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ABSTRACT

The vibration energy harvester is intended to convert ambient environmental energy
into electrical energy. It has great potential to be an alternative to the conventional battery
in low-power electric devices. A traditional vibrating energy harvester consists of a linear
oscillator that operates in a narrow frequency band. Nonlinear energy harvesters provide a
promising solution to widen the operating bandwidth. Based on the system stability states,
the nonlinear vibration energy harvesters can be classified as mono-stable and multi-stable.
In this study, a tunable multi-stable piezoelectric energy harvester is proposed. The
apparatus can be manually tuned to achieve three states, namely tri-stable, bi-stable, and

mono-stable. It has a compact structure compared to the existing designs.

Firstly, the apparatus’s design is presented. The analytical model for the restoring force
due to the magnetic interaction is developed by using the magnetic dipole approach. Then
the model is validated experimentally. Using the measured data, the model optimization is
conducted by applying the genetic algorithm. Based on the optimized model, the stability
state regions verse the tuning parameters are identified. Secondly, the electromechanical
model of the developed apparatus is developed. By linearizing the model, the optimum
resistance value of the linear system under harmonic excitation and corlored noise
excitation is studied, respectively. Thirdly, the output performance of the bi-stable energy
harvester under colored noise excitation is investigated numerically and experimentally.
Fourthly, the output performance of the tri-stable energy harvester is studied numerically
and experimentally as well. The results show that the frequency analysis method is
insufficient to determine the optimum resistance when the tri-stable energy harvester is
engaged in the high orbit inter-well oscillation. In addition, when the multi-stable energy
harvester system is at resonance, the output performance will be largely improved by the

separation between each well.
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Chapter 1 Introduction

In this chapter, the motivation of the research will be briefly presented and the potential
problems of energy harvester in the current design will be discussed. After that, an
extensive literature review will be provided to demonstrate the evolution of energy
harvesters as well as their main categories. Finally, the research objectives and the outline

of the thesis will be presented at the end of the chapter.

1.1 Motivation of the Research

In this century, the manufacturing of integrated circuits (ICs) has been through a great
evolution, which results in the ability to make ICs have smaller size, lower price and less
power consumption. This provides a growing opportunity in the Internet of Things (IoT)
technology, which has various practical applications, such as the smart home system, the
health care monitoring system, and the industry monitoring system. The wireless sensor
network plays an essential role in linking the existing devices to the IoT. However, some
of the practical circumstances need a long life-span battery to sustain the sensors. An
efficient energy harvester can solve the costly battery replacement issue [1], [2]. Energy
harvester is a device that can convert ambient environment energy into electrical energy.
There are several forms of energy sources that could be used: solar energy [3], [4], thermal
energy [5], [6], radiofrequency (RF) energy [7], [8] and mechanical energy. Vibration is a
common form of mechanical motion and ubiquitous in the world around us: from the low
frequency vibration such as heartbeat, breath or movement we make, to the high frequency
vibration caused by automobile or aircraft engine and most of the industrial equipment. We
can capture these energies from oscillation with the piezoelectric energy harvester. A
shortcoming of the traditional vibration energy harvesters is the narrow operating

frequency band [9]. As we know, the frequencies of the ambient environment vibration



would be changing and likely to be wideband. Therefore, the investigation of the wideband
vibration energy harvester becomes the hottest topic on the energy harvester research. As
it was concluded in [10], the use of nonlinear systems as energy harvesters is an efficient
way to widen the operation frequency band. To fulfill this purpose, a tunable multi-stable
piezoelectric energy harvester will be developed in this study. The nonlinear restoring force
is generated by interaction between a magnet fixed to the base and an assembly of three
magnets that is attached to the end of a cantilever beam. By adjusting the configuration of
the magnets, the system can exhibit the mono-stable, bi-stable or tri-stable behavior. This
study will also investigate and compare the output performances of these three different

energy harvesters.

1.2 Literature Review

1.2.1 Vibration Energy Harvesters

The conception of vibration energy harvester can be traced back to 1770 when Abraham
Louis Perrelet designed an automatically self-winding watch powered by human arm
movements. A heavy oscillator was used inside the watch to convert the kinetic energy of
human motion to the potential energy stored in the mainspring, which could maintain the
gears running [11]. Such an invention defined the idea of vibration energy harvesting,
which was using a mechanism to convert kinetic energy in the ambient environment to
another storable energy. Nowadays, people use diverse ways to convert ambient vibration
to electricity, which makes it possible to sustain various kinds of low power electrical
devices. There are three kinds of vibration energy harvesters: electromagnetic type,

electrostatic type, and piezoelectric type. The description of each type is given below.

The design of an electromagnetic energy harvester is based on Faraday’s law. The
principle of this type of energy harvesters is shown in Figure 1.1 (a), where the magnet is
attached at the spring’s end, and the whole structure will move when it is subjected to the

excitation. Due to the relative motion between the moving magent and the coilthe magnetic



lines will cut the coil, and then the current will be generated. A great number of researchers

have investigated this type of energy harvesters [12]-[16].

The second type of vibration energy harvesters is the electrostatic energy harvester. As
illustrated in the upper diagram in Figure 1.1 (b), the transducer of the electrostatic
vibration energy harvester can be seen as a charged capacitor that consists of two
overlapping plates. When the left plate moves due to the excitation, the overlap area of the
two plates will change. Since the whole amount of charges is constant, the current will be
generated. There are many studies that investigated such a category [17]-[20]. This type of
energy harvesters is mostly employed in MEMS (Microelectromechanical Systems)
applications. The lower diagram in Figure 1.1 (b) shows the picture of the MEMS

electrostatic vibration energy harvester proposed in [21].

The third type is the piezoelectric energy harvester. Figure 1.1 (c) shows a cantilever
piezoelectric vibration energy harvester with a tip mass. When the system is subjected to
external excitation, the tip mass will move up and down, which causes the deflection of the
piezoelectric beam. Due to the piezoelectric effect, the beam's mechanical energy will be
transformed into electrical energy. Besides the cantilever beam structure, there are three
more types of piezoelectric energy harvester, which are: circular diagram structure [22],
[23], cymbal type [24], [25], and stack configuration [26], [27]. To further increase the
harvesting efficiency, the hybrid energy harvester which employs piezoelectric-
electromagnetic [28]-[30] or piezoelectric-electrostatic mechanism [31], [32] has also been
investigated during recent years. Since this study focuses on the cantilever based
piezoelectric vibration energy harvester, a full description of such a category is introduced

in the next section.
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Figure 1.1 Schemes of three vibration energy harvesters (a) electromagnetic energy harvester!; (b)

electrostatic energy harvester [21]; (c) piezoelectric energy harvester'.

1.2.2 Cantilevered Piezoelectric Energy Harvester

The cantilevered piezoelectric transducer was first used in various kinds of force or
acceleration sensors. Later, people found that it could be utilized in both macroscale [33],
[34] and microscale [35] piezoelectric energy harvester applications. The studies reported
in [36], [37] investigated the fundamentals of the linear energy harvester (LEH)
numerically and experimentally. The results indicated that a linear oscillator had a narrow
operating frequency band, because it only performed efficiently at resonance. In order to
increase frequency bandwidth, various improvement methods have been proposed, for
example, the frequency tuning systems [38]-[40], the multi-modal systems [41], [42], or
the nonlinear energy harvesters [43]-[45]. According to the system stability, the nonlinear
energy harvesters can be classified as mono-stable and multi-stable such as bi-stable or tri-

stable. The nonlinearity can be derived by magnets interaction. Figure 1.2 shows the mono-

! https://www.allaboutcircuits.com/technical-articles/introduction-to-vibration-energy-harvesting/
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stable piezoelectric energy harvester proposed in [46]. It could exhibit both hardening and
softening behaviors by manually adjusting the distance d and 4. The study showed that the
nonlinear configuration had the advantage in responding to a wider frequency band
excitation. Further, the mono-stable configuration proposed in [47] exhibited a good

performance under a low excitation level.

Piezoelectric Laminate
Polysulfone (Inert)

S Neodymium
N Magnets

["cosCdyt

Figure 1.2 Schematic of a tunable mono-stable cantilevered piezoelectric energy harvester [46].

As illustrated in Figure 1.3 (a), a bi-stable energy harvester (BEH) can be generated by
using a magnet that is attached to the free end of a piezoelectric cantilever beam and a
magnet that is fixed on the base. This magnetic field induces a repulsive force between the
magnets so that the beam has two stable positions: left and right. Such a configuration was
proposed in [48]-[50]. The study proved that the bi-stable restoring force could enhance
power output performance. The study reported in [51] investigated the responses of a BEH
to white or exponentially correlated Gaussian excitation. It showed that the depth and
separation distance between the potential wells play a significant role in determining the
output power. The better performance of the bi-stable system subjected to stochastic
excitation was also demonstrated in [52], [53]. Furthermore, to enhance the power output
performance in a low-level excitation environment, tri-stable energy harvesters (TEHs)

were proposed.
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Figure 1.3 Schematic of multi-stable cantilevered piezoelectric energy harvesters (a) bi-stable

configuration; (b) tri-stable configuration [54].

Based on the configuration of the bi-stable system, a tri-stable state was achieved by
using two fixed magnets. As demonstrated in Figure 1.3 (b), the TEH proposed in [54]
consists of an oscillating magnet that is placed between two stationary magnets. The tri-
stable intensity can be tuned by varying the distance between the fixed magnets and the
magnet on the beam’s tip. The TEHs proposed in [55]-[57] were obtained by tuning the
angular orientation of the fixed magnets. The numerical model and experimental validation
of a THE in the stochastic environment were conducted in [58]. The study showed that the
voltage output of the optimally designed tri-stable system outperformed that of the BEH.
However, the design such as the one in [54] took a large space in order to place the fixed
magnets, which is undesirable in realization through a micro-electromechanical system.
Besides, low efficiency is another shortcoming, because when the beam swings to one side,
the stationary magnet on the other side has little effect on the oscillating magnet. To

overcome these two defects, a new configuration of magnets is proposed in this study.



1.2.3 Modelling Methods of the Cantilevered Piezoelectric Energy

Harvester

There are two kinds of modelling approaches that are employed in developing a
mathematical model of the cantilevered piezoelectric energy harvester: the lumped
parameter modelling method [59]-[61] and the distributed parameter modelling method
[36], [62]-[64].

The former method is also known as single-degree-of-freedom modelling. In this
approach, the energy harvester is considered as a mass-spring-damper system. This method
offers convenience to obtain the closed-form expressions of the system’s model, and
moreover, to analyze the system’s -electromechanical characteristics, including

optimization and prediction of the output power for the given excitation.

The second approach is a combination of Hamilton’s principle and the Rayleigh-Ritz
method which employs the Euler-Bernoulli beam assumption. Compared to the first
method, the distributed parameter method can provide a much accurate model, which could
obtain the electromechanical response in the higher-order vibration modes [65]. However,
if the natural frequencies of the higher vibration modes are much higher than the natural
frequency of the first vibration mode, only a little difference exists between the models
obtained from the two approaches [66]. In this study, the second method is chosen and only

the first vibration mode of the beam is considered.

1.3 Research Objectives

In this study, a tunable multi-stable piezoelectric energy harvester is proposed.
Different from the previous designs such as the one in [54], the proposed apparatus consists
of a cantilever beam attached by an assembly of three magnets that face a stationary magnet.
The assembly consists of a center magnet that is fixed to the beam’s tip and two side
magnets that can be slided along the beam. By varying the configuration of the magnet
assembly and the distance between the magnet assembly and the stationary magnet, the

7



system can assume three states: tri-stable, bi-stable and mono-stable, respectively. The
objectives of this thesis research are defined as follows: (1) to develop a tunable multi-
stable apparatus; (2) to identify the restoring force model for the apparatus; (3) to develop
and verify the electromechanical model of the system; (4) to compare the output

performances of the LEH, BEHs and THEs under the colored noise excitation.

1.4 Thesis Outline

The thesis is organized as follows. In Chapter 2, the dynamic model of the proposed
energy harvesting system is developed and validated. According to the measured data, the
genetic algorithm is employed to optimize the model. In Chapter 3, a description of the
piezoelectric effect is introduced. Based on that, the voltage responses for the linearized
mono-stable energy harvester under harmonic and colored noise excitation are investigated,
respectively. Further, the optimum resistance values for the different excitation conditions
are also determined. Chapter 4 and Chapter 5 investigate the output performances of the
BEHs and TEHs under the colored noise excitation, respectively. The optimum resistance
values for these two types of the energy harvesters are determined to maximize the output
power. Finally, Chapter 6 draws the main conclusions of the study and discusses future

works.



Chapter 2 Apparatus and Modeling

2.1 Configuration of the Apparatus

Figure 2.1 shows a CAD drawing of the piezoelectric energy harvester developed for
this study. The piezoelectric energy harvester consists of a cantilever beam and four
magnets. The cantilever beam is composed of a bimorph piezoelectric beam (S128-J1FR-
1808YB, Midé Corporation) and a stainless-steel beam. The free end of the beam is
attached with three cylindrical bar magnets A, B, and C. The small size magnet B is held
by a holder that is fixed on the tip of the beam and the medium size magnets A and C are
held by a holder that can move along the beam. The cantilever beam is clamped to a stand
that is fastened to a base. A large size cylindrical bar magnet D is fixed in a stand that can
slide along the base. When the cantilever beam is at its equilibrium position or undeflected,
the four magnets situate on the same vertical plane and magnets B and D are collinear. By
sliding the stand for magnet D, its distance from magnet B can be adjusted. By sliding the
holder for magnets A and C, their distance from magnet B can be adjusted. Table 1 lists

some relevant parameters of the magnets.

