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Abstract

The massive increase in data volume in recent years has posed significant
challenges for traditional data processing systems. Although distributed
computing has been considered as an effective solution, its efficient im-
plementation faces the challenge of the high communication overhead in-
curred by data exchange (shuffling) between workers. Coded Distributed
Computing (CDC) has been proposed by utilizing coded multicasting to
reduce the shuffling load. To our best knowledge, existing works on the
CDC only consider input files with uniform file size, limiting their practi-
cality in real-world applications. To address this limitation, we propose a
Heterogeneous Coded Distributed Computing (HetCDC) scheme to han-
dle input files of nonuniform sizes. We then formulate a joint optimization
problem to optimize the file placement and coded shuffling strategies to
minimize the shuffling load. Through reformulation, we convert the non-
convex optimization problem into an integer linear programming problem
and solve it through the branch-and-cut method. Numerical studies show
the proposed HetCDC outperforms existing works. Based on the Het-
CDC, we further develop a Heterogeneous TeraSort algorithm to improve
the sorting time of traditional TeraSort, which is a key building blocks for

many big data processing algorithms.
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List of Acronym

Meaning

an,s € {0, 1}

Ag

Ly s\ (1)

lr.9\ (1)

Set of workers (workers) in the system; | K| is the

number of workers.

Set of input files; |N| is the number of files.
Set of target functions / reduce partitions.
A nonempty worker subset.

Target function ¢q € Q).

Set of target functions assigned to worker k.
Map function of ¢, on file n.

Intermediate value (IV) generated by g,, from
file n.

Files mapped locally by worker k.
Size of input file n.
Mapping/storage capacity (quota) of worker k.

File—placement indicator: 1 iff file n is placed

exclusively on subset S.
Number of files placed exclusively at subset S.

Set of IVs required by worker k£ but generated by
workers in S\ {k}.

Number of IVs worker k needs from S\ {k}.
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Acronym Meaning

T,i, S\ (k) IVs assigned to sender i € S\ {k} for receiver k.

ty, S\(k) Number of IVs delivered by worker i to worker k
within subset S.

Cis Coded multicast message transmitted by worker ¢
to S\ {i} (XOR of sub-messages).

1Ci.s] Size of coded message C; g in IVs (equals
MaXres\{i} tz;,S\{k})'

R Total communication load

Tk S\ (k) Auxiliary (epigraph) variable that upper-bounds
t}; S\{k} in the ILP reformulation.

w, Number of IVs generated per file (equals |[Wy/|, the
number of target functions assigned to a worker).

P, Reduce partition handled by worker k.

r Replication level used in Coded TeraSort
examples.

W, Content of file n (caching model).

Zy, Cache content at user/worker k (caching model).

M Normalized cache size (caching model).

F File size in the caching model (constant).

dy, Requested file index of user k in the delivery
phase.

X(dy o die) Coded multicast message (XOR of requested
subfiles) in delivery.

D Bitwise XOR used to form coded messages.

t Transmitter index inside the holder set \S,, for file

F,, and partition ¢; t € S,, forms the packet Xt(”)’q.
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Acronym Meaning

u Receiver index in S, \ {t} that participates in the
XOR formed by transmitter ¢.

Tt Cursor for receiver u used by transmitter t¢;
selects the next-unsent subpiece L(Ln)’q[rt,u].

Xt(n)’q Coded packet sent by transmitter ¢ for pair (n, q)

I lin)’q Intermediate value (IV) produced by worker W
from file F;, that is destined for partition F,.

By, Storage capacity of worker k (in bytes); used by
the placement policy under heterogeneous
storage.

L Large-file tier (size class).

S Small-file tier (size class); groups small files to

reduce zero padding.

Intermediate-file tier.
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Chapter 1

Introduction

The rapid growth of data-intensive applications has fundamentally re-
shaped modern computing. Traditional single-machine solutions are no
longer sufficient to handle the increasing demand, making distributed com-
puting a critical paradigm for handling massive and complex workloads.
Despite its advantages, distributed systems also face inherent challenges
such as communication bottlenecks, uneven resource utilization, and data
heterogeneity, which limit their overall performance. In this chapter, we
first discuss the background of our research to provide the necessary con-
text. We then present the motivation for this work, emphasizing the chal-
lenges that existing approaches cannot adequately address. Finally, we

highlight our main contributions that aim to overcome these limitations.

1.1 Background

With the development of computationally intensive tasks such as Artificial
Intelligence(Al), big data analysis, and graph neural networks, the demand
for large-scale computation has increased dramatically. These techniques
are widely applied in domains such as autonomous driving, recommenda-
tion systems, and biomedical analysis, which continuously generate large
amounts of data. For example, the DeepSeek V3 large language model
was trained in 14.8 trillion tokens [1]. Obviously, the scale of these data-

intensive workloads has far exceeded the capabilities of a single machine.
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In this context, distributed computing is an effective method for process-
ing large amounts of data. It can connect multiple computing workers
via networks to collaboratively execute complex workloads and enhance
scalability.

Distributed computing refers to a computational paradigm in which
multiple interconnected computing resources collaborate to execute tasks
that a single machine cannot efficiently handle. By enabling parallel exe-
cution and resource sharing, it provides a scalable and efficient approach
to processing large-scale workloads. Over the years, extensive research
on parallel processing models, system architectures, and task scheduling
strategies has consolidated its theoretical and practical foundations. For
example, the authors in [2] proposed the parallel random access machine
(PRAM) model, which formalized complexity analysis techniques to char-
acterize interprocessor cooperation and enriched the theoretical framework
of the field. The bulk synchronous parallel (BSP) model [3] introduced
the notion of a ’superstep’, standardized synchronization and communi-
cation between compute workers. Then, the authors in [4] proposed the
Multi-BSP model by empirically calibrating latency parameters through
multicore benchmarking, thereby enhancing real-world applicability. In
distributed computing, three prevalent computational models are widely
recognized: cluster computing, grid computing, and cloud computing [5].

Cluster Computing: Cluster computing refers to the interconnec-
tion of a group of loosely coupled computers through a local area network
(LAN), allowing them to cooperate as a unified computing resource. In
essence, the system can be viewed as a single logical machine [6]. Cluster
systems are widely used in high-performance computing applications, such
as scientific simulations, big data analytics, and training machine learn-
ing models. Their advantages include low-latency communication, fault
tolerance, and ease of scalability in homogeneous environments [7].

Grid Computing: Grid computing aggregates heterogeneous, geo-
graphically dispersed resources into a virtual cluster to tackle large-scale
problems. It emphasizes cross-domain collaboration via virtual organiza-

tions [8], enabling tasks that exceed the capacity of a single supercomputer
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while remaining suitable for smaller multiuser workloads. Compared with
traditional clusters, grids integrate loosely coupled and often untrusted re-
sources and support various hardware combinations [9]; they also allow dy-
namic resource membership and operate across LAN/MAN/WAN infras-
tructures with high scalability [10]. We quantify its effectiveness through
a resource utilization rate. Large-scale grid systems such as EGEE have
demonstrated the practicality of grid computing in real-world e-science
collaborations [11].

