ex) are flipped by «,. Then

D = pi1e1+p2ea+t-- '+pj€j+pj+1€j+1+p;‘+1an(ej+1)+' s +prextpLan(ex)
If a,,(p) = —p, then p; = py = -+ = p; = 0 and p;, = —p where | =
J+1,--- k. Ourrelation becomes pj 1241+ +ppty = pjs10(Tjp1)+
-+ + pro(xy) where all p; > 0, and we may assume p;;; is the largest
coefficient. We may assume x; A (z;) =0 foralll = j+1,--- k. With
the relation like above, we have p; 11211 < pjpra(xji1)+- -+ pra(xy).
From lattice-ordered and the condition, p; 11241 < (pjp10(xjr1)+- -+
pea(Tr)) A pjp1zj1 and pjizja A (pjea(Tjy2) + - - + pra(r)) = 0.
Then, it implies
Pi+1Zj41 < Pje2c(Tja) + -+ + prov(Tk)
< pjr(Tjg2) + -+ pja(zy)
= pj+1(a(@jp2) + -+ + azy))
Tir1 < o(@ja2) + -+ o)

By Riesz decomposition, zj11 = zj42 + -+ + 2 for some elements
z; € G* such that z; < a(x;) foreach it = j+2,--- k. Also, a(xj41) =
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a(zjya) + - 4+ alz), a(z) < x;, and a(z;) Az = 0 for each i =

J+2,- k.
Observe that,

Pit1Tip1 + o prar = (i) + -+ pra(ay)
= Pi1(Zj2 T+ 2) T Pj4aTie2 + 00 F Dl
= pjr1(a(zja2) + -+ alzn)) + Pjaa(Tjpe) + - + pra(an)
= Pj+1(Z42 + o+ 2) + PjraTive + Pjrezice — Djr2Zjte
+ o PRTE + PrRk — PkZk
= pjri(a(zjr2) + -+ alzk) + pjrac(Tisa)
+ pjr20(2j42) — Pja2(zj42) + -+ + pre(@n) + pro(zi) — pro(zi)

= (Dj+1 — Pj+2)zjr2 + -+ (D41 — D)2k + Dja(@j2 — a(2j42))
+ o (e — alz))
= (pjr1 — Pir2)(Zj2) + - + (Pjr1 — pr)a(zr)
+ pijva(a(@ji2) = Zj42) + -+ prla(@e) — 2)

= Z (Pj+1 —pi)zi + Z pi(; — a(z))
—j : =j )
= Z (Pj+1 — pi)a(z) + Z pi(a(zi) — z)

i=j+2 i=j+2
We label the collection of the new variables; zj 9, - , 2,

zZ
fj-&-? - a(zj+2)> B O./(Zk), a(zj+2)7 T ,Oé(Zk),

F—a(2) a(2)

a(zjs2) — zjy2, -+ ,a(xy) — 2 This relation has smaller degree and

a(%)r—f
satisfies condition 1. If p; still occurs, it occurs one time less. By

induction hypothesis, there exist elements ¥, -- ,v; in G such that
a permutes these with a permutation ¢’ and nonnegative integers r;,
Sit, T, and s, for i =j+2,--- ;kand [l =1,---t such that

Zi =T o+ Tl
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T — a(2) = sy + -+ Sal
a(z) =alrpgyr + -+ ray) =rqyr + -+ Tf/ityt
a(z;) — 2z = oz — a(z) = sy + -+ + Sy

fori=75+2--- k.

r
We get a matrix R = 8, where r, s, 7', and s are matrices. Then
r
5/
0 0 Er O
0O 0 0 F
there exists a permutation matrix M, = "1 which
E,. 0 0 O
0 Er, 0 0

gives a permutation of the generators 2,7 — «(2), a(2), and a(Z) — 2
such that

0 0 E 0 z a(Z)

0 0 0 E F—a?)|  [a@) -7
E, 0 0 0 a(Z) | zZ

0 E, 0 0 al@) -2 7 —a(2)

where Fj, is a k X k identity matrix.
Also, we get a permutation ¢’ that y;’s undergo by the action «. Then
there exists a permutation matrix M, of y,’'s. M,R = RM,: follows

by induction hypothesis.