PTZ Magnet A Magnet B Magnet C

Magnet D

Figure 2.1 Schematic of the tunable multi-stable piezoelectric energy harvester.



Table 2.1 Parameters of the magnets

Magnet Material Diameter (mm) Length (mm)
A, C N52 12.70 25.40
B N52 7.94 7.94
D N52 25.40 25.40

Figure 2.2 illustrates the spatial positions and polarities of the four magnets where m,
mp, mc, mp are the magnetic moment vectors, Ay, By, Cy denote the center positions of
magnets A, B and C when the beam is undeformed, A, B, and C are the center positions of
magnets A, B and C when the beam is deformed, r,, represents a vector from A to D,
rpp represents a vector from B to D, and vector’s projection on the x-y plane is represented

by 7'p4xy. Note that the direction of mj is opposite to that of my, mc,and mp. The total
restoring force f_ of the system in the x-direction consists of a restoring force f, due to
the beam’s elasticity, an attractive magnetic force f,, between magnet D and magnet B
and two repulsive magnetic forces f,, between magnet D and magnet A, and f, .

between magnet D and magnet C. Since magnets A and C are identical and symmetrical

about the central line of the beam, the values of f,, and f,. are equal. Then the total

restoring force can be expressed as:

fx:fe+fDBx+fDAx+fDCx:fe+fDBx+2fD/u (2.1
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Figure 2.2 Illustration of the spatial positions and polarities of the magnets.

Figure 2.3 shows the front view of Figure 2.2, where d is the distance between magnet
D and magnet B when the beam is undeformed and / is the axial gap between the center
of magnet A or C and the center of magnet B, / is the length of the cantilever beam, and
w is the distance between the axis of magnet B and that of magnet A or C. Figure 2.4 shows

the top view of Figure 2.2 where the vectors mp, mp and rpp are indicated.

As shown in Figure 2.4, o is the angle between mp and mp, and S is the
supplementary angle between mp and rpp, x and y are the transverse and longitudinal

displacements of the center of magnet B, respectively. Since the slope of the beam’s tip is
relatively small, then it is assumed that “BOB,, = a. The relationship between x and y can

be derived from the trigonometric relationship in triangle ORB, as follow:

y=I-~I—-x° (2.2)
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Figure 2.4 Top view of the apparatus.

In this study, the magnetic dipole approach is used to calculate the magnetic force
between two magnets [67], [68]. Firstly, the magnetic force between magnet D and magnet
B is considered. According to the dipole theory, the force exerted by magnet B on D is
given by:

fos =V (Bps -my) (2.3)

where Bpp is the magnetic flux density generated by magnet D upon B which is of the

form:

m,-r,
B,y =V 2.4)
T Tnp

where rpp 1s the magnitude of rpp. It can be proved that the following operation holds:

12



m,-r | |
v D3 = :Tv(mD'rDB)+mD'rDBVT. (2.5)
Tep "pp "pp

The gradient functions Eq. (2.6) and Eq. (2.7) given below can be used to simplify the
expression in Eq. (2.5)

0/0x x/r
vilora | ta ity |0 (2.6)
orez)" " \zir
0/0x 0/ ox(x,x+y,y+zz)
V(v,-r)=|08/0y |(v,-r) =] 8/0y(x,x+y,y+22)
0/o0z 0/0z(x,x+yy+z2z)
2.7)
xl
=N =N
Z

Substituting Eq. (2.5) into Eq. (2.4) then into Eq. (2.3) yields.
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1 1
{—V(mD -rDB)+mD .rDBVTi|'mB}
B

3
rDB rD

H 1 1
__ﬁ{(mD mB)Vg-?,(mD.rDB)(,«D .mB)Vg
m,-r m.-r
3( D5 DB)V(mB rDB) 3( B5 DB)V(mD'rDB):|
"op Tpp
_H (m m ) _ 3 -3(m . )(r m ) _Sryg
4 b "B V;B p "pe J\"pp "B V[ZB
_3(m05r03)m3_3(m35'rDB)mD}
"pop Tps
_3 I~ ” ~ n ~ A A A
- /L:)Zimg [rDB(mD'mB)'SrDB(mD'rDB)(rDB'mB) 28
DB '

+mB(mD~rDB)+mD(mB-rDB)]
where mg, mp, and rgp are the magnitudes of mp, mp, and rpp, respectively, the
values of mp and mp can be represented by mzp=MpVp and mp=MpVy, where Mp

and Mp are the magnetic residual flux density and Vp and Vp are the volume of the
magnets, m B> I pand I;DB are the unit vector of mpg, mp, and rpp. These unit vectors

can be expressed as:
= [sin(a) —cos(a) 0]; m,=[0 -1 0];
foa = [-5i0(8) cos() 0],

Substituting the above unit vectors in the dot products of Eq. (2.8) yields:

2.9)

3ugmpmy - . .
= —5 —
o ppey [rDB cos(a)—5F,, cos()cos(B—a) 210,

—ti, cos(fB)—n,, cos(ﬂ—a):l.
Now the magnetic force in the x-direction can be obtained in the following form:
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3umm, ( .
frp. = ———L—L1sin( )| cos(a)—5cos(f)cos(f—a
= i) eos(a) Seos(Peosp-)]
+sin(a)c0s(ﬂ)}
From Figure 2.4, the trigonometric relationship in Eq. (2.11) can be expressed as follows:
sin(a)z%; cos(a):l_Ty (2.12)
sin(f)=—"; cos(f)=—-24 (2.13)
Tpp Tpp
cos(B—a)=cos(a)cos(B)+sin(a)sin(p)
:l—_yL_wd}if (2.14)
/ Yop Top |
_ x*—ly—ld+yd +y*
Ir,

DB

Substituting Eq. (2.12), Eq. (2.13) and Eq. (2.14) into Eq. (2.11) results in the magnet

force between magnet B and magnet D in the x-direction:

—w{l—2y—d—%[—y3+(1—2d)y2
Arrp,l "hs 2.15)

+(2d1—d2)y+d21—(y+d)x2]}.

fDBx =

Following the same process given above, the magnetic force between magnet A and

magnet D can be found to be:

S3umm,x |[-2y—d 5
fDsz Fop { ry &~ 3 I:—y3+(l—2d0)y2

Dixy "Daxy (2.16)
+(2d01—doz)y+d021—(y+do)x2]}
where dy=d+h.
The restoring force due to the beam’s elasticity is assumed to be linear as follows:
f,=kx (2.17)

where £, is the stiffness of the beam which can easily be determined experimentally.

Substituting Eq. (2.15), Eq. (2.16) and Eq. (2.17) into Eq. (2.1) yields the analytical
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model of the total restoring force f :

f.=kx
3u,mymyx 5 3 2 2 2 2
_ Zﬂ—%BlB {l_zy—d—g[—y +(1-2d)y* +(2dl-d )y +d’l - (y+d)x ]}
+6y0mD4mAx{l—2y—d0 3 35 [—y3+(l—2d0)y2+(2dol—d02)y+d021—(y+d0)x2}}
47Z'VDAZ rDAxy rDAxy

(2.18)
Note that the last two terms on the right-hand side of the above equation depend on the
variables d and /. By tuning these two variables, three states of stability can be achieved,
namely mono-stable, bi-stable, and tri-stable. In what follows, a model validation is

conducted.

2.2 Validation of the Model for the Restoring Force

In this section, the restoring forces are experimentally identified in order to validate the
model given by Eq. (2.18). Firstly, the restoring force of the beam is experimentally
determined. Secondly, the total restoring forces that correspond to several combinations of
d and h are identified by using the restoring force surface method. The identified restoring
forces are compared with those from Eq. (2.18). Thirdly, an optimization is conducted to

determine the best values for the magnitudes of the magnetic vectors.

2.2.1 Identification of the Restoring Force of the Beam.

As it was mentioned previously, the stiffness 4, can be obtained from the relationship
between the restoring force f, and transverse displacement x. To measure this restoring
force, an experimental setup illustrated in Figure 2.5 is developed. As shown in Figure 2.5
(a), an electric dynamometer (RC Benchmark series 1520 thrust stand) is used to exert a

force against the free end of the cantilever beam through a probe which is a long steel rod.

A laser reflex (RF) sensor (CP24MHT80, Wenglor) is used to measure the deflection of the

16



beam due to the applied force. By increasing the deflection incrementally, the relationship

between the force measured by the dynamometer and the deflection measured by the RF
sensor can be established.
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Figure 2.5 Experimental setup for measuring the restoring force of the cantilever beam: (a)

schematic of the setup; (b) photo of the setup.
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Figure 2.6 The measured restoring force of the cantilever beam.

Figure 2.6 shows the relationship between the restoring force and displacement. As a

result, the linear elastic stiffness can be presented by the slop of the fitted curve, which is
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founded to be k,=47.39 N/m.

The natural frequency of the cantilever beam with the assembly of the three magnets
can be determined experimentally. By tapping the beam gently, a free response is induced.
By applying the Fast Fourier Transform to the measured free responses, the frequency of

the response is found to be f =3.72 Hz. The mass of the magnet assembly can be estimated
by the following equation.
k
m=—="—
2zf,)

=0.086 kg (2.19)

2.2.2 The Total Restoring Force Surfaces

To validate the magnetic forces determined by the dipole theory, some of the
researchers directly used a digital force gauge to measure the restoring forces [69], [70].
However, the validity of these results is questionable as the measurements were conducted
statically. In this study, the restoring force surface method [71] is employed to determine
the restoring forces dynamically. Figure 2.7 (a) shows a photo of the experimental setup.
The apparatus is mounted on a slipping table that is driven by a shaker (2809, Briiel &
Kjar) through a stinger. The shaker is driven by an amplifier (2718, Briiel & Kjar). Two
RF sensors (CP24MHT80, Wenglor) are used to measure the transverse displacement of
the beam’s tip and the base’s displacement, respectively. A computer equipped with the
dSPACE dS1104 data acquisition board is used to collect the sensors’ data and send voltage
signal to the power amplifier to drive the shaker. The control program is developed by
using the Matlab Simulink which is interfaced with dSPACE Controldesk Desktop

software.
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Figure 2.7 (a) Photo of the experimental setup, (b) Schematic of the model for the experimental
setup.

Figure 2.7 (b) shows a schematic of the model that represents the experimental setup
where x; is the base’s displacement and x is the displacement of the cantilever beam’s
tip relative to the base, m represents the mass of the assembly of the three magnets, c¢ is
the damping coefficient, and £, represents the combined spring of the system. The

equation of motion of this setup is given by:

m(%, +%)+ci+ f(x)=0 (2.20)
where f{x) denotes the restoring force of the combined spring. Equation (2.20) can be

rewritten as:

F(x,x)= —m(¥+%,) (2.21)

A 3-dimensional plot of F(x,x) verse the phase plane of x and x is referred to as the
restoring force surface plot. After the displacements of the base and the beam’s tip are
measured by the RF sensors, their derivatives can be obtained by numerical differentiation.
Therefore, the restoring force surface can be established. The excitation signal should be
selected to ensure a good coverage in the phase plane. A harmonic function with a slowly

modulated amplitude is chosen to drive the shaker. The voltage signal sent to the shaker
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amplifier is of the form:
v="V cos(0.017¢)-cos (27 ft) (2.22)

where V and fare the amplitude and frequency of the exciting signal, respectively. The
amplitude of the exciting signal is chosen to be 0.5 mV and the exciting frequency is chosen

from the range of 3.5 Hz to 5 Hz by trial and error.

Figures 2.8 to 2.11 show the identified restoring force surface plots for four different
combinations: case (1)=0.0407 m, £=0.0187 m; case (II) d=0.0367 m, /=0.0157 m; case
(IIT) d=0.0407 m, h=0.0157 m, case (IV) d=0.0507 m, #=0.0187 m.
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Figure2.8 Restoring force surface for the apparatus of case (I).
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Figure 2.9 Restoring force surface for the apparatus of case (II).
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Figure 2.10 Restoring force surface for the apparatus of case (III).
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Figure 2.11 Restoring force surface for the apparatus of case (IV).

2.2.3 Comparison of the Results

Taking the section at X = 0 of the restoring force surface plot results in the restoring
force or f{x) = F(x,0). The circles in Figure 2.12 are the results from Figures 2.8 to 2.11,
respectively. The solid lines in Figure 2.12 are the analytical results based on Eq. (2.18).

The parameter values used to determine the analytical results are given in Table 2.2.
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Table 2.2 The parameter values used to determine the analytical restoring forces.

Parameters
Symbol
Name Value
X, Vacuum permeability 4mx107
mp (H.m/T) Magnitude of the magnetic moment vector of magnet D 14.953
mg (H.m/T) Magnitude of the magnetic moment vector of magnet B 0.456
my, me (H.m/T) Magnitudes of the magnetic moment vectors of magnet A and C 3.738
ky, (N/m) Stiffness of the cantilever beam 47.39
[ (m) Length of the cantilever beam 0.12
m (kg) Mass of the system 0.086
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Figure 2.12 Comparison of the experimental results (red circle) and the analytical results (blue

solid line) for the total restoring forces: (a) case (I); (b) case (II); (c) case (III); (d) case (IV).