Cloud Computing: Cloud computing is an internet-based comput-
ing paradigm that provides dynamically scalable resources and services on
demand, without requiring users to understand the underlying technical
details [12]. Users can easily access computing resources such as servers,
storage, and applications via the internet. It offers significant advantages,
including high scalability, high availability, on-demand services, and low
cost, and is widely applied in areas such as enterprise informatization, per-
sonal storage, and software development. Compared with other distributed
computing models, cluster computing is suited for scenarios requiring high
speed and reliability with frequent communication between workers. Grid
computing is more appropriate for solving large-scale, cross-domain prob-
lems. Cloud computing, with its convenient usage and flexible resource
allocation, meets diverse user demands for computing resources. In addi-
tion, recent research further explores cloud computing as a foundation for

edge computing, serverless infrastructure, and Al as a service [13].

MapReduce

Currently, commonly used distributed computing frameworks are driven
by dataflow architectures such as MapReduce [14] and Spark [15]. To sim-
plify distributed computing for developers and support the development
of parallel applications by those with limited experience, Google proposed
the MapReduce program model in 2004. This model enables developers
to perform large-scale data processing through simple operations, without

needing to manage intricate details such as parallel execution, load balanc-
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ing, data partitioning, or fault tolerance. The MapReduce framework was
further enhanced with essential capabilities such as automated fault toler-
ance, speculative task execution, and optimized data locality, enabling its
extensive deployment in large-scale data processing scenarios such as web
indexing and log analytics [16]. Meanwhile, Spark extended this model
by introducing the abstraction of resilient distributed datasets to enhance

fault tolerance and iterative computation efficiency [17].
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Fig. 1.1: Illustration of Cluster, Grid, and Cloud Computing Paradigms.

When a user invokes MapReduce, a sequence of operations is initiated,
and the entire execution workflow proceeds as illustrated in Figure 1.2.
In the MapReduce framework, all computations are typically divided into
three distinct phases: the Map, Shuffle, and Reduce phases.
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Fig. 1.2: Google MapReduce Working-flow.

Before the Map phase begins, the input data is divided into smaller
chunks called splits. Each split represents a portion of the input file and is
typically processed by a separate mapper. This division allows for parallel
processing of large datasets.

Map: In the Map phase, input files are processed by map functions.
Map functions process the input files and partition the results into multiple
intermediate files written to the worker’s local disk.

Shuffle: The Shuffle phase is between the Map and Reduce phases.
It is responsible for redistributing the intermediate values(IVs) such that
all values associated with the same key are sent to the same Reduce task.
This phase involves transferring data and sorting it by key. The shuffle
phase is critical to the correctness and efficiency of the framework.

Reduce: In the Reduce phase, each Reduce task processes all IVs
associated with the specific key.

MapReduce has been widely utilized in large-scale data processing
tasks. A classical example is the WordCount application, which illus-
trates the basic map and reduce operations on large text data sets [16].
This example describes how MapReduce divides the input data, processes
it in parallel, and aggregates the intermediate results efficiently. Beyond

WordCount, MapReduce has been extensively applied in web indexing, log
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analysis [18], large-scale machine learning [19], and bioinformatics data
processing [20], showcasing its scalability and fault tolerance in handling
massive datasets.

Now, one of the most widely adopted distributed computing frame-
works is Hadoop, developed by the Apache Software Foundation [21]. It
consists of two main components: the Hadoop Distributed File System
(HDFS), which stores massive data, and the MapReduce programming
model, which performs computations over the stored data [14]. In addi-
tion to its fundamental architecture, efficient task scheduling and resource
allocation are critical to optimizing performance in large-scale systems.
For example, the authors in [22] demonstrated that good task assignment
strategies can significantly enhance computational throughput in the mul-
tiplication of a data-parallel matrix. So data locality aware scheduling,
which assigns tasks to workers where the data already resides, has been
widely adopted to reduce communication overhead and improve system
efficiency, and is now a core principle in frameworks such as Hadoop.

Distributed computing offers parallelism, scalability, and fault toler-
ance. Parallelism accelerates workloads by executing multiple workers si-
multaneously; scalability permits capacity expansion; and fault tolerance
guarantees continuity even under partial failures. These attributes make
distributed computing indispensable for big-data analytics, Al training,
scientific computing, and beyond, positioning it as a primary driver of

contemporary information technology advancement.

1.2 Motivation

As distributed systems scale, the cost of shuffling communication load
across multiple workers becomes a severe bottleneck. For example, during
Google’s implementation of a 1TB TeraSort task, the shuffle phase took
400 seconds and dominated the overall running time [14]. Empirical evi-
dence demonstrates that the shuffle phase can account for up to 48% of the
total execution time in MapReduce workflows. To reduce communication

load, researchers have explored techniques that utilize coded multicasting
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in the shuffle phase.

The concept of coded multicasting originates from the coded caching
framework [23], where the placement of content across users’ caches is
carefully designed so that a single coded transmission can simultaneously
serve multiple users with different content requests. This principle of ex-
ploiting coding opportunities to deliver data to multiple recipients in one
broadcast has inspired its adaptation to distributed computing systems.

Coded Distributed Computing (CDC) extends this idea to the shuffle
phase of distributed computing frameworks [24]. By introducing carefully
designed computation redundancy during the map phase, CDC creates
overlapping IVs between workers, enabling coded multicasting in the shuf-
fle phase. It will allow a single coded message to send the requirements
IVs to multiple workers, thereby reducing the total communication load.
TeraSort is a large-scale benchmark and sorting application widely used to
evaluate the performance of distributed computing systems [25]. It typi-
cally operates in a MapReduce framework, where the map phase generates
key-value(KV) pairs, the shuffle phase redistributes them based on keys,
and the reduce phase outputs the sorted data. Due to the massive data
movement involved, the shuffle phase often dominates the execution time,
making TeraSort an ideal workload for studying communication-efficient
techniques. CDC has been successfully applied to real-world scenarios
such as Coded TeraSort [26], achieving up to three-fold reductions in shuf-
fle time.

Although CDC has shown substantial benefits in reducing the shuffie
communication load in distributed computing frameworks [24], [26], most
existing implementations are designed under the assumption that all input
files have a uniform size and that workers possess homogeneous storage,
computation, and communication capabilities. These assumptions greatly
simplify the design and analysis of CDC schemes, but they rarely hold in
practical, large-scale systems.

In real-world scenarios, such as large-scale data analysis and distributed
sorting tasks, input files often vary significantly in size due to diverse data

sources and preprocessing methods [27]. For example, in Facebook and Mi-



Lakehead University 21

crosoft’s production MapReduce clusters, file sizes are very uneven: There
are many small files, but large files take up most of the total data [28].
Furthermore, computing workers in modern clusters are frequently hetero-
geneous, comprising a mix of machines with different storage capacities,
processing speeds, and network bandwidths [29]. Under such conditions,
CDC schemes designed for uniform file sizes and homogeneous workers
can lead to load imbalance, suboptimal coding opportunities, and even
increased overall execution time.

Addressing these practical limitations is important to fully realize the
potential of CDC in modern distributed computing systems. In this work,
we propose a HetCDC framework that jointly optimizes file placement and
coded shuffling strategies for nonuniform file sizes. By explicitly accounting
for file size heterogeneity in optimization, the proposed HetCDC scheme

reduces the shuffle communication load in heterogeneous environments.