. . 0 Ep Ep O z
By using a matrix , we get .
E, 0 0 E a(Z)

o |Ema@ | (5:’):(0 E, E, o) 7 —a(?)
a2) |7 \a(@) E., 0 0 Eg a(?)

. . 0 E . .
Also, there exists a matrix M,» = 5 Ok that gives a permutation
k

I " »
from Z and «(Z) such that O B xﬂ = a(iv)
E, 0 a(Z) z
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Then, M, 0 Ep, Ep O _ 0 Ep Ep, O M,
E, 0 0 E E, 0 0 E
Now, we need to check that M,»Q) = QM,,

0 By Erp O

where () = R.
E, 0 0 Eg

We get
E, 0 0 E;
0 E. E
_ v Er 0O MR
E., 0 0 E

by E
:<0 ko L O)RMU/

MU,,Q:MG”<O By By O)}z

E, 0 0 Eg

= QMU’
0 Ep, Ep, O
Finally, suppose ) = bk R. Then
E, 0 Ey
0 Ep Ep O
_ ko Lo Ri
E, 0 Ey
zZ
. 0 Ek k 0 T — oz(;?)
B o a(Z)
a(f) — 7

Next, we look at Case 2, a,(p) = p.
In this case, coefficient of e; is equal to coefficient of ay,(e;).
Suppose eq, - ,ep, and €11, - , €5 are fixed, and ep 11, ap(eps1), -,

em, O (€m) and egi1, ap(€si1), -+, e, an(e;) are flipped by ay,. Then,
p=pieit+- +Pnen+Phi1hi1 T Phi10n(Phi1) 0+ Pmlm+ Pmn(em)

“Pm4+1€m41 """ T Ps€s —Ps+1€s41 _szrlan(eerl) — o pie _pl@n(el)
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with all p; > 0. Then our relation becomes
P1&1 + -+ Pah + Php1Thit + Ph10(Thgr) + -0+ P + Pm(24,)

= Pmt1Tmi1+ o+ DsTs+Psi1Tsi1 +Dsi10(Tsi1) + - - -+ o+ pre(ay)

in G. We label the collection of variables in the original relation;

Ty T Ty 0o, (@),
X X, a&z)
Tl 5 Ly Togls o T E)é(xs+1), e ,a(:vl)J. So, we put these to-
s A ()
X
X
gether in one vector ¥ = a(;@) , and we get a permutation
3
Xy
a(Xy)
E, 0 0 0 0 0
0 0 Ey, O 0 0
M — 0 Ex, O 0 0 0
0 0 0 E, 0 0
0 0 0 0 0 E,

0 0 0 0 E, 0

where Ey,, Ey,, By, and Ej, are the square identity matrices for ky =
h,ko=m—h,k3=s—m,and ky =1 — s

In the case 2, we have two situations to consider: whether the
biggest coefficient is one of the fixed ones or one of the flipped ones.

Suppose it is one of the fixed ones, p;. We have p1x; < ¢ with
q = Prmi1Tmi1 + -+ DsTs + Psy1 (Ts1 + a(Tsq1)) + -+ i+ a(z)).
Suppose z; +a(x;) = w;. We have xq1, Tyq1, -+, Ty, Wer1, -+, w; are all
in G, the fixed point subgroup. Since G is a lattice-ordered dimension
group, we can write 1 = zpi1+- -+ 2s+yse1+- - -y with 0 < z; < x;
and 0 < y; < w; where z;,y; € G*. We have w; = z; + «o(z;) with
z; A a(z;) = 0,y; < w;, and write y; = z; + 25 with z; < z; and

z; < afw;). Since x; A afx;) = 0, we get z; = y; A 1y, 25 = y; A a(xy).
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Also, since a(y;) = y;j, we get a(z;) = 2. Then, we get 21 = 2,41 +

ot zs F Zsp1 +azeq1) + o 2+ az)