In the experiments, the four cases’ combinations of the tuning parameters d and #, are
chosen so that the four different states of stability are obtained, i.e., (I) tri-stable, (II)
transition from tri-stable to bi-stable, (III) bi-stable, and (IV) mono-stable. Comparison of
the experimental results and the analytical results clearly shows that the analytical model
fails to predict the first two cases and can give a satisfactory agreement for the second two
cases. A possible explanation for this discrepancy is that the magnetic dipole approach
idealizes the magnet as a point in the space. Therefore, the model becomes more accurate
when the distance between the two magnets is large enough with respect to the dimensions
of the magnets. Another reason is that the dipole model underestimates the attractive force
between magnet B and magnet D when the distance between them is small. This can be
easily observed from Figure 2.13 (a) and (b) that the effect of magnet B that contributes to

the attractive force is insignificant. Besides, the most important difference is that the
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analytical results are based on a static model while the experimental results are obtained

dynamically.

2.3 Optimization of the Dipole Model

As pointed out above, the dipole model cannot accurately predict the restoring forces
when the system assumes a tri-stable state. In this section, parameter optimization is carried
out to improve the accuracy of the model. An examination of the dipole model shows that
the magnitudes of magnetic vectors and the spatial relation for each magnet pair are crucial
for determining the final result. Obviously, for a specific system setup, the geometric
relationship, including the directions of the magnetic vectors and relative positions are
easily measured. Hence, the magnitudes (m,, mp, mp) of the magnetic vectors are chosen
to be the parameters to be optimized. For this purpose, an objective function is defined as

follow:

J(mA,mB,mD):\/%Z(fe(xi)—fa(xi))z (2.23)

i=1
where f,(x;) is the measured restoring force, f,(x;) is the analytical restoring force, and
N is the number of the data. An optimization problem can be formulated as follow: find

the best values of m,, mp, mp so that the objective function J is minimized.

2.3.1 Genetic Algorithm

The genetic algorithm is a well known nonlinear optimization method based on a
natural selection process that emulates biological evolution. For each generation, it will
search parallel from a whole population of points. Therefore, it can avoid the situation that
being trapped in local optimal solution like traditional methods, which search from a single
point. Figure 2.13 gives the flowchart of the genetic algorithm. In the first step, the initial
ranges of the parameters and stopping criteria need to be specified. And the population size
also needs to be set. This number determines how many individuals will be randomly

selected from the current population and uses them as parents to produce the children for
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the next generation. If the population size is big enough to cover all the search domain, it
certainly has more chances to find the global minimum point, but the price is a longer

computation time.

After the initialization process, the individuals of the first population are randomly
generated within the specified ranges. Each of the individuals of the first generation is used
in Eq. (2.18) to evaluate the corresponding analytical restoring forces. Then the analytical
restoring forces and the measured ones are used in Eq. (2.23) to determine the objective
function or the fitness value J(n) of this individual. Once the fitness value of the population
has been obtained and if at least 50 generations of offspring have been created, the
following criteria would be checked to determine whether the program should continue or

not.
® The smallest fitness value is smaller than the convergence tolerance A.

® The average change in the smallest fitness value over the last 50 generations is less

than the threshold 1, where the average change J(n) is defined as:

n

) > [J-JGi-D)]
J(n) === (n>50) (2.24)
50 > J(i)

i=n—49

® The generation index exceeds the maximum number of the generation N,,,,.

If any one of the above stopping conditions is fulfilled, the optimization will stop, and
the individual corresponding to the smallest fitness value is chosen to be the optimum result.
Otherwise, a portion of the generation is selected through a fitness-based process where
fitter individuals are chosen. Then individuals of the next generation’s population are
generated through a combination of genetic operators: crossover and mutation, which

guarantee the diversity of the offspring’s chromosomes. Then the process repeats.
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Figure 2.13 Flowchart of the genetic algorithm optimization.

2.3.2 Implementation and Results

In this study, the Matlab genetic algorithm optimization toolbox is used to solve the
optimization problem. The optimization results in four sets of the best combination of the
magnetic vector’s amplitudes (m,, mp, mp) from the four different states of the system.
After that, the one that has the smallest fitness value will be chosen as the optimal

parameters.

In the initialization process, the initial ranges could be approximately estimated
according to the experience. In this case, the ranges of values are chosen as 1.5<m,<6.5,
0.1<mp<0.8, 6.0<mp=<26.7. The convergence tolerance and the threshold of the average
change of the function value are chosen to be 0.01 and 1x107°, respectively. The maximum

number of generation index is set to be 300, and the population size of 1000 is used.
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The experimental data for the four cases are used in the fitness calculation. And the
program will run four times to find four sets of the optimum parameters. For example, in
the optimization process which uses case (I)’s data as the training data, each of the
individuals of the generation and the specific combination of d and 4 which makes the
system exhibit tri-stable state is substituted in Eq. (2.18) to determine the corresponding
analytical restoring forces. And then, substituting the obtained analytical restoring forces
and the measured data of case (I) into Eq. (2.23) and the fitness value will be calculated.
By checking the three stopping criteria, the loop will either keep running or stop and output
the best individual. As shown in Figure 2.14, the optimization program stopped at the 51
epoch, because the average change of the best fitness value is less than the threshold value,
and the final fitness value is J;=0.037. By using the combination of the magnetic vectors’
amplitude which obtained from the optimization of the case (I), the fitness values for the
other three cases can also be calculated based on Eq. (2.18) and Eq. (2.23). As shown in
the first row of Table 2.2, the calculated fitness value for the experimental data of case (II),

case (III) and case (IV) is defined as J,, J;, and J,, respectively. The average fitness can

be represented by J , who has the form of:

4
J==>, (2.25)
i=1

=

After implementing the genetic algorithm to the four cases, the four sets of the optimum
magnitudes of the magnetic vectors and their average fitness values can be found, which

are presented in Table 2.2.
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Figure 2.14 fitness value of each generation, blue circles, are the best fitness values and the black

circles are the mean fitness values.

Table 2.2 The optimum values of the magnitudes of the magnetic moment vectors.

J(N)

Training mp mp my, mc —

J(N)
data | (H.m/T) | (H.m/T) HT) |y s |
Case (I) | 25.768 | 0.686 3.414 0.037 | 0.309 | 0.208 | 0.060 | 0.154
Case (II) | 19.467 | 0.637 3.505 0.188 | 0.104 | 0.107 | 0.082 | 0.120
Case (IIT) | 20.305 | 0.804 3.848 0.158 | 0.159 | 0.068 | 0.045 | 0.108
Case (IV) | 18.000 | 0.830 4301 0.114 | 0.162 | 0.091 | 0.031 | 0.099

As shown in the last column of Table 2.2, the optimization with case (IV)’s data results
in the lowest average fitness value, indicating that this set of the optimum magnitudes gives
the best fit between the analytical model and the measured data for all four cases.
Comparison of the optimized magnitudes in Table 2.2 and the original values given in Table

2.1 indicates that the original values underestimate the strengths of all four magnets.
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Among them, magnet B sees the largest increase (82.0%) in magnitude. That explains why
the analytical model yields significant discrepancy in cases (I) and (II) because magnet B

plays a critical role in generating the tri-stable state behaviours.

Figure 2.15 compares the measured values and the analytical values predicted by Eq.
(2.18) with the optimum results from the case (IV). Now the model is able to predict the
overall trend for each of the four cases, although there are some discrepancies in the
magnitudes for the tri-stable system (case (I)) and the bi-stable system (case (III)). Figure

2.16 shows the potential energies of the four cases using the optimum results of case (IV).
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Figure 2.15 The optimized analytical results of the restoring force verse the transverse
displacement for four different tuning distances, red circle for the measured data and blue solid line

for the calculated result: (a) case (I); (b) case (II); (c) case (III); (d) case (IV).
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Figure 2.16 Potential energies of the four cases.

2.4 Stability State Region

In what follows, the optimum results from case (IV) are used to investigate the
relationship between the stability states and the tuning parameters d and 4. Figure 2.17
shows the so-called stability state region for the apparatus. The following observations can
be made. Firstly, the system exhibits a bi-stable state if /4 is below a certain value and d
varies from 0.027 m to 0.069 m. Secondly, the system assumes a tri-stable state if d is
below a certain value and % varies from 0.01 m to 0.027 m. Thirdly, to achieve a mono-
stable state, one can either use a large d value with a small 4 value or a large 4 value
with a small d value. Fourthly, when d >0.07 m and /> 0.027 m, the system can only

assume a mon-stable state.
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Figure 2.17 Stability state region.

As illustrated in Figure 2.18, three points are selected in each of the three regions to
represent the depth of the potential wells: strong (S), medium (M), and weak (W),
respectively. Figure 2.18 shows the potential energies of three tri-stable states: S (4=0.03 m,
h=0.0187 m); M (d=0.035 m, £=0.0187 m); W (d=0.0407 m, ~=0.0187). It can be seen
that by fixing 4, the shapes of the potential wells can be altered by varying d. Increasing
d results in shallower wells and lower barriers. Figure 2.19 gives the potential energies of
three bi-stable states: S (4=0.0407m, #=0.01 m); M (d=0.0407 m, /=0.013 m); W
(d=0.0407 m, #=0.0157 m). It can be seen that by fixing d, the potential barrier can be
lowered by increasing /4. Figure 2.20 shows the potential energies of three mono-stable
states: S ( d=0.045m, ~h=0.027m ); M ( d=0.045m, h=0.022m ); W
(d=0.045 m, /=0.0187 m).

For a strong or medium strength type of energy harvester, it will need a significant input
excitation to make the system pass through the whole trajectory. Therefore, it is hard to

accomplish an experimental validation. In the next chapter, the energy harvesting

performances of three weak strength energy harvesters will be investigated.
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Figure 2.18 Potential energies of three different strengths: the strong, medium and weak tri-stable
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states.
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2.5 Conclusions

In this chapter, a full description of the proposed apparatus is presented. An analytical
model for the restoring force due to the magnetic interaction is developed by using the
magnetic dipole approach. After that, the numerical simulation is conducted to show how
the stability states can be altered. Then, an experimental validation is carried out. Finally,
the genetic algorithm is used to optimize the analytical model based on the measured
restoring forces. As a result, the optimized model is much accurate than the original one.
Based on the optimized model, the relationship between the stability states and the tuning
parameters d and / is obtained from a great number of simulation tests. Accordingly, the
stable state region has been generated. Base on the dynamic model, the electromechanical

model of the system will be developed in the following chapter.
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Chapter 3 Piezoelectric Vibration Energy Harvester Model

The previous chapter investigated the dynamic characteristics of the developed energy
harvester and founded that the system can exhibit three different states by tuning the two
configuration parameters d and 4. In this chapter, a full description of the piezoelectric
material will be introduced. After that, the electromechanical model of the piezoelectric
energy harvester will be investigated in order to explore the energy harvesting output

performance for each state.

3.1 The Piezoelectric Phenomenon

Piezoelectricity is a property of some dielectric materials which can generate electric
charges when they are subjected to mechanical deformation, or conversely, can produce a
physical deformation when they are in the presence of an electric field. Today, a variety of
piezoelectric materials have been found, including some natural crystal, human-made
crystal, piezoelectric ceramic and even wood and silk [72]. The most commonly used
piezoelectric material today is lead zirconate titanate (PZT), which has been chosen as the

material of the energy harvesting element in this study.

Piezoelectricity is caused by the movement of electron clouds relative to their atomic
centers. This process is also called spontaneous polarization. Such a character only can be
found in some asymmetrical crystal structures. For example, the lead zirconate titanate has
a different configuration in different temperatures. As shown in Figure 3.1, when the
environment temperature is higher than the PZT’s Curie temperature (about 200°C), the
crystal will present a cubic configuration. In other words, it won’t show any dipole or
piezoelectrical character. However, below the Curie temperature, the positive ions will
move a distance, and such a tetragonal structure can also gain the crystal a dipole moment.
It should be noticed that the poling field of a crystal cell is from the positive dipole to the
negative one, and the fields are randomly arrayed in the domain of crystals. In this case,
the overall effect of a bulk of natural PZT crystal won’t show any piezoelectric character.
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Only if the material exhibits macroscopic polarization character, it could achieve a decent

piezoelectric performance [73].

® Pbh2*

O o0*

° Ti4+ i Zr4+

Figure 3.1 The cubic (outside) and tetragonal (inside) structures of the lead zirconate titanate
(PZT) crystal.

Macroscopic polarization can be achieved by applying a strong electric field (about 2
KV/mm) to the piezoelectric material. As shown in Figure 3.2(a), the polar domains of the
PZT crystal cells are randomly orientated before polarizing. As illustrated in Figure 3.2(b),
almost all the polar domains are turned in the same direction after polarization. During the
polarization process, PZT material in the orientation of poling field will be permanently
extended. The effort of polarization is permanent, only when the temperature of the
enviorment is higher than Curie temperature or applying another strong electric field that

has the orientation is opposite to the original polar direction.
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Figure 3.2 (a) The domains of PZT material before polarization; (b) The domains of PZT material

after polarization.?