1.3 Contributions

The main contributions of this thesis are summarized in the following.

e We develop the HetCDC for distributed computing with heteroge-
neous file sizes, which is commonly seen in practice. In particular,
we propose a file placement strategy for the CDC that can efficiently

handle an arbitrary number of files of nonuniform sizes.

e We optimize the proposed HetCDC by formulating a joint optimiza-
tion problem that optimizes file placement and the coded shuffling
strategy to minimize the shuffling load. The optimization problem is
shown to be a difficult nonconvex problem. Through reformulations,
we convert the problem into an equivalent integer linear program-
ming (ILP) problem, which can be solved by the branch-and-cut
method. Simulation shows that the optimized HetCDC outperforms
the state-of-the-art CDC schemes.

e We further extend the HetCDC design to improve the efficiency of the
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TeraSort algorithm, an important Hadoop benchmark for MapRe-
duce computations. In particular, we develop the Heterogeneous
Coded TeraSort (HCT) to address the sorting task for files with dif-
ferent sizes. Experiments show that the proposed HCT achieves the
lowest sorting time compare with traditional uncoded TeraSort and

homogeneous Coded TeraSort algorithms.

1.4 Organization of the Thesis

The remainder of this thesis is organized as follows. Chapter 1 intro-
duces the background of distributed computing and the MapReduce frame-
work, outlining the motivation for addressing heterogeneity in such systems
and summarizing the key contributions. Chapter 2 reviews related work,
including conventional uncoded methods, coding techniques, coded dis-
tributed computing, and the TeraSort benchmark. Chapter 3 presents the
proposed HetCDC framework, the system model, and the corresponding
optimization formulation. Chapter 4 demonstrates the application of Het-
CDC to TeraSort and compares its performance with existing approaches.
Finally, Chapter 5 concludes the thesis and discusses potential directions

for future research.



Chapter 2

Related Works

Distributed computing systems have faced the challenge of improving com-
putational speed. Over the years, two main directions have emerged for
speeding up distributed computation. One direction of work focuses on
redundancy through task replication. These approaches do not rely on
precise scheduling or task partitioning; they will launch redundant exe-
cutions across multiple workers and proceed with the first completed re-
sult. Another direction introduces structured redundancy via coding tech-
niques. By encoding tasks, data, or IVs, these approaches aim to reduce
and balance the communication load. In this chapter, we will introduce
three major approaches: replication, coding techniques, and coded dis-
tributed computing, and conclude with TeraSort as a MapReduce baseline
to explore how they speed up distributed computing systems by enhancing

efficiency and reducing delays.

2.1 Conventional Uncoded Methods

Replication is an uncoded baseline that runs duplicate copies of the same
computation across different workers; the system commits the earliest
successful completion or a majority result to improve reliability and re-
duce runtime variability. Based on early parallel systems [30], replication

was adopted in the Shared-Nothing-On-Workstations (SNOW) architec-

ture [31]. They proposed replicating the entire program across multiple

23
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workers and taking the output from the first to finish. This approach
demonstrated that simple redundancy could lead to measurable improve-
ments in response to performance variability. In distributed computing
tasks consisting of many tasks run in parallel, the tasks on the slowest
machines (straggling tasks) [32] become the bottleneck in the completion
of the task. Although our work is not focused on straggler mitigation, it is
worth noting that many replication strategies have been proposed specifi-
cally to address the straggler problem in large-scale data-parallel systems.

In 2020, Dolly [29] was introduced as a system that integrates flexi-
ble task-level replication into data-parallel frameworks such as Spark[15].
Dolly enforces constraints to avoid excessive overhead. It limits the total
number of replicas based on system load and avoids replicating tasks that
are short-lived or already near completion. By treating replication as a
core part of the scheduling mechanism rather than a reactive response to
performance variability, Dolly achieves significant improvements in task
completion time, especially in moderately loaded clusters where idle re-
sources are available but underutilized. Although it can reduce running
time, Dolly’s replication strategy still incurs waste resource overhead, es-
pecially when cluster utilization is high. Furthermore, unthinkingly repli-
cating all tasks may lead to inefficiencies if task duration is predictable or
the cluster lacks sufficient idle slots. To reduce unnecessary overhead while
preserving the latency benefits of replication, a more efficient replication
strategy was proposed in  cite wang2015straggler. Instead of replicating
all tasks at launch time, they proposed a single-fork strategy. It needs to
wait until a fixed fraction of tasks (e.g., 80%) have been completed. Then,
it replicates only the remaining slowest tasks. This selective replication
reduces resource waste on fast tasks while still decreasing running time.
In [33], the authors also analyze the replication parameters adjusted in
different task duration distributions. Compared to Dolly, this approach is
more adaptive and resource-efficient.

Although replication strategies have proven effective in reducing task
completion time, they will incur additional resource overhead that may

limit their scalability in resource-constrained environments. This limita-
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tion motivates the development of more structured and efficient methods
to reduce the running time or communication load of distributed comput-

ing systems [34].

2.2 Coded Distributed Computing

Coded Distributed Computing (CDC) replaces naive replication with en-
coding, allowing a single transmission to simultaneously serve multiple
workers via coded multicasting or tolerate stragglers by decoding from a
subset of results. Two canonical endpoints formalize this idea: the Mini-
mum Bandwidth Code, which repeats Map tasks to minimize shuffle com-
munication [24], and the Minimum Latency Code, which encodes compu-
tations to reduce waiting for slow workers [35]. A unified view connects
these extremes and anchors the computation—communication balance in
the coded-caching perspective [23], [36]. Guided by this trade-off view,
the remainder of this subsection surveys CDC along five dimensions: alge-
braic designs for linear transforms, gradient-based learning, shuffle-phase
file placement and coded shuffling, architecture-aware variants, and the
application of CDC. It concludes by highlighting nonuniform file sizes as

the key open challenge motivating our work.

Algebraic Designs for Linear Transforms: Matrix multiplication is
a canonical workload in which CDC can be cleanly formalized. An MDS
code encodes data into several blocks such that any prescribed number
of returned blocks is sufficient for exact recovery; in practice, this allows
the system to tolerate a fixed number of straggling workers with minimal
redundancy [37]. In coded computation, input matrices are partitioned,
submatrices are MDS encoded, and distributed to workers. The master
reconstructs the final product from the first subset of results, which lowers
the recovery threshold and straggler-induced latency [35]. Experiments on
Amazon EC2 report up to 40% lower average latency and 60% lower tail
latency compared to uncoded baselines in m1-small instances [35].

To scale beyond this template, four algebraic families map different
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points on the threshold—communication—complexity curve: Product codes,
Polynomial codes, PolyDot and MatDot, with MatDot achieving a lower
recovery threshold by concentrating on relevant cross-products at the ex-
pense of higher communication [38]-[41]. On the complexity side, sparsity-
aware encodings reduce worker load and decoding time, allowing for nearly
linear-time decoding [42]. Short-Dot shortens the dot products of each
worker and reports on 32% speed-ups over dense MDS baselines, while
exposing a sparsity-recoverability trade-off [43]. The S diagonal codes use
a diagonal structure with hybrid peeling and Gaussian elimination to ap-
proach near-optimal thresholds with low overhead [44]. The same coding
ideas extend beyond matrix—matrix multiplication to coded convolution
and the discrete Fourier transform, both common in machine learning and
signal processing [45], [46]. Complementing fixed-rate algebraic schemes,
rateless designs (LT style) make use of partial work and enable dynamic
load balancing in heterogeneous clusters, in contrast to fixed-rate uses of
LT, where partial computations may be discarded [47], [48].