Observe that,

P11+ PhTh F Phpa Tt + Pha(Thgr) + o

+ PmTm + Pm(Tm)

= Pmt1Tmg1 + 00+ PsTs + Psi1 o1 + Psy1(Toyr) + -+

+ pry + pa(x)
= P1(Zm1 + o+ 2+ Zor F @(Zsg1) o+ 2+ az)) + Pz

+ o prn + PriaThin + Pra1 (1) + 0+ P + P(Tn)

= Pmt1Tmt1 + 00 PsTs + Psy1Tst1 + Psr1(Tsp1)

+ o+ p + pra()

= (P1 = Pm+1)2ms1 + -+ (p1 — Ps)zs

+ (P1 = Psr1)(Zsg1 + a(ze41)) + -+ (o1 — p) (21 + a(2))

+ paTo + -+ PRTh + Php1Thit + P (Thyr) + -

+ PmTm + Dma ()

= Pt (Tmi1 — Zma1) + -+ ps(Ts — 25)

+ Pst1((Tor1 — 241) + (a(Ts11) — (2241))) + -+

+ (2 — 21) + (a(x) — az)))

= Z (p1 = pi)zi + Z (p1 —pi) (2 + a(z)) + sz'flfi

i=m-+1 1=s+1 =2

+ Z pi(w; + o(a;))

i=h+1
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= Z (p1—pi)zi + Z (p1 = pi)zi + Z (p1 = pi)a(z)

1=m+1 i=s+1 i=s+1
h m m
+ E PiT; + E piT; + E pice(;)
i=2 i=h+1 i=h+1
s l l
= E pi(x; — 2) + E pi(x; — 2) + E pila(x;) — az))
1=m-+1 1=s+1 i=s+1
We label the collection of the new variables; 2,11, -, 25, Zsi1, 215
2 2,
a(zs—i-l)a"' ,O!(Zl), 3:27'“ axfivivh-i-la”' 7‘%@7 a($h+l)7"' 7a($m)7
N VT Ve N
a(Z) X} Xy a(Xz)
\ajm—‘rl_zm-‘rl?”' 7x8_2§7 g/'s—i-l_zs-i-la”' 7Il_2£7
Xg—zl X4_ZQ
a(Tsi1 — 2s41), -+ ,a(x; — z). This relation has smaller degree and

J/

-~

a(Xy)—a(Z2)
satisfies condition 2, i.e., the relation is invariant under the automor-

phism. If p; still occurs, it occurs one time less. By induction hypothe-
sis, there exists ¢ = (yl . -yt> for y; € GT such that o permutes these
with a permutation ¢’ and matrices r,s,t,r",s',t',r",s" and t" whose

entries are nonnegative integers such that

Zl = ngT

ZZ — r/g»‘l'
A2y) = a(r'f) =1"5"

X = s

XQ — S/y—»‘T
a(Xy) = a(s'y") = s"§"

Xy — Z) =ty

X, — Z,=t'y"

a(Xy) —o(Zo) = as'y") =t"§"
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We get a matrix RT:<T rr" s & st t”).

Then there exists permutation matrix

Ey, O 0 0 0 0 0 0 0

0 0 E, O 0 0 0 0 0

0 E, 0 0 0 0 0 0 0

0 0 0 Ep 0 0 0 0 0

M,=1 0 0 0 0 0 E, 0 0 0
0 0 0 0 Ep O 0 0 0

0 0 0 0 0 0 E, O 0

0 0 0 0 0 0 0 0 E,

0 0 0 0 0 0 0 Ep, O

where Fj, is the square identity matrix for k] = h — 1,

ko = m — h, ks = s —m, and ks = | — s gives permutation from the
generators 21, 2o, (2), X{, Xo, a(Xy), X3 — Z1, Xy — 25, and a(Xy) —
a(Z5) such that

Z Z
2, a(2s)
a(2,) Z,
X X
M, Xy = a(Xy)
a(Xs) Xy
X — 2, X — 2,
Xy — 2 a(Xy) — a(2,)
a(Xy) — a(2,) Xy — 25