Figure 3.3 (a) shows that the PZT bulk would maintain electrical neutrality if there are
no forces exert on it. As shown in Figure 3.3 (b), when a tension force is exerted on the
polar axis, the crystal will create an electric field £ that opposites to the original polar
direction, and tends to compress the bulk against the applied tension force. Similarly, as
demonstrated in Figure 3.3 (c), when the material is being compressed, the electric field
will be generated against the compression, and the orientation of it is parallel to the polar

direction.

2 https://piezo.com/pages/piezoelectric-transducers-abstract
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Figure 3.3 Electric fields caused by different types of physical deformation: (a) unloaded; (b)

loaded by tension force; (c) loaded by compressive force.
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Figure 3.4 Three axes of a rectangular piezoceramic bulk.?

3 https://piezo.com/pages/piezoelectric-transducers-abstract
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As shown in Figure 3.4, three axes are used to define the piezoceramic material: x5 is
aligned along the polar axis, x; and x, are called the transverse axis. This coordinate
system will facilitate the analysis process of the electrical and mechanical behaviours of

the PZT ceramic material.

There are two main operation modes of the piezoelectric energy harvester: the ds3
mode and the d3; mode. The difference between them is the directions of the poling field
and the applied force. In the d;3; mode, the direction of the applied force is parallel to the
polarization direction, while in the d5; mode, they are perpendicular to each other. Figure
3.3 shows the case of the d3; mode. Figure 3.5 shows a bending beam structure energy
harvester works in the d3; operation mode. As shown in Figure 3.5 (b), the PZT material
is fixed on the substrate structure, and the output voltage is zero when there is no
deformation of it. When the beam is subjected to an upward bending, which has shown in
Figure 3.5 (a), the direction of the generated electric field will opposite to the poling field
due to the PZT layer being compressed alone the x; axis. Similarly, when the beam is
subjected to a downward bending, as illustrated in Figure 3.5 (c), the generated electric
field and the poling field will have the same direction due to the PZT layer being stretched

along the x; axis.
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Figure 3.5 Piezoelectric energy harvester operates in the d3; mode: (a) upward bending situation;

(b) unloaded situation; (c) downward bending situation.

3.2 Modeling of the Cantilevered Piezoelectric Energy Harvester

In this section, the dynamic model of the uni-morph cantilevered piezoelectric energy

harvester will be developed.

BaseI

il Ry e ‘I._E ________ _I.P ________ Al L Tip mass I

substrate

X3

Xq

Figure 3.6 1-D model of the uni-morph cantilevered piezoelectric energy harvester.
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As shown in Figure 3.6, a 1-D piezoelectric energy harvester is subjected to a base
vibration, where R; and R, in the circuit are load resistance and leakage resistance,

respectively. The electrodes in the figure are illustrated by two black rectangular, and the

thickness of it can be neglected in this circumstance.

The analytical model of the cantilevered piezoelectric energy harvester can be derived
by using the energy method. Based on the Hamilton principle, the variational indicator (V1)

should always be zero through the Lagrange function [74]:

V1=T[5(1;—U)+5W]dr=o 3.1)

i
where T is the system's kinetic energy, U is the potential energy of the system, and W
is the external work done on the system by the base excitation. Basically, there are two
things that really matter in energy harvesting: the input force and output electricity, and

the relationship of them could be obtained by the following constitutive equation [75]:

S B k- || T
ol7le o |5 3.2)

where 7, D, S, E represent the matrix of stress, charge density, strain and electric field,

respectively, ¢ is the compliance of the material under an electric field, &5 signifies the
permittivity of the material, and e is the piezoelectric constant, which represents the
relationship between the strain and charge density. Since the cantilevered piezoelectric
energy harvester operates at mode ds;, Then Eq. (3.2) can be expanded into two equations

that are shown as below:
I, = CES] —ey, E; (3.3)
D, =e,S, +&°E,. (3.4)

It is helpful to point out that the subscript 1 indicates that the direction of T and S is
parallel to the x; axis and the subscript 3 indicates that the direction of D and E is along

the x3 axis. Thus the constant e3; indicates that the direction of the charge movement is
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parallel to the x; axis and the direction of generated stress is along the x; axis [76]. In
addition, since the constant e3; is unavailable sometimes, it also can be expressed by a

more commonly used constant dz; as [77]:

e, =dyc” (3.5)

According to the Euler-Bernoulli beam theory and the Rayleigh-Ritz method [78], the
dynamic model of the linear energy harvester (LEH) can be obtained. And it also can be
considered as an equation of motion for a mechanical dynamic equation of a 1-D spring-

mass system that can be rewritten as [69], [79], [80]:

mz +cz+kz+6v=—mw, (3.6)

\% . .
—+C,p=02=0 (3.7)

1

where m, ¢, k are the equivalent mass, equivalent damping coefficient and equivalent
stiffness, respectively, € is the equivalent electromechanical coupling coefficient, z and
wy, are the tip displacement relative to the base and the base displacement, respectively, R;

is the load resistance, and Cp is the capacitance of the piezoelectric element which has the

value of 100x10™ F obtained from the datasheet of the piezoelectric bending transducer

( MIDE S128-J1FR-1808YB) that is used in this study.

3.3 Identification of the System Parameters of the LEH

3.3.1 Damping Coefficient Identification

Eq. (3.6) and Eq. (3.7) describe the dynamic model of an LEH system. As shown in
Eq. (3.6), ¢ is the equivalent damping coefficient which can be calculated by the
following equation:

c=2lw,m, (3.9)
where ®,=2m(3.8)=23.88 rad/s is the natural frequency of the system, and { is the
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damping ratio that can be experimentally determined by using the logarithmic decrement
method [81]. By measuring the free response of the system and capturing all the peak

values, the damping ratio can be obtained as follows:

52111{&]
n \x(t+nT)
_ )

(=
Jar? +6° (3.10)

where x(7) is the first peak value of the free response, and x(#+n7T) is the peak value after

(3.9)

n successive periods. As shown in Figure 3.7, a typical free response of the system is
obtained experimentally, and the peak values have been marked with a series of red circles.
After the damping ratio has been calculated, the damping coefficient can be derived from

Eq. (3.8) and listed in Table 3.1.
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Figure 3.7 Free response of the LEH (blue line). And the peak values of the free-response (red

circle).

43



3.3.2 Identification of the Electromechanical Coefficient

The electromechanical coefficient § can be determined experimentally. The open-
circuit voltage of the LEH and the relative beam’s tip displacement data are measured to

calculate the approximate value of 6. As shown in Eq. (3.7), the term of v/R, can be

eliminated when the circuit is open or R, =. Then, Eq. (3.7) becomes:

V:C—Z
p (3.11)

Take the integral for both sides, and it will become:

v:Ciz+C
p (3.12)

where C is zero if the hysteresis is neglected. As shown in Figure 3.8, the blue ellipses
represent the measured open-circuit voltage data verse displacement of the tip mass, and

the red line is the result that fits the measured voltage data using the first-order polynomial,

which gives 6/C, = 1.88x10°. Since the value of Cp is already known as 100x10® F

then 6 can be obtained as 1.88x10°* N/V. Table 3.1 summarizes all the values of

parameters.
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Figure 3.8 Piezoelectric energy harvester voltage output vs relative beam displacement.
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Table 3.1 Parameters of the energy harvester system.

Parameters

Symbol

Name Value
m (kg) Equivalent mass of the system 0.086
¢ (Ns/m) Damping coefficient 0.0668
k (N/m) Stiffness coefficient 47.39
6 (N/V) Electromechanical Coefficient 1.88x10™
Cp (F) Capacitance of the piezoelectric beam 100x10~

3.4 Experimental Validation

Since the electromechanical model of the energy harvest system has been developed, a
simulation for the voltage response under the harmonic excitation can be performed using
the MATLAB software to validate the accuracy of the model. The acceleration of the

harmonic base motion is chosen as:
w,=Asin (27 f )t (3.13)

where A4 is the amplitude of the acceleration which is chosen to be 0.068 m/s?, f is the
exciting frequency that varies from 3 Hz to 5 Hz. In the simulation, the frequency is
increased by 0.2 Hz each iteration. By solving Eq. (3.6) and Eq. (3.7) with zero initial
conditions using the MATLAB ODE45 solver, the relative displacement and the open-
circuit voltage response can be obtained. For the sake of comparison, the root-mean-square

(RMS) value is used to represent the overall value of a set of voltage signals.

The experiment platform is the same one that was mentioned in Section 2.2.2. The input
voltage signals sent to the shaker amplifier has the form of:
v, =V, sin(2z f)t (3.14)
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where V, is the amplitude of the input voltage. In order to maintain the constant
acceleration of 4=0.068 m/s?, an experiment is conducted to determine V, for each of
the exciting frequencies, and Table 3.2 lists all the results. To capture the open-circuit
voltage, the DS1104 data acquisition board’s input terminals are connected directly to the

leads of the piezoelectric energy harvester.

Table 3.2 Amplitude of the input voltage signal for experimental validation.

f (Hz) 3 3.2 34 3.6 3.65 3.7 3.72 3.75 3.77

V,(V) | 0.146 | 0.128 | 0.114 | 0.101 | 0.098 | 0.095 | 0.094 | 0.093 | 0.092

f (Hz) 3.8 3.9 4 4.2 4.4 4.6 4.8 5

V,(V) | 0.091 | 0.086 | 0.082 | 0.074 | 0.067 | 0.062 | 0.056 | 0.052

simulated result

—e&—measured data

(%] = wn

voltage RMS (V)
[ o]

frequency (Hz)

Figure 3.9 Voltage responses of the LEH under the different harmonic excitations: simulation

results (blue solid line); measured data (red circles).

As shown in Figure 3.9, both the simulation voltage and the measured voltage reach

the peak value at 3.75 Hz because of the resonance phenomenon. And the simulation results
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based on the electromechanical model are in a good agreement with the experimental

results.

To sum up, the comparison of the simulation results and the measured voltage of the
LEH responses to a low amplitude base motion verifies that the electromechanical model
is accurate. However, instead of the voltage value, the output power P is the common term
used to estimate the efficiency of the system. It has the form of:

V2

P =R 3.15
R (3.15)

In order to maximize the power output, the optimum resistance should be obtained at first.
In the next section, the system’s optimum resistance under the harmonic excitation and

colored noise excitation will be determined.

3.5 Optimum Resistance for the LEH

3.5.1 Optimum Resistance of the LEH under Harmonic Excitation

The analytical method can be used to define the optimum resistance of an LEH under
harmonic excitation. By applying the Fourier transform to Eq. (3.6) and Eq. (3.7), the

motion equations can be rewritten in the frequency domain:

-ma’Z(0)+ jocZ (o) +kZ (w)+ 0V (0)=m’oW, (o) (3.16)

110 ¢, joz(0)-bjoz(a)=0 G.17)

1

where @ 1is the angular exciting frequency and j is the imaginary number which equals

to v-1. And based on Eq. (3.17), the expression of ¥(w) can be found as:

_ 0Z(w) jo

V(@)

(3.18)
C ja)+L
p R]

Substituting Eq. (3.18) to Eq. (3.16) yields:
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Z(0)= RUAC)) (3.19)

92
(k-mar)s|er— 0| jo
cC,jo+—
pJ R

Then substituting Eq. (3.19) into Eq. (3.18), the expression of the voltage can be obtained.

Hence the expression of the maximum output power is given by

m*@* o'W} (o)

B 2 2 2
2Rl[[k ;;na) —(cCPa)z)J +£kCP—mCPa)2+92+;] a)z}

(3.20)

1

where V(w) is the amplitude of the steady-state response of load voltage signal which
respects to a specific excitation frequency. It should be noticed that the RMS value of a
sinusoidal voltage signal is 1/4/2 of the peak value. To maximize the output power, the
denominator of Eq. (3.20) should assume the minimum. Let the denominator part be a

function g:

1 1

2 2 2
g(R)=R, Kk ;”") ~(cCpe0? )J +(ch ~mC,0” +6° +1%) af} (3.21)
To minimize the function g(R)), let the derivative of g(R;) with respectto R; be zero:

dg (Rz)
dR,

=0 (3.22)

Then the optimum resistance can be found as:

(k—ma)2 )2 +0*c?
ot = - (3.23)
o’ [(kCP -mw’C, +¢92) +czCP2w2J

Because the electromechanical coefficient 6 is relatively small, hence it can be

neglected. Hence, Eq. (3.23) can be simplified as:
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_ (3.24)

" Wl
On the other hand, based on the impedance matching principle[82], an energy harvesting
system will output the maximum power when the load resistance equals to the internal
impedance of the energy harvester. Since the piezoelectric element can be seen as a pure
capacitor in the energy harvesting system, the value of the equivalent capacitive impedance

Xc can be expressed as:

1
X =—_ 3.25
e (3.25)

which has the same form as the simplified optimum resistance as shown in Eq. (3.24). The
analytical results of the optimum resistance of the LEH under the 4 Hz, 5 Hz, and 6 Hz
harmonic excitations given by Eq. (3.24) and the corresponding maximum output powers
by using Eq. (3.20) are listed in Table 3.2. To verify those analytical results, a series of

simulations and experiments have been conducted.