Taken together, these algebraic designs motivate the following parts of
our review: first, gradient-based learning; then, mechanisms that reduce
shuffle communication via file placement and coded shuffling strategy; fol-

lowed by topology- and architecture-aware variants.

Gradient-based learning: For distributed learning, gradient coding
guarantees exact recovery of a batch gradient under erasures or delays.
Fractional and cyclic repetition provide baselines [49], while cyclic MDS
and Reed—Solomon constructions add structured recovery with balanced
masking [50], [51]. Moving toward deployability, the Batch Coupon Col-
lector (BCC) strategy embraces decentralization: it collects any set of
sub-batches that cover, reducing wall clock time by using opportunistic
returns. Reported results show up to 85.4% faster execution than uncoded
methods. 9% over cyclical repetition [52]. Orthogonal to “encode-after-
compute,” Polynomially Coded Regression (PCR) encodes the data itself
so that the master interpolates the final gradient with a lower recovery

threshold, thus reducing both the computation and communication time
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[53]. These developments jointly indicate that resilience and efficiency
can be achieved by coding outputs (gradients) or by moving the coding

upstream to the data layer.

File placement and coded shuffling: In MapReduce-like systems,
the shuffle phase is often the communication bottleneck, and CDC ad-
dresses it along two axes that we will build upon later: file placement
and coded shuffling strategy. On the placement side, group-based coded
MapReduce creates multicast opportunities while controlling subpacketi-
zation [54]; resolvable designs use combinatorial structure to determine
subfile counts and placements [55]; systematic storage updates across iter-
ations increase coding opportunities beyond random placement [56]; and
locality-aware designs balance data locality with coding gains [57]. The
placement—delivery array (PDA) compactly represents both phases in a
single array, making construction and analysis more tractable [58]-[60].
On the delivery side, compressed CDC pre-combines IVs before multi-
cast to cut bandwidth [61]; quantized updates (e.g., QSGD) reduce gradi-
ent traffic with controlled distortion [62]; pliable index coding and related
randomization lower message correlation and redundant transfers across
iterations [63]. When tasks are iterative, cross-iteration coding amortizes
overhead across steps [64]. For structured pipelines, problem-specific de-
livery targets the computation graph itself, e.g., distributed graph ana-
lytics and multistage MapReduce, to prune redundant sends along the
DAG [65]-[67]. A complementary lever is function allocation, which as-
signs targets to appropriate workers to avoid duplication under mobility
or decentralized storage [68]. These techniques jointly reduce the normal-
ized communication load while keeping subpacketization and complexity

in check.

Architecture aware variants: CDC abstracts networks as ideal broad-
cast or co-located workers [35], [36], but practical systems deviate from this
model. The topological CDC aligns the code design with realistic fabric

in the data center (fat tree) to balance link loads and avoid hot spots
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[69]-[71]. To better utilize codebooks in practice, UberShuffie fills in miss-
ing entries in encoding tables by reallocating data among workers, with
reported reductions in shuffle time of roughly 47. 2% and 35. 7% in dif-
ferent SGD settings compared to a coded shuffling baseline [72]. At the
microarchitectural level, multicore-aware CDC exploits intraworker par-
allelism to fully utilize modern CPUs in homogeneous environments [73].
Together, topology and architecture-aware methods translate the theoret-

ical multicast gains of the CDC into consistent end-to-end improvements.

Application of CDC: CDC ideas now appear in settings where com-
munication is scarce or execution is highly variable. In federated learning,
coded/quantized aggregation reduces uplink bandwidth without sacrificing
convergence [74], [75]. In heterogeneous edge environments, hierarchical
and adaptive strategies accommodate diverse compute and communica-
tion budgets between tiers [27], [76], [77]. In serverless platforms, stateless
functions and prone execution prone to stragglers motivate CDC-inspired
mechanisms that encode intermediate computations to improve resilience
and reduce data movement costs [78]—[80]. These applications underscore
the versatility of the CDC when both computation and communication
resources are constrained or fluctuate over time.

Despite substantial progress, most CDC analyzes model input as equal-
size subfiles or intermediate values for analytic tractability (or pad to equal
length during XOR), as in Coded MapReduce [24]. In production deploy-
ments, however, file and partition sizes are highly nonuniform, e.g., Face-
book HDFS traces report that 90% of files are smaller than 15 MB. Hence,
the uniform size assumption rarely holds [81]. This mismatch has con-
crete consequences: subpacketization becomes a practical bottleneck and
can create imbalance, motivating a line of low-subpacketization designs
[82], [83]; byte-accurate shuffle cost departs from IV-count algebra and
requires explicit length alignment or padding for coded multicasting [24];
and the end-to-end completion time is frequently dominated by the largest
(skewed) partitions or straggling tasks in MapReduce-style systems [29],
[84]. Motivated by this gap, we study CDC under nonuniform file sizes.
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Our goal is to design a size-aware file placement and a coded shuffling
strategy that preserves coding gains under heterogeneity. We also aim
to quantify the computation—communication trade-off under realistic con-
straints, while reusing and adapting the design levers above (placement,

shuffle, encode, and function allocation).

2.3 TeraSort

TeraSort, developed initially as a benchmark for evaluating the perfor-
mance of MapReduce frameworks, has become a standard for large-scale
distributed sorting tasks [25]. It operates in three main stages: sampling
via TeraGen, partitioning, and sorting or validation through TeraSort and
TeraValidate [85]. In the sampling stage, a subset of keys is extracted
to determine partition boundaries; during the shuffle phase, each mapper
routes records according to these boundaries, and reducers output globally
sorted partitions. Classic results include Yahoo! Hadoop cluster sorting
1 TB in 209 seconds on 910 workers in 2008 [25], improving to 62 seconds
on a 1460-worker cluster in 2009 [86], and, in 2013, achieving 1.42 TB in
one minute in a 2100-worker cluster [87]. From a theoretical standpoint,
TeraSort has been rigorously analyzed as a minimal MapReduce algorithm;
appropriate parameterization is shown to guarantee minimality and sim-
plify system-level optimizations [88]. This simplicity and sustained perfor-
mance have driven TeraSort’s widespread academic and industrial use [16],
[25], [89].

In practice, the classic total-order partitioner builds a two-level trie
on sampled keys and relies on in-memory quicksort, which constrains the
sample size; moreover, indexing only the first two bytes of each key can
lead to uneven reducer loads under skewed key distributions [85], [90]. To
address these issues, follow-up work refines the partitioner: Xtrie replaces
the sort step with direct trie insertion, supporting deeper attempts to
shrink the per-prefix ranges and improve the load balance [91]. ETrie
further reduces memory by grouping ASCII into three classes, effectively

reducing the branching factor from 256 to 64; for a two-level trie, this cuts
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the memory footprint by a factor of 1/16 and enables deeper tries under
the same budget, which in turn smooths reducer assignments [91].

Beyond general partitioner refinements, domain-specific pipelines also
adapt TeraSort. For climate workloads, an optimized map—sort-reduce
flow on historical weather-station data compresses observations into monthly
aggregates with near-linear processing cost on a single worker and explores
quantum-inspired mechanisms for further speedups [92].