Also, we get a permutation ¢’ that y;’s undergo by the action a.
Then there exists a permutation matrix M, of y’s. By induction
hypothesis, we get a relationship such that M,R = RM,.,. So, we get

a commutative diagram below.
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L~

4
We denote
Z
I (1,,1)‘ 0 ZQ
X, = ] =
X! 0 | By a(2,)
Xy

where FEj is the (b — 1) x (h — 1) identity matrix. From the above

block matrix, we can define the new matrices

1...’1 — 0’...’0
P]ﬁ. = | - and Ek/ =\—
0 1 _Ek/1

for i = 3,4. By using a matrix

Py P, P, Ey, 0 0 0 0 0

0 0 0 0 E, 0 0 0 0
p_ |0 0 0 0 0 B 0 0 0

E, 0 0 0 0 0 E, 0 0|

0 By, 0 0 0 0 0 B, O

0 0 E, 0 0 0 0 0 E,
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Z
Z
X ’
a(Z,)
X ,
A
. Oé(XQ)
we get old variables y from new ones Xy
3 o(Xp)
o Xy— Z
3— 21
X.
o) X, - 2,

Oé(X4) — CM(ZQ)
Also, there exists a permutation matrix M,~ that gives a permuta-
tion from the original variables. One can check that R'M, = M, R'.

So, we get a commuting diagram below.

My Mo

!

zn B, gm
|~
G

&

If we put together two above diagrams, then we get the result that
M,nQ) = QM, where @ = R'R.

Now, suppose the largest coefficient is one of the flipped ones, pp11.
We have ppi1(2ni1 +a(zhy1)) < g where ¢ = P 1Zmyr + - - 4 pss +
Pst18s41 + Doy10(Tsi1) + - - - + prxy + pra(ay). Suppose z; + a(z;) = vj.
Then v; € G for each j. Since G is a lattice-ordered dimension group,
we can write Tpy1 + @(Tpi1) = Zma1 + 0+ 25 + Teyq + oo + 1 with
0 <z <uz;and 0 <r; < wv; where z;,7; € G*. We have v; = z;+a(z;)
with z; A a(z;) = 0, r; < v;, and write r; = z; + 2} with z; < z; and
z; < afx;). Since x;Aa(r;) = 0, we get 2; = v;Ax; and 2 = v Aa(z;).

Also, since a(v;) = v;, we get a(z;) = 2;. Then, we get

Tho1 +0(Thy1) = Zmir + -+ 25+ (zsp1 Fa(zs41)) +- -+ (2 + az)).
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Observe that,

P11+ -+ PTh + Pha®hyr + Phr(Thyn) +
+ PmTm + Pma(T,)
= Pt 1Tma1 T F Pl + Psp1Toq1 + Pop1(Tspr) + - -
+ pivy + pra(a)

= P12y + -+ Pa%h + Prt (B + o 25+ (Zspn + a(zs41))
F (ot ala))) + prsalanse + alansa) + -+ pnen +alen)
= Pim1Zmt1 + 0 PsTs + Psy1Tsi1 + Psp1(Tsyn)

+ -+ p + pra(x)

= P17y + o+ PaTh + (Phir — Pma1)Zmir + o+ (Phyr — Ps) 2
+ (Pr1 = Por1)(Zsg1 + a(2e41)) + -+ (Prp1 — ) (2 + a2))
+ Ph2(@hio + a(Thi2)) + - 4 p(@m + alzm))
= Pt (Tt — Zma) + -0+ ps(@s — 25)
+ Psi1((@si1 = 2541) + (a(@541) — (2241)))
+ (@ — 2) + (alz) — alz)))

\

= Z?Zl Piti + D i1 (Phr — pi)zi + Zi‘:s+1(ph+1 — Di)%i
+ Zé:s+1(ph+1 —pi)ezi) + D o pili + ()
=3 pilm — )+ S pila — )

+ Zﬁzsu pi(a(z;) — a(z))