In the simulation, The load resistance varies from 10 KQ to 1 MQ, in an increment of
50 KQ. The acceleration of input signal has the form as Eq. (3.13), to ensure the voltage
can reach a sufficient value when the load resistance is small, the amplitude of acceleration
A 1is chosen to be 0.75 m/s?, f is the frequency of the base excitations which are set to be
4 Hz, 5 Hz, and 6 Hz, respectively. By solving Eq. (3.6) and Eq. (3.7) with the zero initial
conditions in the period of 7=60 s using the MATLAB ODE45 solver, the steady-state
responses of the relative displacements and load voltages can be obtained. Based on the

RMS values of the voltage signals, the output powers can be calculated by using Eq. (3.15).

In addition, for the sake of comparison, the experimental validations are conducted as
well. The input voltage signals have the same form as shown in Eq. (3.14). To maintain
the amplitude of acceleration of the excitation 4=0.75 m/s?, the amplitude of the input
voltage signal V, has been chosenas 0.916 V, 0.610 V,and 0.381 V for4 Hz, 5 Hz and
6 Hz harmonic excitations, respectively. Base on the RMS values of the response voltage
signals, the output power under the specific excitation frequency and load resistance can

be derived by using Eq. (3.15).
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The results of the simulations and experiments under the 4 Hz, 5 Hz and 6 Hz harmonic
excitations are shown in Figure 3.10 (a), (b) and (c). The optimum resistance values
obtained by the analytical method, the simulation method and the experiment method are
listed in Table 3.3. the peak values of output powers under different frequency harmonic

excitations are also listed.
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Figure 3.10 Relationships between the output powers and load resistances under different

frequency harmonic excitations: (a) under the excitation of 4 Hz; (b) under the excitation of 5 Hz; (¢)

under the excitation of 6 Hz.
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Table 3.3 Optimum resistances under different frequency harmonic excitations obtained by various

methods.
Analytical result Simulation result Experimental result
Rope Pax Rope Pax Rope Pa
(KQ) (HW) (KQ) (W) (KQ) (HW)
4 Hz 397 174.56 410 165.6 400 220.6
5Hz 318 8.97 310 8.86 320 11.51
6 Hz 265 2.21 260 2.12 250 2.86

As shown in Table 3.3, there is only a small difference between the values of R,
derived from the analytical method, those from simulations and those from the
experiments. For instance, Under the 4 Hz harmonic excitation, the simulation and
experimental results have a 3.2% and 0.7% difference from the analytical result,
respectively. For the 5 Hz excitation, the simulation result is lower than the analytical
result with a 2.5% deviation, and the experimental result is 0.6% higher than the

analytical result. And for the 6 Hz case, the differences are 1.8% and 5.6%, respectively.

Besides, it also could be found in Table 3.3 that the discrepancy between the
maximum output powers P, obtained from the analytical method and simulations are
fairly small. And the differences between the analytical results and experimental results
are 26.3%, 28.3 % and 29.4% under 4 Hz, 5 Hz and 6 Hz harmonic excitations,
respectively. And the differences between the simulation results and experimental results
are 33.2%, 29.9% and 29.4%, respectively. As the result of the resonance phenomenon,
the output power under the 4 Hz excitation is significantly higher than that under the 5 Hz

and 6 Hz excitations due to the resonance.
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In conclusion, for an LEH, the optimum resistance value will decrease as the
excitation frequency increases. And the system will reach the highest output power when

the frequency of the harmonic excitation is close to the natural frequency of the system.

3.5.2 Optimum Resistance of LEH under the Colored Noise

Excitation.

In general, an energy harvester works in an environment that has random ambient
vibration. Hence, a discussion of the LEH under random excitation is necessary. Therefore,
a series of simulations have been conducted to investigate the optimum resistance and

output performance of the system, and the experimental results have also been presented.

The simulation is based on the electromechanical model given by Eq. (3.6) and Eq.
(3.7). The parameters in these equations are listed in Table 3.1. The input signal W, (?) is
the colored noise signal which can be obtained from a white Gaussian noise passing
through a 20" order bandpass filter, and the lower and higher cut-off frequency has been
chosen as 3 Hz and 20 Hz, respectively. The random excitation can be divided into three
different levels: low-level excitation (S =0.205 g), medium-level excitation (S =1.115 g),
and high-level excitation (S =1.569 g) where S represents the integral of power spectrum

density (PSD) of the colored random acceleration.

According to Eq. (3.24), to define the optimum resistance for an LEH, the dominant
frequency of the voltage response should be obtained at first. As mentioned in [83], when
an LEH that is subjected to the random excitation, The peak value of the PSD of response
voltage corresponds to the system’s resonance frequency. It indicates that the dominant
frequency of the system’s response equals to the resonance frequency. As a verification,
three sets of simulations for different levels of random input excitations with zero initial
conditions have been conducted. The corresponding output open-circuit voltage and the

power spectrum are shown in Figure 3.11.
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Figure 3.11 The time response and power spectrum of the open-circuit voltage of LEH under the
colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

As shown in the upper plots of Figure 3.11 (a), (b) and (c), the output voltage grows as
the excitation level increases. As illustrated in the lower figure of Figures 3.11 (a), (b) and
(¢), the dominant frequency for all of the three cases is at 3.79 Hz, which is very close to
the resonance frequency. Hence, the optimum resistance can be obtained from the

numerical method by using Eq. (3.24), which is 419 KQ.

To investigate the calculated optimum resistance, a series of simulations have been
conducted. In the simulation, the load resistance varies from 10 KQ to 1 MQ, in an

increment of 50 KQ. By solving Eq. (3.6) and Eq. (3.7) with zero initial conditions using
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the MATLAB ODEA45 solver, the relative displacements and the load voltage responses can
be obtained. And the output powers can be calculated by using Eq. (3.15). In order to
reduce the fluctuation of the output power, ten simulations have been conducted for each
resistance value, and the average output power has been chosen as the final result. As
shown in Figure 3.12 (a), (b) and (c) that give the maximum, average, and minimum values,
the values of the optimum resistance are both at 410 KQ which has a 2.19% difference
from the analytical result. And the maximum values of output power are 4.25 uW, 150
uW and 215.12 uW for the low-level, the medium-level, and the high-level random

excitations, respectively.
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Figure 3.12 Simulation results of the relationship between the output power and load resistance of
LEH under the colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation;

(c) the high-level excitation.
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The experimental validations of LEH subjected to the low-level and medium-level
colored noise excitations have also been developed. Considering the high-level excitation
may damage the piezoelectric transducer, the experiment of the high-level excitation is not
attempted. As shown in Figure 3.13 (a), the optimum resistance is 400 KQ which has an
4.6% difference with the analytical result. And the maximum output power is 9.1 uW
which is slightly higher than the simulation result. As illustrated in Figure 3.12 (b), the
optimum resistance for medium-level excitation is 400 KQ which has a 4.6% difference

from the analytical result. And the maximum output power is 205 uW which is higher

than the simulation result with 26.8%.
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Figure 3.13 Experimental results of the relationship between the output power and the load
resistance of LEH under the different random excitation levels: (a) the low-level excitation; (b) the

medium-level excitation.

To sum up, the value of the optimum resistance of an LEH depends on the resonance
frequency of the system, which indicates that the analytical result based on the harmonic
excitation still applies to the situation of the colored noise excitation. Besides, the

maximum output power increases when the acceleration level of excitation increases.

3.6 Conclusions

In this chapter, the electromechanical model of the cantilevered piezoelectric energy
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harvester is developed. Then the model is approximated as a linear system. The optimum
resistances of the LEH under harmonic excitation and colored noise excitation are
investigated, respectively. Through a series of numerical simulations and experimental
validations, the following conclusions can be derived. The optimum resistance value will
decrease as the excitation frequency increases. For the colored noise excitation, the value
of the optimum resistance depends on the resonance frequency of the system, which
indicates that the analytical result based on the harmonic excitation still applies to the
situation of the colored noise excitation. Besides, the maximum output power increases

with the acceleration level of excitation increases.
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Chapter 4 Bi-stable Energy Harvesters under the Colored Noise

Excitation

In principle, the characteristics of a nonlinear piezoelectric energy harvester can
enhance the performance of energy harvesting. For instance, a multi-stable cantilevered
piezoelectric energy harvester may have two or even more stable equilibrium states, which
can efficiently enlarge the displacement of the beam’s tip when the beam moves between

two wells.

For the developed system, the electromechanical model given in Eq. 3.6 and Eq. 3.7

can be rewritten as follow:

mz+cz+ f (z)+60v=—mw, 4.1)

v . .
—+Cyv+-0z=0 4.2)
)

where f  is the nonlinear restoring force which is related to the relative displacement and

defined by the model established in Chapter 2.

This chapter focuses on the performance of the bi-stable energy harvester (BEH). For
this purpose, three different strengths of BEHs are considered. As shown in Figure 4.1, the
three chosen configurations can make the apparatus exhibit strong, medium and weak bi-
stable state behaviors, namely BEH1, BEH2 and BEH3 with the configurations: BEH1
(d=0.0467 m, h=0.0157 m); BEH2 (d=0.0467 m, h=0.0157m); BEH3 (d4=0.0407 m,
h=0.0177 m). It should be noticed that the potential energy functions in Figure 4.1 have

been obtained from the integral of the simulated restoring forces f . The potential functions

of BEHI, BEH2 and BEH3 have one unstable point which at the middle, and two stable
points which are located at: £0.0273 m, +0.0252 m and +0.0226 m, respectively.
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Figure 4.1 Potential energies of three bi-stable energy harvesters: strong (BEH1), medium (BEH2)
and weak (BEH3).

In this chapter, the output performance of these three BEHs will be investigated,
including the computer simulations and experimental validations of the optimum
resistances and the power output performances under three different levels of colored noise
excitation. In addition, the output powers of the three BEHs under the increased level of

excitation will be compared at the end of the chapter.

4.1 Optimum Resistance of BEHs under the Colored Noise

Excitation

4.1.1 Numerical Simulations of the BEHs with an Open-Circuit

Comparing with the LEH system, the optimum resistance of a nonlinear system is not
easy to obtain due to the lack of an analytical solution. Alternatively, by analyzing the

power spectrum of the output voltage, the approximate value of optimum resistance can be
obtained. [14]
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The following simulations are based on the electromechanical model given by Eq. (4.1)
and Eq. (4.2). The input signal W, (t) is the colored noise signal which can be obtained
by passing a white gaussian noise through a 20" order bandpass filter whose the lower and
higher cut-off frequency are chosen as 3 Hz and 20 Hz, respectively. The random
excitations can be divided into three different levels: low-level excitation (S =0.205 g),
medium-level excitation (S =1.115 g), and high-level excitation (S =1.569 g), where S
represents the integral of the power spectrum density (PSD) of the colored noise
acceleration. To mimic the open-circuit condition, the load resistance used in simulations

1s 3MQ.

As shown in Figure 4.2, BEH1 has two potential wells which locate symmetrically
around the origin. The trajectory (a) in Figure 4.2 represents an intra-well oscillation, in
which the piezoelectric beam oscillates in one of the potential wells when the random
excitation is not strong enough. As demonstrated in Figure 4.3 (a), such an intra-well

oscillation exhibits a strong linear behavior.

The paths (b) and (c) in Figure 4.2 illustrate the chaotic inter-well oscillation, in which
the BEHs oscillate between the two potential wells, and the time response plots and phase
portrait plots are given in Figure 4.3 (b) and (c), respectively. It can be seen that under the
middle-level excitation, the beam of the BEH1 oscillates mainly in one of the wells and
occasionally jumps to another well, while under the high-level excitation, jumping occurs

more frequently, and the oscillation exhibits strongly chaotic behavior.
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Figure 4.2 Oscillation modes of BEH1 under the three levels of colored noise excitation: (a) intra-

well oscillation; (b) weak inter-well oscillation; (c) strong inter-well oscillation.

61



2
=
b

displacement z (m)
; = §
displacement z (m)

0.05 : : ; : :
0 10 20 30 40 50 60
. time (s) .
F s )
g g
= =
) 0 ® =]
~ =
= =
=] =] ]
3 05 ‘ = ‘
> -0.05 0 0.05 > -0.05 0 0.05
displacement z (m) displacement z (m)
(a) (b)
_
E« 0.05 i
N
=
5 W'MM MW W ” M b
= o Ll M \ '
g MM H MMWM H
Z-0.05
= 0 60
. tlme (s)
w0
S~
g8
=
S
>
By
‘@
2 ]
£ 0.05

displacement z (m)

(©)

Figure 4.3 The time response (upper plot) and phase portrait (lower plot) of BEH1 under the
colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

The voltage response (upper plot) and the corresponding power spectrum (lower plot)
under the low-level excitation are shown in Figure 4.4 (a). It can be seen that the dominant
frequency is 4.09 Hz. Then the optimum resistance is found to be 388 KQ using Eq. (3.24).
Under the low-level excitation, the system can only generate a very low amount of voltage
(lower than 5 V). As illustrated in Figure 4.4 (b) and (c), When the system operates in the
inter-well oscillation, the output voltage can reach about 50 V. It can also be observed that
the dominant frequency range shifts to the lower frequencies with an increase of excitation
level. It is hard to estimate an optimum resistance value because of the strong nonlinear

behavior. If the frequency value corresponding to the power spectrum’s peak values are

62



chosen as the dominant frequencies, namely 3.62 Hz and 3.73 Hz, an estimate optimum
resistance value can be obtained. Hence, the calculated values for the optimum resistances
are found to be 438 KQ and 426 KQ for the system under the middle-level excitation
and high-level excitation, respectively. All the calculated optimum resistance values are

listed in Table 4.1.
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Figure 4.4 The time response and power spectrum of the open-circuit voltage of BEH1 under the
colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

The medium bi-stable energy harvester (BEH2) has two shallower potential wells
compared to BEH1, which can benefit the harvesting performance in some ways. As shown
in the lower plot of Figure 4.5 (a), the circle of phase portrait is clearly larger than the one

shown in Figure 4.3 (a), which means that BEH2 is more sensitive to response to the lower
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level excitation than BEHI. In addition, by comparing the upper plot in Figure 4.5 (b) and

Figure 4.3 (b), it can be seen
than BEH1.

that BEH2 oscillates between two potential wells more often
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Figure 4.5 The time response (upper plot) and phase portrait (lower plot) of BEH2 under the

colored noise excitation: (a) the

low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

The open-circuit voltage response (upper plot) and the corresponding frequency

spectrum (lower plot) of BEH2 under the three different levels of excitations are shown in

Figure 4.6. The dominant frequencies are 3.62 Hz, 3.43 Hz and 3.21 Hz, respectively. The

corresponding optimum resistances can be obtained and are listed in Table 4.2.