Beyond such domain-specific pipelines, another line of work adapts
TeraSort at the network stage via coding. The Coded TeraSort keeps the
map—partition—sort operation but introduces structured replication and
XOR-based coded multicasting so that one transmission can satisfy mul-
tiple reducers, reducing the shuffle load [26]. As this design reduces the
dominant shuffle cost; empirically (Table 2.1, 12GB, K = 16, 100 Mbps),
raising 7 further cuts shuffle from 945.72s to 412.22s (r = 3) and 222.83s
(r = 5) while generating total time reductions at 445.56s (2.16x) and
283.33s (3.39x). Here, r denotes the replication level. Each input file is

placed on exactly r distinct workers.

Table 2.1: Sorting 12 GB Data with K = 16 workers and 100 Mbps Network Speed

Scheme CodeGen | Map | Encode | Shuffle | Decode | Reduce | Total | Speedup
(sec.) (sec.) (sec.) (sec.) (sec.) (sec.) (sec.)

TeraSort - 1.86 2.35 945.72 0.85 10.47 961.25 -

CodedTeraSort: r =3 6.06 6.03 5.79 412.22 2.41 13.05 445.56 2.16x

CodedTeraSort: r =15 23.47 10.84 8.10 222.83 3.69 14.40 283.33 3.39x

The baseline formulation typically assumes uniform file sizes and bal-
anced replication, which simplifies grouping and analysis, but is limited
under heterogeneity. It motivates our setting: we preserve the TeraSort
function while introducing heterogeneous input file sizes and capacities
through placement-aware groups and length-aligned XOR in the shuffle
phase.



Chapter 3

Heterogeneous Coded
Distributed Computing

with Nonuniform Input

File Sizes

This chapter presents the proposed Heterogeneous CDC(HetCDC) frame-
work. We first introduce the system model and review the standard CDC
framework as the basis of our work. Then we explain how HetCDC ex-
tends CDC to support nonuniform file sizes. This chapter also discusses
the design of file placement and coded shuffling strategies, formulates the
corresponding optimization problem, and presents the solution method.
Finally, simulation results are provided to demonstrate the effectiveness of

the framework.

3.1 System Model

We consider the CDC framework with K workers, indexed by K = {1,..., K'}.
The system processes N input files, indexed by N = {1,..., N}. In the
classical CDC setting, all input files are assumed to be of equal size; The

computational task is decomposed into ) target functions {¢1, ..., ¢g}, in-

31
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dexed by Q = {1,...,Q}. Each target function ¢, is assigned to a worker;
let Wi C O denote the set of target functions assigned to worker k. As
shown in 3.1, the computation follows the Map—Shuffle-Reduce paradigm,

as described below.

' Worker 1 gl,lzvl,l Worker 1
File1 m; M| g12=Vi2 Wi={01,¢02}
g1LN=ViN /
S\
File 2 " =
\\ £29=Vs, Encode ‘ Decode K Wolo2 03}
FileN m g gKk,1= VK1 Worker K
N gK,3=VK,3 Wi={01,94}
EKN=VKN
Map Phase Shuffle Phase Reduce Phase

Fig. 3.1: HetCDC System model.

Map: Each target function ¢,, ¢ € Q, is associated with a set of V
map functions {g,, : n € N'}. The output of each map function g, is an
IV, denoted V,,, = qn(W,). Each worker k € K is assigned a subset of
input files My C N, and only computes V,, for n € My, for all q.

Shuffle: To complete the Reduce phase, each worker needs to ob-
tain IVs V,,, for all n ¢ M, associated with the functions it is assigned.
Instead of unicasting each IV individually, CDC exploits coding opportu-
nities: workers transmit coded multicasting messages composed of XOR
combinations of IVs, which simultaneously serve the needs of multiple
workers. These coded transmissions reduce the total communication load.

Reduce: Once all required intermediate values have been acquired, ei-
ther through local computation or through decoding received coded trans-
missions, each worker K computes its assigned functions using the set of
IVs

Although the above description corresponds to the standard CDC frame-
work, in later sections, we extend it to handle heterogeneous file sizes
and worker capabilities. These generalizations, which form the HetCDC

scheme, require redesigned file placement and coded shuffling strategies,
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which will be detailed in Section 3.3.

3.2 Preliminary

Distributed computing has become a widely adopted model for large-scale
data processing. However, communication overhead during the Shuffle
phase has emerged as a significant bottleneck that limits the performance
of distributed computing frameworks. For example, in the TeraSort bench-
mark running on the Facebook Hadoop cluster, it was observed that the
Shuffle phase alone accounts for approximately 33% of the total execution
time [93]. In more intensive applications, such as the training of a con-
volutional neural network (CNN) [94] that involves millions of updates to
model parameters, the amount of computation required becomes signif-
icantly larger. To address this problem, CDC was proposed [24], which
utilizes coded multicasting during the Shuffle phase to reduce the com-
munication load. The key idea is to introduce redundancy in the Map
phase so that IVs can be combined and multicasted efficiently to multiple
workers. This coded multicasting strategy enables each transmission to
simultaneously satisfy the data requirements of multiple workers, signifi-

cantly lowering the communication load.

3.2.1 Coded Caching

Coded multicasting was first proposed in coded caching [23]. To bet-
ter understand how coded multicasting is achieved in this framework, we
now briefly introduce the system model and the main procedure of coded
caching, which paves the theoretical foundation for CDC. The authors in
[95] proposed the system model shown in Figure 3.2. The server stores
N files, denoted as W1, ..., Wy, each of size F'. There are K users in
the system, each requesting files from the server. The user k is equipped
with a local cache of size M F', denoted by Z;, which can store a subset of
files. Here, M € [0, N] represents the normalized cache size. All users are

connected to the server through a shared, error-free bottleneck link. This
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shared link carries out both the placement and delivery phases of data

transmission.

Size M
W1
N Files Wa
Ws

| Size M

Server Share Link K Users caches

Fig. 3.2: System model for coded caching.

Placement: The placement phase begins by computing the parameter
t= %, which represents the number of users that will cache a particular
subfile. Then, define the set U as the collection of all subsets T' C [K] such
that |T'| = t. For each file W,,, where n € [N], divide it into subfiles of equal
size (It( ), denoted W), r for each T' € U. These subfiles are indexed by the
subsets of users who will cache them. Next, for each user k € [K], assign
to their cache Z; all subfiles W,, 7 such that k € T', i.e., user k£ caches all
subfiles whose index set includes k. This completes the placement phase.

Delivery: During the delivery phase, each user k£ requests a file d; €
[N]. The parameter ¢ is again calculated as ¢t = 2. Define the set © as all
subsets S C [K] such that |S| = ¢+ 1. For each subset S € ©, the server

constructs a multicast transmission X, 4.) by computing the bitwise
XOR of the subfiles Wy, s\ (1 for each k € S. That is, each transmission
is:
Xdyd) € @ Wa, 5\ {k}
kesS
This coded message enables each user k£ € S to decode their missing subfile

Wg,.s\(x) using the coded transmission and their cached subfiles. And this
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function is called Coded Multicasting.

3.2.2 Coded Distributed Computing

The CDC scheme introduces redundancy in the Map phase by replicat-
ing input files across multiple workers to enable coded multicasting, thus
achieving a low communication load. To better illustrate Coded Dis-
tributed Computing, we now present a simple example3.1 that demon-
strates how the Map, Shuffle, and Reduce phases are executed and how

coded multicasting helps reduce communication load.