We need to split the z,11 + a(xp41) to zp41 and a(zpy1). Define

(1)

Vs

the new variables;

tms1,- -+ ,ts wheret; = 2; A\ xpiq
(ti) =i
Tmat, - ,Ts Wwhere r; = z; A a(xp1)
Vst1, -+, Uy where v; = z; A o
a(vs+1)7 e ,Oé(l)l)
Wsi1, -+ ,w where w; = z; A a(Tp1)

a(w5+1)7 T ’a(wl)
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Then, Tht1 = tm+1—l—---—I—ts—l—vs+1—|—---—I—vl+a(ws+1)—|—---+a(wl),
a(Tpi1) = T + -+ 15 + @(Vsp1) + -+ a(v) + wspr + -0+ wy,
zi=ti+rifori=m+1,--- 5,2z, =v;+w; for j=s+1,--- L.

We label the collection of the new variables; Ty, T, a1, ’ti’
Xy T
Z“m—i—ly e ’ri7 3)5—&-17 e 7U£7 O-/(Us—l—l): e aa(vl)a Ws41," " 7U}£,
R % a(V) w
CY(U}S_H), T >a(wl)> iBh-ﬁ-Za o, T, a($h+2)> e ,O./(.Q?m),
a(W) X3 a(X3)
xm+1 - Zm+17 te 71"8 - ZS7 IS—{-I - ZS+17 te 7xl - Zl?
X3—21 Xy—2Zo
a(xsp1) — alxy), -+ ,a(x;) — a(z). This relation that we get from (f)
o Xy)—o(Z2)

has smaller degree and satisfies condition 2. If p,; still occurs, it oc-
curs one time less. By induction hypothesis, there exists ¢ = <y1 e yt>
for y; € G such that o permutes these with a perutation ¢’ and ma-
trices a,d’,a”,b,c,d,d e,

e, f,f', and f” whose entries are nonnegative integers such that

X = a?jT
Xy =d'y’
a(Xy) = a"j’
T =bij"
R=cy'
Y =di"
a(V) =dy’
W =ej"
a(W) =g’
Xy— 2= fij’
Xy—Zy=[5"

a(Xy) —a(Z) = fy'
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We get a matrix

RT:<a @ ' boedd

Then there exists a permutation matrix

E, 0 0 0 0
0 0 Ey 0 0
0 Ey 0 0 0
0 0 0 0 E
0 0 0 E O

|0 0 0 0 o0
0O 0 0 0 O
0O 0 0 0 0
O 0 0 0 0
O 0 0 0 0
0O 0 0 0 0
0O 0 0 0 0

0

gooooo

o O O o O

4

=

e e f 11
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

., 0 0 0
0 0 0 0
0 0 Ei 0
0 E, 0 0
0 0 0 Eg
0 0 0 0
0 0 0 0

3

o O O O O O o o o o
o O O O O O o o o o

o
&
z

Ey,

e}

where Ej, is the square identity matirix for ky = h, ki =m—h—1,ks =

s —m, and k; = | — s which gives the permutation from the generators

such that
X
X;
a(A3)

-
R
%

a(V)
W

a(W)
Xg — Zl
X4 — ZQ
CY(X4) — Oé(Zg)

a(Xy) — a(2,)

X
a(X;)
X,

R
T
a(V)
N
a(W)
w
X3 — 24

Xy — 2,

Also, we get a permutation ¢’ that y;’s undergo by the action «. Then

there exists a permutation matrix M, of y,’s. By induction hypothesis,




7. A MODIFICATION OF THE EFFROS-HANDELMAN-SHEN THEOREM 54

we get a relationship such that M,R = RM,,. So, one can check that

we get a commutative diagram below.