64



wn
=

th

(—]

N T———— “wwmw

. . . . . 50 .
0 10 20 30 40 50 60 0 10 20 30 40 60

time (sec) time (sec)

oy

voltage (V)

1
n

voltage (V)

L

Power spectrum (dB)
= 2
5
=3
=
%;
§
é‘._
| =
—_—
0k =
—
-_E‘
Power spectrum (dB)
(]

20 23 ‘ N.W'“T'”iwwm
E Frequency (Hz) & v Fre:ueneys(Hz) ol
(a) (b)

= 50 : : : : 1! i
gaW%WWWWWWMWMWWMWW
ég-- 0 0 2 .- 0 50 60
g “wly W
«’é‘ 20 |
: W i WT‘WM
= Frequency (Hz)

(c)

Figure 4.6 The response and power spectrum of the open-circuit voltage of BEH2 under the
colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

The wells of BEH3 or the weak BEH are shallowest among the three chosen bi-stable
systems. As demonstrated in Figure 4.7, BEH3 operates in the inter-well oscillation only
under the high-level random excitation. It indicates that BEH3 is hard to set into the inter-
well oscillation mode. This phenomenon can be explained as follows: In theory, two
shallow potential wells have a lower barrier in between, making the system much easier to
transfer between the two wells. But the inter-well oscillation of the bi-stable system is a
typically hardening-type response [84]. BEH3 has a quasi-zero stiffness factor near the
middle position, such softening characteristics constrains the beam to vibrate at one of the

wells. Accordingly, BEH3 is hard to set into the inter-well oscillation mode.
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Figure 4.7 The time response (upper plot) and phase portrait (lower plot) of BEH3 under the

colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

The open-circuit voltage response and the corresponding power spectrum of BEH3

under the three different levels of excitations are shown in Figure 4.8. The dominant

frequencies can be obtained as 3.02 Hz, 2.68 Hz and 2.67 Hz, and the corresponding

optimum resistances are listed in Table 4.3.
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Figure 4.8 The response and power spectrum of the open-circuit voltage of BEH3 under the
colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

4.1.2 Numerical Simulations of BEHs with a Closed-Circuit

For the closed-circuit simulation, the load resistance varies from 10 KQ to 1 MQ with
an increment of 5S0KQ. By solving Eq. (4.1) and Eq. (4.2) with initial displacements at
0.0273 m, 0.0252 m and 0.0226 m in the period of 7=60 s using the MATLAB ODE45
solver, the relative displacements and the load voltage responses can be obtained. Based
on the RMS value of the voltage response over such a period, the corresponding output

power can be calculated.

Because of the nonlinear system's sensitivity and chaotic characteristics under the
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random excitation, the voltage response may be different for each simulation. In order to
reduce the fluctuation of the output power, ten simulations have been conducted for each
of the resistance values. The error bar plot is used to reveal the variation of the responses.
The top and bottom of the bar represent the maximum and minimum values of the output
powers in the ten simulations, respectively. The line curve of the error bar plot connects
the average values for every ten simulations. Based on the average values, the optimum
resistances for different levels of excitations and their corresponding maximum output
powers can be obtained. As shown in Figure 4.9 (a), the smooth curve represents that BEH1
operates in the intra-well oscillation. As shown in Figure 4.9 (b) and (c), the curves for
BEH2 and BEH3 have some fluctuations, indicating that the system enters the inter-well
oscillation mode. It can be obtained from Figure 4.9 (a), (b) and (c) that the optimum
resistance values are 360 KQ, 360 KQ and 500 KQ, respectively. The optimum resistances
and corresponding maximum output powers under the different excitations are listed in

Table 4.1.

In addition, as illustrated in Figure 4.10 (a), (b) and (c), the optimum resistances for
BEH2 are 410 KQ, 560 KQ and 460 KQ, respectively. For BEH3, it can be observed from
Figure 4.11 (a), (b) and (c) that the optimum resistances are 510 KQ, 510 KQ and 560 KQ,
respectively. The optimum resistances and corresponding maximum output powers under
the different excitations for BEH2 and BEH3 are listed in Table 4.2 and Table 4.3,

respectively.
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4.1.3 Experimental Validation

The experimental validations of BEH1, BEH2 and BEH3 which are subjected to the
three different excitation levels are also conducted. The voltage signals is recorded for the
time period of 60 seconds. The RMS values of the voltage signals are used to compute the
output powers. It should be noticed that the trend of the experimental results is fairly

repeatable, there is no need to take multiple measurements for each of the setups.

The experimental results of BEH1 under the low-level, middle-level and high-level

random excitations are shown in Figure 4.12 (a), (b) and (c), respectively. The optimum
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resistance values obtained by the experiments are listed in Table 3.1. The maximum values

of the corresponding output powers are also listed.
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Figure 4.12 Experimental results of the relationship between the output power and the load
resistance of BEH1 under the different random excitation levels: (a) the low-level excitation; (b) the

medium-level excitation; (c) the high-level excitation.

Comparing the simulation results shown in Figure 4.9 and the experimental results
shown in Figure 4.12 reveals some similarities and discrepancies. In both cases, as the load
resistance increases, the output power rises rapidly. However, when the output power
reaches its maximum value, it decreases with an increase of the resistance. This trend
agrees with the one from the simulation under the low-level excitation and does not agree
with those from the simulations under the middle-level and high-level excitations. To

explain this difference, the performance of BEH1 under the high-level excitation is further
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investigated.
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Figure 4.13 Comparison of the simulation results and experimental results for BEH1 under the

high-level excitation: (a) the voltage response; (b) the output power.

As shown in Figure 4.13 (a), the simulation voltage response increases gradually as the
load resistance increases while the experimental voltage response increases at a rapid rate
first and then at a slow rate after the load resistance is higher than 400 KQ. A reasonable
explanation is that when the piezoelectric beam oscillates between the two wells, the
simulation results of the response voltage can reach a very high value (peak amplitude of
50 V), while the voltage output from the real piezoelectric beam can not reach such a high
value. As a result, the real system's output power will decrease when the load resistance
value is higher than the optimum resistance. In addition, the real output power reaches the
peak value when the load resistance at 300 KQ, which is lower than the optimum resistance

value obtained from the simulation.

The experimental results of BEH2 and BEH3 are shown in Figure 4.14 and Figure 4.15,
respectively. The obtained optimum resistance values and corresponding maximum output

powers are listed in Table 4.2 and Table 4.3, respectively.
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resistance of BEH3 under the different random excitation levels: (a) the low-level excitation; (b) the

medium-level excitation; (c) the high-level excitation.

4.1.4 Discussion of the Results

As shown in Table 4.1, under the low-level excitation or when the system operates in
the intra-well oscillation mode, the calculation results based on the dominant frequency of
the simulation open-circuit time response, the simulation results and experimental results
of the optimum resistance are all around 300 K. On the other hand, the calculation and
simulation results of the optimum resistance exhibit an increasing trend when the system
switches from the intra-well oscillation mode to the inter-well oscillation mode. The main

reason is that the low-frequency components of the voltage response become more

75



significant when the bi-stable system enters into the inter-well oscillation mode. This
means that the system’s internal impedance (equal to the optimum resistance) is larger
when the system operates in the inter-well oscillation mode than in the intra-well oscillation

mode.

The optimum resistances obtained from the experimental results vary little as the
excitation level increases. Such a phenomenon can be attributed to the fact that the output
voltage of the real piezoelectric energy harvester reaches its limit when the system
operates in the high energy orbit. The same trend can also be found in Table 4.2 and Table
4.3.

According to the simulation results and experimental results are shown in Table 4.1,
Table 4.2 and Table 4.3, the maximum output power increases when the excitation level
increases. And the performance of the piezoelectric energy harvester can be greatly
enhanced when the system operates in the inter-well oscillation. Since BEH1 has a larger

distance between two wells, it can generate more power among the three BEHs.

As shown in the first two columns of Table 4.3, the simulation results are much lower
than the experimental results for both optimum resistance and maximum output power.
This discrepancy may be attributed to the inaccurate dynamic models and vibration
isolation characteristics of the BEHs. It can be further explained as follows: for the situation
of BEH3, The frequency band of the input colored noise excitations used in the experiments
are from 3 Hz to 20 Hz, which are higher than the resonance frequency of BEH3’s
numerical model (2 Hz). It means that the numerical model operates in the isolation region,
While the resonance frequency of the real BEH3 is about 3 Hz which is slightly higher than
that of the numerical model, due to the resonance phenomenon, the average deflections of
the real piezoelectric beam is obviously larger than that of the simulations. This explains
why the output powers based on the experimental results are greater than that based on the

simulation results.

Further, it can be concluded that if the frequency range of the colored noise excitation

covers the system’s resonance frequency range, and the system operates in the intra-well
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oscillation, the shallower potential wells can make the BEH more efficient.

Table 4.1 Optimum resistances and maximum output powers of BEH1 obtained by the three methods.

Low-level Middle-level High-level

Method Ropt Pmax ROpt Pmax Ropt Pmax

(KQ) (nW) (KQ) (W) (KQ) (W)

Calculation 388 - 438.8 - 426 -
Simulation 360 1.9 360 163.3 560 305.9
Experiment 300 5.6 400 133.5 300 322.5

Table 4.2 Optimum resistances and maximum output powers of BEH2 obtained by the three methods.

Low-level Middle-level High-level

Method Ropt Prax Ropt Prax ROPf P

max

(KQ) (LW) (KQ) (LW) (KQ) (LW)

Calculation 438 - 463 - 498 -
Simulation 410 5.0 560 126.3 460 196.4
Experiment 400 2.7 400 221.3 400 2219
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Table 4.3 Optimum resistances and maximum output powers of BEH3 obtained by the three methods.

Low-level Middle-level High-level
Method Ropi Pax Ropt Pax Rope Pax
(KQ) (LW) (KQ) (uW) (KQ) (LW)

Calculation 527 - 592 - 596 -
Simulation 510 2.2 510 32.6 560 107.3
Experiment 600 7.8 600 166.1 500 171.7

To sum up, the calculated predictions and simulation results are relatively accurate
when the BEH behaves as a linear system in the intra-well oscillation mode. When the
system operates in the inter-well oscillation mode, the optimum resistance of an ideal BEH
shows an increasing trend as the excitation level rises while the optimum resistance of the
real BEH is relatively consistent due to the limitation of the output voltage capability. The
range of the optimum resistance for each system can be determined as follows: 300-400

KQ for BEH1; 400-500 KQ for BEH2; 500-600 KQ for BEH3.

On the other hand, when the BEH operates in the intra-well oscillation mode, the power
output is influenced by the depth of the potential wells. The system that has shallower
potential wells is more efficient in energy harvesting. And when the system operates in the
inter-well oscillation, the key factor which influences the harvesting performance is the
distance between the two wells. So the BEH3 and BEH1 are the most efficient
configurations when the system operates in the intra-well and inter-well oscillation modes,

respectively.

4.2 The Output Power verse the Excitation Level of BEHs

This section focuses on the relationship of the output power verse the excitation level.
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For this purpose, the value of the load resistance is kept to be 1000 KQ and the level of

the colored noise excitation is varied.

4.2.1 Numerical Simulation

The random excitation signals used in the simulations are obtained from the
experimental tests by measuring the base displacements. The excitation level is measured
by the integrals of PSD of the base acceleration. The following values are used in the
simulations: 0.205 g, 0.487 g, 0.639 g, 0.822 g, 0.959 g, 1.153 g, 1.391g, and 1.569g. With
the initial displacements: 0.0273 m for BEH1, 0.0252 m for BEH2 and 0.0226 m for BEH3,
Eq. (4.1) and Eq. (4.2) are solved for the period of 7=60 s using the MATLAB ODE45
solver for the relative displacements and the load voltage responses. Based on the RMS
values of the voltage response shown in Figure 4.16 (a), the output powers under the
different excitation levels are obtained, and shown in Figure 4.16 (b). The points A1, Bl
and C1 correspond to the excitation levels at which the BEHs operate in the intra-well
oscillation. The points A2, B2 and C2 correspond to the excitation levels at which the BEHs
switch to the inter-well oscillation. The time responses and phase portraits of A1, A2 are
shown in Figure 4.17, the time responses and phase portraits of B1, B2 and C1, C2 are

demonstrated in Figure 4.18 and Figure 4.19, respectively.