Example 3.1. We consider a distributed computing system with K = 3
workers, N = 6 input files, and 3 target function(green circle, red squares,
blue triangles). The file placement is as follows: Worker 1 stores files
{1,2,3,4}, Worker 2 stores files {3,4, 5,6}, Worker 3 stores files {1,2,5,6}.
Each worker is responsible for computing a function that depends on all
input files. The computation proceeds in three phases, as illustrated in
figure 3.3.

In the Map phase, each worker computes IVs for all three target func-
tions from its local workers. Green circles are IVs needed by Worker 1.
The red squares are the IVs needed by Worker 2. The blue triangles are
the IVs needed by Worker 3. For example, Worker 1 in the map phase can
generate IV green circles 1, 2, 3, 4, red squares 1, 2, 3, 4, and blue triangles
1, 2, 3, 4. In the Shuffle phase, each worker lacks the IVs corresponding to
the files it does not store. For example, in worker 1, it needs to compute
the target function 1, indicated by the green circle. So, worker 1 also needs
to obtain green circles 5 and 6 IVs from the other 2 workers. So for worker

2, it sent the message to workers 1 and 3.

A o @

Because worker 1 needs green circle 5 IV and worker 3 needs blue 4 V.

For worker 1, it already has blue triangle 4. We can use the blue triangle
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4 IV to decode the green circle 5 IV. Similarly to worker 3, it can also
calculate the blue triangle 4. And worker 3 needs to be sent to worker 1.

Finally, worker 1 can get all the IVs it needs..
OLJE

In the reduce phase, after decoding all missing IVs, each worker can

compute its assigned function using IVs from all six files. And in this
approach, the communication load is: 3 X 2 = 6.

The above example shows how CDC significantly reduces the communi-
cation load through coded multicasting. To highlight this advantage more

clearly, we now compare it with uncoded distributed computing.

Files 1 2 5 6
vov v
o - OEREE
T VvV ¥ ¥ e {1][2][3][4][s
Worker 3 IVs [%%% Q3AA&&A&
Needs &A

. 3 4 5 6
Flles"‘,vv

Map

Ve [E
AAOE
Needs

Worker 1 Worker 2

Fig. 3.3: Illustrations of Coded Distributed Computing to compute Q=3 from N=6
using K=3.
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Files 5 6
v Y

Worker 3

Worker 1 Worker 2

Fig. 3.4: Illustrations of Uncoded Distributed Computing compute Q=3 from N=6 using
K=3.

But we consider the same system setup without coded multicasting. In
this case, each IV needed by a worker must be transmitted individually
from the worker who stores it. For example, in the figure 3.4, worker 1 lacks
IVs corresponding to files 3, 4, 5, and 6. So worker 2 sends red square 3
and 4 IVs to worker 1. And worker 3 sends green circle 5 and 6 IVs to
worker 1. As a result, worker 1 receives four separate transmissions to com-
plete its assigned target function. Similar transmissions are also required
for the other workers. So for an uncoded scheme, the communication load
is 3 x4 = 12. Compared to the coded scheme, this results in a significantly

higher communication load.
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3.3 Heterogeneous Coded Distributed Com-
puting

In the CDC framework, all input files are assumed to be the same size,
and placement strategies are typically designed under this uniform as-
sumption. Although this simplification makes analysis easier, it does not
reflect many real-world workloads, where input files often vary widely in
size. Such heterogeneity can lead to a storage imbalance between workers,
an uneven computational load, and inefficient communication during the
shuffle phase.

To make CDC applicable in these settings, we extend the framework to
nonuniform file sizes. This requires a review of the core design components
of CDC. In particular, the file placement strategy must explicitly account
for nonuniform file sizes so that storage and computation are balanced

across workers.

3.3.1 File Placement Strategy

In the file placement phase, it determines which worker stores which subset
of input files and which IVs are locally computable. This decision has a
direct and significant impact on the communication load during the Shuffle
phase. When input files are of different sizes, they can result in load
imbalance and suboptimal performance. Therefore, we adopt a placement
strategy that explicitly accounts for nonuniform file sizes.

Let £ = {1,2,...,K} be the set of all worker workers and N =
{1,2,..., N} denote the set of input files. Each file n € AN has a file size
F,,, and we assume that the files are sorted such that F; > Fy > ... > Fy.
When files are of different sizes, they should be treated differently for
the file placement strategy. We define a file placement indicator variable
ans € {0,1} to denote whether file n is placed exclusively on the subset
of workers S C K,S # (). This allows for the modeling of flexible and
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potentially overlapping placement strategies. And we have
ans € {0,1}, neN,S§ CK\0. (3.1)

Therefore, to guarantee that each file is placed exclusively in the worker

subset, we have the file placement constraint.

Y ans=1 VneN (3.2)

SCK,S#0D

It ensures that each file is placed exactly once in the system, and it
is exclusively assigned to one subset of workers. If we consider a system
with K = {1,2,3} workers and a single input file, we would denote this
file as File 1. We define a binary variable a; g to indicate whether File 1 is
placed in the worker subset S C {1,2,3}, where a; s = 1 means that the
file is stored in the subset S, and a; g = 0 otherwise.

The values of a; g for all non-empty subsets S are shown below:

a1y =0, ay o1 =0, a3 =0,
ai{1,2} = 0, ai{1,3} = 1, ai{2,3} = 0,

ai{1,2,3y = 0.

This means that File 1 is only stored in the subset {1,3}. The sum of

all placement indicators satisfies the following constraint:

}: a15=0+0+04+0+1+0+0=1.
SC{1,2,3},S40

Therefore, the file is placed exactly once in all subsets, which complies
with the file placement constraint in the model.

After the file placement strategy, we also need to ensure that the files
that are placed in each worker k£ € K do not exceed its mapping load

capacity. So we have the following mapping load constraint.
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CLmSFn < my, ke K. (3.3)
> X

3.3.2 Coded Shuffling Strategy

After the file placement is completed and each worker has processed its
locally assigned files in the Map phase, the system proceeds to the Shuffle
phase. In this phase, each worker needs to acquire the IVs for its assigned
target functions that are not computed locally. Therefore, after the Map
phase, the system proceeds to the Shuffie phase, where each worker re-
trieves the missing I'Vs that were computed by other workers from files it
does not store. In particular, those are the IVs for the files not stored by
the worker k, given by {V,,,q € W,,n € N\M;}. The coded shuffling
phase is conducted for each non-empty worker subset K C K\@. We define
As as the set of subfiles stored by the workers in S, which is given by

N

As =) s (3.4)
n=1
If we consider a system with N = 4 input files and K = {1,2,3}
workers. The file placement is as follows (only nonzero a,s values are
listed): File 1 is only stored at Worker 1; Files 2 and 3 are stored at
Workers 2 and 3; and File 4 is stored at Workers 1 and 2. Now, we
compute the number of files placed in subset {2, 3}, denoted as Ay 33

4
.A{273} = Z Ap (2,3} = Q1{2,3} T A2{23) T A3 {23} T A4 {23} = O+1+140=2.
n=1
There are two files (File 2 and File 3) that are placed exactly in the
subset {2,3}. Therefore, Ay 3y = 2 indicates that the worker group {2, 3}
stores two files in total.

Note that the files in Ag are only available to the users in S. So, only



Lakehead University 41

the workers in S will generate IVs for the files in Ag, which are given by
{Vim,q € Q,n € As}.