M/
My 4

e} ()

m RT m’
7m —— 7

L~

e
We denote
-
N <xh+1>:<(1,---,1) 0 ) 1%
? X 0 | Ey a(W)
and
R
%m:<Mmm):<Uw»U0> a(V)
(X)) 0 | By W
a(X3)

From the above block matrix, we can define the new matrices

1.---.1 —— 0.---.0
pki: R and B, = 7
0 2 Ek/2

for : = 3,4. By using a matrix

E, 0 0 0 0O 0O 0 0 0 0
By, 0 P, 0 PB, 0 0 B, 0
0 Ey O Py, 0 Py P, 0 0
0 0 E, Ey, 0 0 0 0 E, 0
0O 0 0 0 E, 0 E, 0 0 E
0O 0 0 0 0 E, 0 E, 0 0

o O O

R =

o O O o O

o O O O

By,
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29}
X}
a( X))
X1 T
X R
we get old variables o (%) from new ones v
X a(V)
Xy w
a(Xy) a(W)
Xy — 24
Xy — 2

a(Xy) — a(2,)

Also, there exists a permutation matrix M, that gives a permu-
tation from the original variables. So, we get a commuting diagram
below.

If we put together two above diagrams, then we get the result that
M,nQQ = QM, where Q = R'R.
O

The following Lemma will aid to prove the proposition 7.3.

LEMMA 7.2. [13, Corollary 4.96]All subgroups of a finitely gener-

ated abelian group are finitely generated.

ProrosiTION 7.3. Let Gy be a simplicial group with simplicial
basis {e1, - ,e,} and Zy action oy given by the permutation o,,. Let
G be a lattice-ordered dimension group with Z, action «, and let ¢; :
G171 — G be a positive equivariant homomorphism. Then there exist

a simplicial group G5 with an Zs action as, and positive equivariant
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homomorphisms h and go such that g; = goh, ker(g1) = ker(h).

PROOF. The proof closely follows Goodearl’s treatment [9, pp.53—
54]. We would like to show that finite generators ay,--- ,ay in ker(g;)
also lie in ker(h) by induction hypothesis. First, we need to check
when k£ = 1. If GG is a zero group, then G5 is also zero group and
we define homomorphisms h, go are zero maps. Now, we assume that
G is nonzero. Let {e,--- ,e,} be the simplicial basis for GG, and let
o, be the permutation of the simplicial basis that gives the action a;.
Let {x1,---,x,} € GT be the images of {e1, - ,e,} and ker(g;) be
finitely generated by a;. Set x; = g1(e;) for each i = 1,--- ,n. Since ¢
is an equivariant homomorphism, it follows that a(z;) = a(gi(e;)) =
g1(aq(e;)) for each i =1,--- ,n. Write a1 = pye; + - -+ + ppe, for some

integers p;, and observe that
P1T1+ -+ PpTy = gl(a’l) =0.

According to proposition 7.2, there exist elements y;, - - - ,v; in GT such
that o acts on {yi,-- -,y } by permutation o, and nonnegative integers
¢j (fori=1,---n,and j =1,--- ,t) such that

T = qa¥r + -+ gy and p1qy; + -+ Pugn =0

for all 4 and j, and M, Q) = QM;, where M,, M, are the permutation
matrices giving o,, 0} respectively, and () is the matrix of the ¢;;’s.

Set Gy = Z', and let {f1,- -, fi} be simplicial basis for G5. Define
group homomorphisms h : G; — G5 and g5 : Gy — G so that

he;) = gnfi+ -+ qufe
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fori =1,--- ,nand ¢g2(f;) =y, for j =1,--- ,t. Define an Z, action

a9 on GGy by the permuation matrix M;. Then it follows that
h(aa(es)) = quaa(fi) + - + quaa(fi) = aa(h(e;))

for i = 17' N and a(QQ(f])) = Oé(yj) = 92(a2(fj)) for j - 1a -t
So, the maps intertwine the actions.
As each ¢;; € ZT and each y; € GT, we see that h and g, are

positive homomorphisms. Since

g2h(ei) = galqn f1 + -+ qift) = quyn + - + quye = T = gi1(€;)

forall e =1,--- ,n, we obtain goh = g;. Also,

n t

h(ar) = h(zpiei) = Z Zpi%jfj = Z(Zpi%‘j)fj =0,

i=1 j=1 j=1 i=1
so that a; € ker(h).