As illustrated in Figure 4.16 (b), when the excitation level is lower than 1.153 g, BEH2
1s more efficient in energy harvesting. And it is the easiest to enter the inter-well oscillation
mode among the three BEHs. In addition, when the three BEHs both operate in the inter-

well oscillation, BEH1 is the most efficient one.
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Figure 4.19 The simulation results of time response (upper plot) and phase portrait (lower plot) of

BEH3 under the specific level of random excitation: (a) under the C1 excitation level; (b) under the

C2 excitation level.
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4.2.2 Experimental Validation

In this section, a series of experimental validations of the voltage resposes and output
powers for the BEHs under the different excitation levels are conducted. The experimental
results are shown in Figure 4.20. The points A, B and C indicate that BEH1, BEH2 and
BEH3 switch from the intra-well oscillation mode to the inter-well oscillation mode. Their
time responses and phase portrait plots are shown in Figure 4.21 (a), (b) and (c). The
corresponding excitation levels are 1.153 g, 0.959 g, and 1.391 g, respectively. And it can

be found that the values agree with the results obtained by the simulations.
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Figure 4.20 The experimental results of the three BEHs: (a) the voltage responses; (b) the power

output.
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Figure 4.21 The experimental results of time response (upper plot) and phase portrait (lower plot)
of three systems under the specific level of random excitation: (a) BEH1 under the A excitation level,

(b) BEH2 under the B excitation level; (c) BEH3 under the C excitation level.

As shown in Figure 4.20 (b), when the excitation level is lower than 0.822 g, BEH3
can generate more power. When the excitation is between 0.822 g and 1.391 g, BEH2 is
more effective since it starts to operate in the inter-well oscillation mode at the point B.
When the excitation level is higher than 1.391 g, the three BEHs both enter the inter-well
oscillation mode. In this case, BEH1 becomes the most efficient system due to its widely

separate potential wells.
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4.3 Conclusions

In this chapter, the optimum resistances for the three different BEHs have been
determined, And the comparison of their power output performances has also been

conducted.

The results show that the frequency analysis method can be used to determine the
optimum resistance for the nonlinear energy harvester. As the calculation results and the
simulation results have shown, the optimum resistances will increase when the BEHs enter
the inter-well motion. Since the real BEHs has a limited voltage output when they operate
in the high energy orbit, then, the increasing trends are not obvious in the experimental
results. However, the results still verify that the ranges of the optimum resistance are: 300-

400 KQ for BEHI; 400-500 KQ for BEH2; 500-600 KQ for BEH3.

By comparing the output performances of the three BEHs, it can be concluded that
BEH 2 is much easier to enter the inter-well oscillation under the low level excitations, and

BEH 1 can generate more energy when the excitation level is high.

Future research could consider the effect of the voltage limit phenomenon in modelling.
For instance, the electromechanical coupling coefficient 8 can be represented by a
function of the relative displacement. When the relative displacement exceeds a certain

level, 6 is reduced.
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Chapter 5 Tri-stable Energy Harvesters under the Colored

Noise Excitation

In the previous chapter, a comparison of the performances of the three bi-stable
vibration energy harvesters (BEHs) has been carried out. And it has been concluded that
the inter-well oscillation mode can significantly improve the system’s output performance,
and in this mode, the BEH that has a larger separation between the two equilibrium
positions can produce more power. The study has shown that among the three BEHs
considered, BEH1 is the most efficient one. But the deeper wells can make it harder for the
system to operate at the inter-well oscillation mode. Hence, in order to balance the
separation distance between the wells and the depth of the wells, adding a middle potential

well in between the two wells to generate a tri-stable system can be seen as a solution.

For our system, the tri-stable state can be achieved by reducing d and increasing /. The
potential functions of a BEH with the configuration of 4=0.0467 m, #=0.0157 m and a tri-
stable energy harvester (TEH) with the configuration of d=0.0377 m, #=0.0188 m are
shown in Figure 5.1 The separation distances for the TEH and BEH are represented by
ADI1 and AD2, respectively. While the depths of the potential wells for THE and BEH are
represented by AUl and AU2, respectively. As shown in the figure, the THE has a larger
separate distance (AD1>AD?2) and shallower potential wells (AU1<AU2) comparing with
the BEH. This means that the tri-stable system could be easier to be set into the inter-well

oscillation mode and generate more power.

This chapter focuses on the electromechanical performances of the TEHs. For this
purpose, the three TEHs with different configurations are investigated and they are referred
to as TEH1 (d=0.0377 m, #=0.0188 m), TEH2 (d=0.0397 m, #=0.0189 m) and TEH3
(d=0.0467 m, h=0.0188 m). As shown in Figure 5.2, the three chosen configurations can
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make the apparatus exhibit strong, medium and weak tri-stable state behaviors, respectively.
The potential functions of TEH1, TEH2 and TEH3 have one stable point at the middle and
two stable points which are symmetrically located at: +0.032m, +0.029 m and

+0.018 m, respectively.
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Figure 5.1 Potential energy of the BEH (blue solid line) and the THE (black dash line).
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In this chapter, the output performances of these TEHs will be investigated, including
numerical simulations and experimental validations of the optimum resistances for the
three chosen TEHs. The power output performances under varying levels of random
excitation will also be presented for each TEH. In the end, three TEHs' voltage responses

and output powers under the increased level of excitation will be compared.

5.1 Optimum Resistance of the TEHs under the Colored Noise

Excitation

5.1.1 Numerical Simulation of TEHs with an Open-Circuit

To obtain the optimum resistance for the chosen TEHs, the power spectrum analysis
has been applied first. The base excitation used in the simulation is the colored noise
acceleration which can be obtained from passing a white Gaussian noise signal through a

20™ order bandpass filter, and the lower and higher cut-off frequencies are chosen as 3 Hz
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and 20 Hz, respectively. Three different excitation levels are considered, namely low-level
excitation (§ =0.205 g), medium-level excitation (S =1.115 g), and high-level excitation
(§ =1.569 g), where S represents the integral of the power spectrum density (PSD) of the
colored noise acceleration. To mimic the open-circuit condition, the resistance value used
in the simulation is 3MQ. The numerical simulations for TEH1, TEH2 and TEH3 follow

the same procedure as that mentioned in Section 4.1.1.

As shown in Figure 5.3, TEH1 has three potential wells located symmetrically around
the origin. The trajectory (a) in Figure 5.3 represents an intra-well oscillation, in which the
piezoelectric beam oscillates in one of the potential wells when the excitation is not strong
enough. As demonstrated in Figure 5.4 (a), such an intra-well oscillation exhibits a strong
linear behavior. The paths (b) and (c¢) in Figure 5.3 result in the chaotic inter-well oscillation,
in which the piezoelectric beam oscillates between the three potential wells, and the
corresponding time response plots and phase portrait plots are given in Figure 5.5 (b) and
(c), respectively. It can be seen that under the medium-level excitation, TEH1 oscillates
mainly in one of the wells and occasionally jumps to the other two wells, while under the
high-level excitation, jumping occurs more frequently, and the oscillation exhibits strongly

chaotic behavior.
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(b) weak inter-well oscillation; (c¢) strong inter-well oscillation.
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Figure 5.4 The time response (upper plot) and phase portrait (lower plot) of TEH1 under the
colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

The voltage responses (upper plot) and the corresponding power spectra (lower plot)
under the low-level excitation are shown in Figure 5.5 (a). It can be seen that the dominant
frequency is 3.99 Hz. Then the optimum resistance is found to be 398.5 KQ using Eq.
(3.24). As illustrated in Figure 5.5 (b) and (c), the system operates in the inter-well
oscillation under the medium-level and high-level excitation. Because of the variable
frequency component of excitation and strong nonlinear characteristics of theTEH,
multiple peaks are exhibited in the power spectrum. Hence, when the THE is engaged in a
strong inter-well oscillation, the frequency analysis fails to identify a dominant frequency,
which makes the determination of the optimum resistance impossible. Therefore, in the
next section, the numerical simulation analysis is applied to estimate the optimum
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Figure 5.5 The time response and power spectrum of the open-circuit voltage of TEH1 under the
colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

The three potential wells of TEH2 are shallower than those of TEH1. As discussed in
the previous chapter, such a feature can benefit the harvesting performance. But in TEH2’s
case, shallower wells lead to a lower resonance frequency. If the middle well's resonance
frequency is at the lower edge of the frequency range of the excitation, the system’s
vibration isolation character would have a negative effect on the harvesting performance.
For example, by comparing the lower plot in Figure 5.4 (b) and Figure 5.6 (b), it can be

seen that TEH2 moves between three potential wells not as often as TEHI.
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Figure 5.6 The time response (upper plot) and phase portrait (lower plot) of TEH2 under the
colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

The open-circuit voltage response (upper plot) and the corresponding frequency
spectrum (lower plot) of TEH2 under the three different levels of excitations are shown in
Figure 5.7. as shown in Figure 5.7 (a) and (b), The dominant frequency of the low-level
excitation and medium-level excitation can be found to be 3.5 Hz and 3.16 Hz, respectively.
And the corresponding optimum resistances are 454 KQ and 502 KQ. As shown in
Figure 5.7 (c), the dominant frequency of the voltage response under the high-level
excitation is hardly identifiable, because TEH2 is already switched into the high orbit of
the inter-well oscillation mode. Hence, the frequency analysis can be used to determine the

optimum resistance when TEH2 operates in the intra-well oscillation and low orbit inter-
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well oscillation mode. In comparison, the dominant frequency of TEH2 that operates at

high orbit inter-well oscillation mode cannot be identified by the frequency analysis.
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Figure 5.7 The time response and power spectrum of the open-circuit voltage of TEH2 under the
colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

The potential wells of TEH3 or the weakTEH are shallowest among the three chosen
tri-stable systems. As demonstrated in Figure 5.8 (a), (b) and (c¢), TEH3 operates in the
intra-well oscillation mode under the three levels of excitation. It indicates that TEH3 is
hard to be set into the inter-well oscillation mode. Because TEH3 has a quasi-zero stiffness
over a large range as shown in Figure 5.2, such softening characteristics makes the beam
less responsive to the base vibration. Accordingly, TEH3 is hard to be set into the inter-

well oscillation mode.
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Figure 5.8 The time response (upper plot) and phase portrait (lower plot) of TEH3 under the

level excitation.

colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

The open-circuit voltage response and the corresponding power spectrum of TEH3
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to estimate the optimum resistance for TEH3, in the next section.

under the three different levels of excitations are shown in Figure 5.9. Since the vibration
is isolated by TEH3’s softening characteristic, the relative displacement of the beam’s tip
is mainly the reduced base displacement. Then, the power spectrum of the response would
exhibit all the base excitation’s frequency components. Since the dominant frequency of
the voltage response for TEH3 under the three levels of excitation is hardly distinguishable
from the spectra, the calculation method fails to determine the optimum resistance in order

to maximize the output power. Therefore, the numerical simulation analysis will be applied
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Figure 5.9 The time response and power spectrum of the open-circuit voltage of TEH3 under the
colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation; (c) the high-

level excitation.

5.1.2 Numerical Simulation of TEHs with a Closed-Circuit

For the closed-circuit simulation, the load resistance varies from 10 KQ to 1 MQ in
an increment of 50 KQ. By solving Eq. (4.1) and Eq. (4.2) with zero initial conditions in
the period of 7=60 s using the MATLAB ODEA45 solver, the relative displacement and the
load voltage response can be obtained. Based on the RMS value of the voltage response
over such a period, the corresponding output power can be calculated. To reduce the

fluctuation of the output power, ten simulations have been conducted for each of the
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resistance values. The error bar plot is used to reveal the variation of the responses. The
top and bottom of the bar represent the maximum and minimum value of the output power
in the ten simulations, respectively. The line curve of the error bar plot represents the
average value of the ten simulations. Based on the average values, the optimum resistances
for different excitation levels and their corresponding maximum output powers can be
obtained. As shown in Figure 5.10 (a), the smooth curve represents that TEH1 operates in
the intra-well oscillation. As shown in Figure 5.10 (b) and (c), the curves have some
fluctuations, indicating that the system enters the inter-well oscillation mode. It can be
obtained from Figure 5.10 (a), (b) and (c) that the optimum resistance values are 360 K,
560 KQ and 565 KQ, respectively. Further, The optimum resistances and corresponding

maximum output powers for TEH1 under the different excitations are listed in Table 5.1.
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Figure 5.10 Simulation results of the relationship between the output power and load resistance of
TEH1 under the colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation;

(c) the high-level excitation.

In addition, as illustrated in Figure 5.11 (a), (b) and (c), the optimum resistances for

TEH2 are 460 KQ, 500 KQ and 560 KQ, respectively.
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TEH2 under the colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation;

(c) the high-level excitation.
For TEH3, it can be observed from Figure 5.12 (a), (b) and (c) that the optimum
resistances are 310 KQ, 310 KQ and 310 KQ, respectively. The optimum resistances

and corresponding maximum output powers under the different excitations for TEH2 and

TEHS3 are listed in Table 5.2 and Table 5.3, respectively.