For a given non-empty worker subset S C K, we define L, s\ (3 as the
set of IVs required by worker k but generated by the other workers in
S\ {k}. Specifically, these IVs are represented by

Lisvry={VinlaeW, ne Asiy},

We denote the total number of IVs in this set as I, s\ (1) = L5\ (k35

which is given by
N

lks\(k} = Wq Z Un,s,

n=1

where w, denotes the number of IVs generated per file.
The IVs in L, s\ (5 will be delivered to worker £ collaboratively by
the workers in S\{k}. Denote 72,8\{,{} C L s\(x) as the IVs that will be
delivered by the worker ¢ for i € S\{k}. To ensure that IVs in L s\ (s,

those IVs needed by worker k£ in S will all be transmitted, we have

U 775,5\%} =Lyps\r, 1€8,keS,SC\D. (3.5)
ieS\{k}

For example, we consider a system with L = {1,2,3} workers and
N = 3 input files. The file placement is as follows: File 1 is stored only at
Worker 1. Files 2 and 3 are both stored at Workers 2 and 3.

Assume that Worker 1 is responsible for computing target functions
that require the IVs of File 2 and File 3. Since these files are not stored
at Worker 1, it must obtain the corresponding IVs from other workers
during the Shuffle phase. We define the cooperating worker subset as
S = {1,2,3}. The set of IVs needed by Worker 1 and generated by the
other workers in S\ {1} = {2,3} is:

Ly 23y = { V12, Viz},

where V), denotes the IV for file n required by Worker 1.
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To ensure that all required IVs are successfully transmitted to Worker 1,

for instance, we may assign:

7'1?{2,3} = {Vi2}, 7'1?,){2,3} = {Vi3}.

Together, these satisfy the condition required by (3.5)

U 711’7{273} - £17{273}'

i€{2,3}

This guarantees that all IVs needed by Worker 1 are transmitted and
that no IV is missing or duplicated. The collaborative transmission strat-
egy ensures the efficiency of the Shuffle phase.

To quantify the communication load incurred by each worker, we de-

A

note tz S\(k} = ‘7; s\ {k}’ as the number of IVs delivered by worker i €
S\ {k} to worker k. So we can get:

>t = sy (€S k€SS CK\D. (3.6)
ieS\{k}

By the definition of [}, s\ (1, we have

N
s\ = [Lrs\(ry| = wy Z n,s,
n=1
where w, = |W;| denotes the number of target functions assigned to the
worker k, and a,, s indicates whether the file n is stored exclusively in the
worker subset S.
Substituting this into Equation (3.6), we obtain the final coded shuf-

fling constraint:
_ N
Y tiswm = WD ans, ke€S.SCK\D. (3.7)
ieS\{k} n=1

This equality can make sure that the entire set of required IVs is par-

titioned and transmitted collaboratively by the workers in S\ {k}, where
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lr,s\{x) 1s the total number of IVs worker £ needs from this group.

This strategy not only ensures correct delivery and flexible sender-
side load balancing, but also ensures that no IVs are missed during the
shuffle phase. This forms the basis of the coded shuffling constraint, which
plays a central role in the efficient implementation of the shuffle phase in
heterogeneous coded distributed computing.

Based on the coded shuffling constraint above, each worker i € S\ {k}
is responsible for delivering a portion of the intermediate values that the
worker needs k. To improve communication efficiency, instead of unicast-
ing each individual IV, the system allows the worker ¢ to multicast a coded
message to all other workers in S\ {i}.

Let 7;2 S\(k) C Ly s\ () be the subset of IVs assigned to the worker ¢ for
delivery to worker k, and define the multicast coded message transmitted

by the worker ¢ in the subset § as:

Cis= P Tisyny (€S keSS SCK\0, (3.8)
keS\{i}

This coded message is simultaneously useful for multiple workers, as each

77;75\%} is part of the required IVs of the worker k£ and is known to all
workers in S\ {k,}.
which is the XOR of the IVs that all the workers need in S\{i}. The

size of the coded message C; s is

Cisl = max t} ¢\ - 3.9
|Ci sl kglg\ﬁ} kS\{k} (3.9)
Note that for the special case of |S| = 1, we have only one worker in
S, and there are no IVs to be shuffled. For |S| = 2, the worker i € S will
simply transmit the IVs needed by the other worker in & without coding.
Through this design, each transmission benefits multiple workers, re-

ducing the total communication load in the Shuffle phase.
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3.4 Optimization Formulation and Solution

In the previous section, we described the coded shuffling scheme in detail,
where workers transmit IVs required by others using coded messages. Each
coded message is constructed to ensure that all required IVs are delivered,
thereby reducing the overall communication load.

To further improve system performance, we now aim to minimize the
total communication load incurred during the Shuffle phase. This is achieved
by jointly optimizing the file placement strategy and the coded shuffling
assignments. In what follows, we present a formal optimization problem
that captures this objective.

We first define the total shufled communication load R of the HetCDC
scheme as the sum of all coded message sizes |C; s|, where S C K\ 0 and

1€ S:

R= Y |[Cis

i€eS, SCK\D

. (3.10)

Next, following the coded shuffling strategy, each message C; s is con-
structed as a coded combination of IVs intended for the workers in S\ {}.
[ts size is determined by the largest size of [Vs that any worker k € S\ {i}
requires from worker 1,

= t : 3.11
2585 o o

1Ci.s

We consider a sender who wants to deliver IVs to two receivers using
XOR-based coded multicasting. Receiver A needs IV v, of size 2 MB.
Receiver B needs IV vp of size 4 MB.

To reduce communication cost, the sender attempts to broadcast a
single coded message:

C=v4®vp.

However, the XOR operation requires both operands to have the same
length. Therefore, the smaller IV v4 must be padded to match the size of

vp. As a result, the size of the coded message is determined by the largest
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IV among the receivers:
|C'| = max(|val, |[vg|) = 4 MB.

This ensures both receivers can correctly decode their desired IVs: Re-
ceiver A can compute vg = C' P vy, Receiver B can compute vy = C @ vp.

Thus, the coded message size must be at least the size of the largest
IV included in the XOR combination, which explains the use of the max
operator in Equation (3.11).

Substituting (3.11) into (3.10) gives the total load:

R= t . 3.12

| > % T 5\ 1) (3.12)
€S, SCK\D

With R explicitly defined, the next step is to design a file placement

strategy and coded shuffling schedule that jointly minimize this total load.

In the following, we formulate the corresponding optimization problem:

PO : min R
{an.s: s\ }
subject to:
ans €{0,1}, neN,SCK\0, (3.1)
Y ans=1 VneN (3.2)
SCK,5#40

N
Z Z CLmSFn <myg, ke K (3.3)

n=1 SCK\D,keS

N
D s = WD ans, k€S, SCK\D (3.7)
ieS\{k} n=1

Here, the constraint (3.1) specifies that the file placement indicator

aps is binary, indicating whether file n is stored exactly in the set of
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workers S. Constraint (3.2) ensures that each file is placed exactly once.
Constraint (3.3) ensures that the total size of files assigned to any worker k
does not exceed its storage capacity my. Finally, constraint (3.7) represents
the coded shuffling requirement, which ensures that the total number of
IVs that worker k£ needs to send to others matches the number implied
by the file placement; here |W;| denotes the number of target functions
assigned to worker k.