Now, we show that the induction step. Let k& > 1. Assume that
there exist a simplicial group G5 with Zs action a3 by the permutation
matrix M, positive homomorphisms h; : G; — G5 and g3 : G3 = G
such that g; = g3h;. Assume that ap,---,ax_; lie in ker(hy). Since
gshi(ar) = gi(ax) = 0, the element hi(ax) lies in ker(gs). Hence,
by the above result, there exist a simplicial group G, and positive
equivariant homomorphisms hy : G3 — G5 and ¢o : Gy — G such that
g3 = goho and hy(ay) € ker(hy). Set h = hshy, which is a positive
equivariant homomorphism from G; to Gy such that goh = gohohy =
gsh1 = ¢1. Since ay,--- ,a,_1 lie in ker(hy), they also lie in ker(h).
Because hy(ay) lies in ker(hs), the element ay lies in ker(h). This
completes the induction step.

Since (57 is finitely generated as an abelian group, all its subgroups
are finitely generated. Hence, we may choose generators of ker(g;) as
a group. By the result of above induction step, there exist a simplicial
group G and positive equivariant homomorphisms h : G; — G5 and
g2 : Go — G such that g; = goh and ay, - -, a; all lie in ker(h). Thus
ker(gi) C ker(h). The reverse inclusion, ker(g,) 2 ker(h), follows
from the factorization g; = goh. Therefore, ker(g,) = ker(h).
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O
With aid of previous proposition, we prove our main theorem.

MAIN THEOREM. If there exists a Z, action on a countable lattice-
ordered dimension group, then it can be expressed as an inductive limit

of Zy actions on simplicial groups.

PROOF. This proof closely follow Goodearl’s treatment[9, pp.54-
55].

Let G be a countable lattice-ordered dimension group with the ac-
tion v and {zy, xg, -+ } = GT. We construct a countable sequnce with
simplicial groups G, Go, - -+ with the actions aq, s, -+ and positive
equivariant homomorphisms g, : G,, = G and h,, : G,, = G, for all
n € N such that z,, € ¢,(G}), gny1 © by = gn, and ker(g,) = ker(h,)
for all n € N. Also, we define the limit of the sequence that we con-
struct, G, with a positive equivariant homomorphism g, : Go, — G,
and a Zs action on G, Q.

a1 s as a
X X X X

hl h2 h3 hoo
Gl > GQ > Gg > > Goo

o0
g 92 g3
goo
G
r
«

First of all, we set G; = Z? with a Z, action «; that flips the

elements, i.e., aj(e1) = es and ay(es) = e;. We define a positive homo-

morphism ¢; : G; — G so that g1(e1) = x1 and g1(e2) = g1(a1(e1)) =
a(xy). Suppose that we have constructed g;, Gy, a0, , gn, Gn,
which meet the requirements. We would like to construct the next
one; gni1, Gnit, ny1. The direct product H = G,, @ Z? is a simplicial
group and we define a positive homomorphism g : H — G by the rule
gla, k1) = gn(a) + kxpy1 + la(zny1), and a Zy action o such that
gn(an(e;)) = o/ (g(x;)) for all i.
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By the proposition 7.3, there exist a simplicial group G, with a
Zo action o1, positive homomorphisms h : H — G417 and g,1 :
Gni1 — G such that ¢ = g,.1h, and ker(g) = ker(h). By the
rule, g,+11(0,1) = ¢(0,1) = x,41 with h(0,1) € G}, ,. So @, €
In1(GE,1). Since G, C H, we can construct the map from G, to
G4+1 which composes with the inclusion map from G,, to H and h.

Let G be the direct limit and ¢, : GG,, — G« be the canonical map.
Since the condition g,,+1h,, = g, there exists a positive homomorphism
Jso : Goo — G such that g.q, = g, for all n € N. Given z € ker(gs),
write x, = ¢,(y) for some n € N and some y € G,,. Then

9n(Y) = Joo@n(y) = goo(r) = 0,

and h,(y) = 0 becasue ker(g,) = ker(h,). Thus, g is injective.
Next, we would like to show that ¢, is surjective. Since z, €

9n(Gy), we obtain z, € g,(G}) = gootn(Grr) C goo(GL,) for all n, and

hence g.(GL) = G*. It follows that g, is surjective. Therefore g, is

a group isomorphism and it is equivariant. O
Here is an example related to our main theorem.