It should be mentioned that the output power of TEH3 is relatively low comparing with
TEHI1 and TEH2 due to the vibration isolation character of the weak TEH. In fact, TEH3
can be considered to be a passive quasi-zero stiffness vibration isolator, and its vibration
isolation characteristic can be explained as follow: The stiffness of TEH3 is almost zero
around the middle region, which makes the natural frequency w, very low. When w, is
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lower than f/+/2, where f is the lowest exciting frequency, the vibration will be isolated.

That could explain why TEH3 would only oscillate around the middle potential well under

the three excitation levels [85].
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Figure 5.12 Simulation results of the relationship between the output power and load resistance of
TEH3 under the colored noise excitation: (a) the low-level excitation; (b) the medium-level excitation;

(c) the high-level excitation.

5.1.3 Experimental Validation

The experimental validation of the numerical simulation results is also conducted. The
voltage signal is recorded for a time period of 60 seconds. The RMS value of the voltage

signal is used to compute the output power. It should be noticed that as the experimental
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results are fairly repeatable, the following presentation is based on a single measurement

for each of the setups.

The experimental results of TEH1 under the low-level random excitation are shown in
Figure 5.13. The optimum resistance value is 300 KQ, which is close to the simulation
result. Since the medium-level and high-level excitation may damage the piezoelectric
transducer, the experiment under these two excitation levels is not attempted. The
maximum values of the corresponding output power are listed in Table 5.1. The
experimental results of TEH2 and TEH3 are shown in Figure 5.14 and Figure 5.15,
respectively. The obtained optimum resistance values and corresponding maximum output

powers are listed in Table 5.2 and Table 5.3, respectively.
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Figure 5.13 Experimental results of the relationship between the output power and the load

resistance of TEH1 under the low-level random excitation.
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5.1.4 Discussion of the Results

As shown in Table 5.1, under the low-level excitation or when the system operates in
the intra-well oscillation mode, the simulation results and experimental results of the
optimum resistance are at 360 KQ and 300 KQ, respectively. The optimum resistance
value obtained from the simulation is slightly greater than that from the experiment. This
can be explained as follow: since the oscillation of TEH]1 is quite small under the low-level

excitation, it can be seen as a linearized mono-stable system. And the optimum resistance
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of the linear system is inversely proportional to its resonance frequency or the square root
of the linear stiffness. Therefore, the discrepancy between the results of simulation and
experiment may be attributed to the fact that the computed stiffness near the middle

position is slightly lower than the actual value.

When TEHI1 is subjected to the medium-level excitation, the system switches from the
intra-well oscillation mode to the inter-well oscillation mode. The optimum resistance is
increased to 560 KQ. The main reason is that when the TEH1 oscillates between the two
side wells, the low frequency components of the voltage response become more significant.
It means that the system’s internal impedance is larger when the system operates in the
inter-well oscillation mode than that in the intra-well oscillation mode. When the excitation
is increased to a high level, TEH1 maintains the high orbit inter-well oscillation. Therefore,

the optimum resistance remains to be 560 KQ.

As illustrated in Table 5.2, the increasing trend in the optimum resistance can be
founded in the TEH2’s simulation results (from 460 KQ to 500 KQ). Since under the
medium-level excitation, TEH2 is on the verge of switching from the intra-well oscillation
to the inter-well oscillation, it operates at the low orbit inter-well oscillation. Then the high-
level excitation causes TEH2 to enter the high energy orbit inter-well oscillation. As a result,
the optimum resistance is increased to 560 KQ. However, the optimum resistances of
TEH2 obtained from the experimental results vary little as the excitation level increases.
Such a phenomenon can be attributed to the fact that the output voltage of the real
piezoelectric energy harvester reaches its limit when the system operates in the high energy

orbit. This issue has also been discussed in the previous chapter.

For TEH3, as illustrated in Table 5.3, the simulation results and experimental results of
the optimum resistance are around 300 K under the three excitation levels. Since THE3
operates in the intra-well oscillation mode under the three excitation levels, the optimum

resistance value remains unchanged.

According to the simulation results and experimental results are shown in Table 5.1,

Table 5.2 and Table 5.3, the maximum output power increases when the excitation level
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increases. And the performance of the TEH can be greatly enhanced when the system
operates in the inter-well oscillation. Since TEH1 has a larger separation distance between
two side wells, it can generate more power among the three TEHs

Table 5.1 Optimum resistances and maximum output powers of TEH1 obtained by the simulation and

experiment.

Low-level Medium-level High-level
Method Rope Pax Rope Pax Ropt Pax
(KQ) (LW) (KQ) (W) (KQ) (LW)
Simulation 360 1.915 560 135.9 560 305.9
Experiment 300 20.25 — — — —

Table 5.2 Optimum resistances and maximum output powers of TEH2 obtained by the simulation and

experiment.
Low-level Medium-level High-level
Method Rpr | Puar | R | Puax | Row | Poar
(KQ) (LW) (KQ) (HW) (KQ) (LW)
Simulation 460 1.005 500 90 560 128
Experiment 400 1.652 400 102.4 400 148
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Table 5.3 Optimum resistances and maximum output powers of TEH3 obtained by the simulation and

experiment.
Low-level Medium-level High-level
Method Ropi | Poae | R | Puwx | Rop | Pua
(KQ) (LW) (KQ) (LW) (KQ) (LW)
Simulation 310 0.25 310 7.119 310 11.52
Experiment 300 0.7635 300 19.29 300 25.79

5.2 The Output Power verse the Excitation Level of the TEHs

This section focuses on the relationship between the output power and the excitation
level for the three chosen TEHs. For this purpose, the load resistance is kept to be 1000

KQ and the level of the colored noise excitation is varied.

5.2.1 Numerical Simulation

The random excitation signals used in the simulation are obtained from the experiment
test by measuring the base displacement. The excitation level is measured by the integrals
of PSD of the base acceleration and the following values are used in the simulation: § =
0.205 g,0.487 g,0.639 g,0.822 g,0.959 g, 1.153 g, 1.391 g, and 1.569 g. Eq. (4.1) and Eq.
(4.2) are solved for the period of 7=60 s with zero initial conditions using the MATLAB
ODEA45 solver. Based on the RMS values of the voltage response shown in Figure 5.16 (a),
the output powers under the different excitation levels are obtained and shown in Figure
5.16 (b). The points A1, B1 and C and those on their left correspond to the excitation levels
at which the systems operate in the intra-well oscillation. The points A2 and B2 correspond
to the excitation levels at which the systems switch to the inter-well oscillation. The time

responses and phase portraits of A1 and A2 are shown in Figure 5.17 (a) and (b) while the
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time responses and phase portraits of B1 and B2 are demonstrated in Figure 5.18 (a) and

(b), and the time response and phase portrait of C are shown in Figure 5.19.

As illustrated in Figure 5.16 (b), TEH1 is the most efficient in energy harvesting for
different excitation levels, and it is much easier to enter the inter-well mode, in this case,
under §=0.959 g. while TEH2 enters into the inter-well oscillation at S=1.391 g, and in

the results of the vibration isolation character of THE3, it would keep operating in the inter-

well oscillation mode, even when the excitation level is high.
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Figure 5.16 The simulation results of the three TEHs: (a) the voltage responses; (b) the output

powers.
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5.2.2 Experimental Validation

In this section, The experimental validations of voltage responses and power outputs
for TEHs under different excitation levels are conducted. The experimental results are
shown in Figure 5.20. Since the experimental validation for TEH1 under the excitation
level higher than 0.822 g is not attempted, the simulation result (blue dash line) represents
the rest of the experimental results. Points A and B indicate that TEH1, and TEH2 switch
from the intra-well oscillation mode to the inter-well oscillation mode, respectively. The
time responses and phase portrait plots are shown in Figure 5.21 (a), and (b), respectively.
Point C indicates that TEH3 operates in the intra-well oscillation at S=1.569 g. Its time

responses and phase portrait plot are shown in Figure 5.21 (c).

For TEH1 and TEH2, the systems switch to the inter-well oscillation mode at
$=0.822 g and 0.959 g, respectively. The values are slightly lower than the results obtained
by the simulation, but the overall trend agrees with the simulation. And the same
conclusions can be made: THE1 is the most efficient and easiest to transfer to the inter-

well oscillation mode among the three systems.
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Figure 5.20 The experimental results of the three TEHs: (a) the voltage responses; (b) the power

outputs.
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5.3 Conclusions

In this chapter, the three different TEHs has been investigated. Their optimum
resistances have been determined and the comparison of their power output performances
has also been conducted. The results show that the frequency analysis method cannot be
used to determine the optimum resistance when the THE is engaged in the high orbit inter-
well oscillation. Instead, the numerical simulation is employed. As the simulation results

show, the optimum resistance increases when the THE enters into the inter-well motion.
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Since the real system has a limited voltage output when it operates in the high energy orbit,
this trend is not obvious in the experimental results. It has been proved that the optimum
resistances are: 300 KQ for TEHI; 400 KQ for THE2; 300 KQ for TEH3. By
comparing the output performance of the three TEHs, it can be concluded that TEHI is
much easier to enter the inter-well oscillation under a low level of excitation, and it can

generate more energy when the excitation level is high.
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Chapter 6 Conclusions

In this study, a tunable multi-stable cantilevered piezoelectric energy harvester is
developed. The apparatus consists of one large magnet that can be moved along a slot on
the base and an assembly of three smaller magnets that is attached to the free end of a
cantilever beam. By adjusting the configurations of the four magnets, the apparatus can
exhibit the mono-stable, bi-stable and tri-stable behaviors, respectively. The biggest
advantage of the developed apparatus is that it has a compact structure compared to the

existing similar devices.

In Chapter 2, a full description of the proposed apparatus is presented. An analytical
model for the restoring force due to the magnetic interaction is developed by using the
magnetic dipole approach. After that, the numerical simulation is conducted to show how
the stability states can be altered. Then, experimental validation is carried out. Finally, the
genetic algorithm is used to optimize the analytical model based on the measured restoring
forces. As a result, the optimized model is much more accurate than the original one. Based
on the optimized model, the relationship between the stability states and the tuning
parameters d and / is obtained from a great number of simulation tests. Accordingly, the

stable state region has been generated.

In Chapter 3, the electromechanical model of the cantilevered piezoelectric energy
harvester is developed. Then the model is approximated as a linear energy harvester (LEH).
The optimum resistances of the LEH under harmonic excitation and colored noise
excitation are investigated, respectively. Through the numerical simulation and
experimental validation, the following conclusions can be derived. The optimum resistance
value will decrease as the excitation frequency increases. For the colored noise excitation,
the value of the optimum resistance depends on the resonance frequency of the system,
which indicates that the analytical result based on the harmonic excitation still applies to
the situation of the colored noise excitation. Besides, the maximum output power increases

when the acceleration level of excitation increases.
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In Chapter 4, the optimum resistances for the three different types of bi-stable energy
harvester (BEH) named BEH1, BEH2, and BEH3 are investigated. And the comparison of
their power output performances is also conducted. The results show that the frequency
analysis method can be used to determine the optimum resistance for the BEHs. As the
calculation results and the simulation results show, the optimum resistance will increase
when the BEH enters the inter-well motion. Since the real system has a limited voltage
output when it operates in high energy orbit, the increasing trend is not obvious in the
experimental results. However, it still verifies that the ranges of the optimum resistance are:
300-400 KQ for BEHI; 400-500 KQ for BEH2; 500-600 KQ for BEH3. By comparing
the output performance of the three BEHSs, it can be concluded that BEH 2 is much easier
to enter the inter-well oscillation under a low level of excitation, and BEH 1 can generate

more energy when the excitation level is high.

In Chapter 5, the three different types of tri-stable energy harvester (THE) named TEHI,
TEH2, and TEH3 are considered. Their optimum resistances are determined, and a
comparison of their power output performances is also conducted. The results show that
the frequency analysis method cannot be used to determine the optimum resistance when
the TEH is engaged in the high orbit inter-well oscillation. Instead, the numerical
simulation is employed. As the simulation results show, the optimum resistance increases
when the TEH enters into the inter-well motion. Since the real system has a limited voltage
output when it operates in the high energy orbit, this trend is not obvious in the
experimental results. The results reveal that the optimum resistances are: 300 KQ for
TEHI; 400 KQ for THE2; 300 KQ for TEH3. By comparing the output performances of
the three TEHS, it can be concluded that TEH1 is much easier to enter the inter-well
oscillation under a low level of excitation, and it can generate more energy when the

excitation level is high.

Future research could be focused on the following aspects. The effect of the voltage
limit phenomenon in electromechanical modelling should be investigated. For example,
the electromechanical coupling coefficient 6§ can be represented by a function of the

relative displacement. When the relative displacement exceeds a certain level, 6 is
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reduced. Besides, the biggest problem of the proposed apparatus is that the piezoelectric
transducer cannot withstand large deformation. The most efficient energy harvester or
TEHI1 would be damaged when it operates in the inter-well oscillation mode under high
level excitation. To overcome such a problem, the future work could concentrate on
building a stiffer piezoelectric beam that can work under a large excitation. It could be
accomplished by attaching a smaller size piezoelectric transducer to a stainless-steel
substrate. Furthermore, the vibration isolation character of TEH3 is worth to explore. A

passive vibration isolator could be developed based on TEH3’s configuration.
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