EXAMPLE 7.3. Let G = QxQ with strict order, i.e., G* = {(0,0)}U
{(z,y) |z > 0and y > 0}.

Yo

Let a(z,y) = (y,z). Suppose we have (z,y) € G and n(x,y) > 0
where n € N\0. Then,

nr=ny =0 or
0 < n(x.y) = (ne,ny) =
nx >0, ny >0
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So, (z,y) € G*. Therefore, (G, G") is unperforated. Also, GT NG~ =
{(0,0)} and G* + G~ =G.
Suppose x1, %2, Y1, Y2 € G such that y; < z; for 4,7 = 1,2. Then,

we get a figure below.

FIGURE 1

The points in the dashed rectangle are the interpolation points.
We consider speical cases, (A) x;’s are in the same horizontal line,
(B) z;’s are in the same vertical line, (C) y,’s are in the same horizontal

line, and (D) y;’s are in the same vertical line.
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We also consider x; = y;. In this case, z; = y; = z. So, (G,G") is
an interpolation group. Therfore, (G, GT) is dimension group. Since
the above dashed rectangle in figure 1 is open, there is no biggest
element in the rectangle. So, there is no greatest lower bound for

and xo in figure 1. Therefore, (G, G™) is not a lattice-ordered group.
21k

Now, define A;, = L om such that A, : Z? — Z? commutes
with the actions « that flip the coordinates. Then, we get an induc-
tive system, {(Z?, a), Ay }. We need to check the inductive limit of this
inductive system is a dimension group but is not a lattice-ordered di-
mension group. We will construct maps ¢y that will give us a diagram:
(03 (03 (0% «

A A

7 —— 77 — 7?2 o > lim{Z? 1, }
l@l l@ l@s ltpoo
Gh € Gy C Gz C - C Gu=UGrCG
Now, we define the z; and y; in G as follows. Since A; is invertible,
2me —1]
we get By = A, = T — Define a sequence (zg,yx) €
Ll+1 Lk
GxGbyz =(2,1), y1 = alz;) = (2,1) and = By
Yk+1 Yk

where xi, yr € G. Define Gy to be the subgroup of G generated

by z3 and ye. Since | ) = Ay [ '), Gy € Gipr. Consider the
Yk Y41

homomorphism ¢}, from Z? with the flip automorphism a to G}, given
by ey — z, and e; — yr. When k = 1, if axy + by; = 0, then
a =0 and b = 0. So, ¢ is injective. Suppose @i is injective. Then

(a b) MEL implies (a,b) = (0,0). Now, we need to check ¢y,
Yk

x T

is injective. Suppose (a b) ) = <a b) By | *) = 0. Since
Yk+1 Yk

By, is invertible, a = 0 and b = 0. Therefore, the map ¢, is injective.
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Next, we would like to check the image in each GJ is in the first
quadrant. By the definition, z; and 1; are in G*. Suppose z; and
Y are in GT. We choose my, so that xj and y; lie between two lines
made by the column of Ay in the first quadrant. Then we apply By
to the coordinates. Then, xp,q and y, 1 are still in the first quadrant.
At every stage, the angles between the lines made by z, and y, are
getting wider. However, these lines converge to some lines between the
positive x-axis and positive y-axis.

Finally, we need to check the union of the images is dense. The
lengths of z; and y; is tending to zero and they are linearly indepen-
dent. This implies that the union of the images is dense. The positive
cone is an open wedge in the first quadrant, so the same argument as

for G above shows that it is not lattice-ordered.

According to the above example, the hypothesis of the main theo-
rem that the group is lattice-ordered is not necessary. Therefore, we
suggest that there would be more research needed to generalize the

theorem.
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