This coupling between the file placement variables a, s and the shuf-
fling variables t};’s\ (k) Creates a strong dependency across decision vari-
ables, meaning that any change in file placement will affect the required
shuffling load for multiple subsets simultaneously. Such interdependence,
together with the non-linear max operator in the objective function and the
binary nature of the placement variables, makes problem PO a large-scale
integer non-linear program (INLP) problem [96] that is computationally
intractable for even moderate system sizes. INLP problems are inherently
complex to solve because they may contain multiple local minima and lack
closed-form solution structures, which prevents the use of efficient convex
optimization techniques. As a result, the problem quickly becomes com-
putationally intractable even for moderate system sizes.

Given these complexities, solving PO directly becomes impractical for
large-scale instances. The combination of discrete decision variables, non-
linearities, and the exponential growth of possible file placement patterns
with respect to the number of workers K results in prohibitive computa-
tional costs when using conventional optimization solvers. To make the
problem more tractable while preserving its original structure, it is desir-
able to reformulate PO into a form that avoids the non-linear max operator
in the objective function.

To address this challenge, we reformulate PO into an equivalent epi-
graph form by introducing auxiliary variables s\qy for each ty, s\ tO
eliminate the max operations in R, thereby converting the problem into a
integer linear programming (ILP) [97]form while preserving the optimality

of the original formulation.
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P1: min Z Z :1:273\{,6}

tanslisvp Ths\in} e s sCr0\0 kes\ (i)

subject to:
ans € {0,1}, neN,S§ CK\0, (3.1)
> ans=1 VYneN (3.2)
SCK,S#D

N
Can‘an <myp, kekK (3.3)
> 2

n=1 SCK\D,keS

N
Z tz:,S\{k} = |Wk‘ Zamg, k € S,S C K \ (Z) (37)
1€S\{k} n=1

Here, the auxiliary variable x}g S\{k} is introduced to the upper bound
of each shuffling load variable t. S\{k} in the objective function, thereby
replacing the non-linear max operation in R with a set of linear inequality
constraints. This transformation preserves the optimality of the original
problem while converting it into an ILP formulation, which can be effi-
ciently solved using standard ILP solvers such as Gurobi or Mosek [98]
for moderately sized systems. The resulting formulation enables scalable
computation by leveraging advanced branch-and-cut [99] and cutting-plane
techniques, significantly reducing the computational burden compared to

solving the original INLP.

3.5 Numerical Results

To efficiently solve the ILP formulation derived in the previous section, we
employ the branch-and-cut method, which is widely recognized as a power-

ful approach for tackling large-scale integer programming problems. This
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method combines the branch-and-cut framework with the generation of
cutting planes, enabling both systematic exploration of the solution space
and effective tightening of the feasible region. In the following subsection,
we present the underlying principles of the branch-and-cut method and
the numerical results obtained from our experiments.

The branch-and-cut method is an advanced integer programming tech-
nique that integrates the branch-and-bound framework with the generation
of cutting planes. It iteratively partitions the solution space into smaller
sub-problems (branching) while tightening the feasible region through valid
inequalities (cutting), aiming to reduce the search space without excluding
any feasible integer solutions [99].

The complexity of the branch-and-cut method comes from multiple
factors. First, the search tree may grow exponentially with the size of
the problem, especially when the integrality gap is large. Second, the
generation and selection of effective cutting planes is itself a combinato-
rial problem that can significantly impact convergence speed. Finally, in
large-scale optimization, the interaction between branching rules and cut
selection introduces additional computational overhead, requiring careful
balancing between exploration and pruning efficiency.

In our implementation, the reformulated ILP model in (3.1) was solved
using the commercial solver Mosek, which incorporates a highly optimized
branch-and-cut engine. The solver begins by relaxing the binary place-
ment variables to continuous values in [0, 1] and solving the LP relaxation
to establish a lower bound. When the LP relaxation yields fractional solu-
tions, Mosek selects a branching variable to partition the problem into two
subproblems, each fixing the variable to 0 or 1. Concurrently, the solver
performs cut separation to identify and add violated valid inequalities,
thereby tightening the feasible region and improving the bound quality.

To accelerate convergence, Mosek applies advanced cutting-plane strate-
gies in combination with presolve procedures that streamline the problem
structure, thereby reducing complexity and improving computational effi-
ciency. The branch-and-cut process terminates when the relative optimal-

ity gap between the best known feasible solution and the lower bound falls
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below the specified tolerance eg4,,. For our experiments, the tolerance was
set to 1079, with multi-threading enabled to utilize available computational
resources fully.

This configuration enabled the solver to find globally optimal solutions
for moderately sized problem instances within seconds to minutes, signif-
icantly reducing the computational burden compared to directly solving
the original non-linear problem. With the optimized solutions obtained
from the ILP formulation, we proceed to evaluate the performance of the
proposed HetCDC scheme through numerical experiments.

Due to constraint (3.1), the problem P1 can be formulated as an inte-
ger linear program (ILP), which is solved using the branch-and-cut method
implemented in the commercial optimization solver MOSEK. By applying
the aforementioned reformulation and solution strategy, the optimized Het-
CDC scheme is obtained. We evaluated the optimized HetCDC proposed
against two baselines: the homogeneous CDC (HomCDC) scheme [24] and
the nested CDC (N-CDC) scheme [100], under heterogeneous worker ca-
pacities and nonuniform file sizes. All methods are implemented by solving
the ILP formulation with a commercial solver (MOSEK) using the branch-
and-cut method.

In Fig. 3.5, we plot the total communication load R versus the num-
ber of input files N for a MapReduce system with K = 8 workers. To
capture worker heterogeneity, we adopt a nonuniform mapping load pro-
file m = [2,3,3,4,5,5,6,7], and file sizes are set as F,, = 1/n Kbits.
The results show that the optimized HetCDC consistently achieves the
lowest shuffling load among all the schemes considered, confirming its ef-
fectiveness in handling nonuniform file sizes. We also observe that the
performance gap between HetCDC and both HomCDC and N-CDC nar-
rows when /N is small. This indicates that HetCDC is more sensitive to
file placement opportunities at low file granularity, while its advantage

becomes more pronounced as N increases.
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2411——N-CDC
—&—Optimized HetCDC

23

Fig. 3.5: Communication load R (normlized by file size) vs. number of files N(K = 8
workers with file sizes F,, = 1/n Kbits and mapping-load vector m = [2,3,3,4,5,5,6,7]).

28
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|—0—N-CDC
—E— Optimized HetCDC

Fig. 3.6: Communication load R (normlized by file size) vs. number of workers K (N =

12 files with file sizes F,, = 1/n Kbits and mapping load my = m for all k).

In Fig. 3.6, we plot R versus the number of workers K with N = 12

k
72 for

files of size F,, = 1/n Kbits. The mapping load is set as my = TR
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all £ € IC to simulate the heterogeneous system. The optimized HetCDC
again yields the lowest communication load for all tested cluster sizes.
As the number of workers grows, the coding opportunities enabled by
heterogeneity-aware file placement become more significant, whereas the
other schemes do not fully exploit such opportunities.

The numerical results demonstrate that the proposed HetCDC consis-
tently outperforms both HomCDC and N-CDC under heterogeneous set-
tings, highlighting the importance of explicitly input file size heterogene-
ity. When the number of files N is small, the performance gap between
HetCDC and the baselines is limited because fewer opportunities restrict
coding flexibility; however, as N increases, nonuniform file sizes provide
richer placement options, leading to more coding opportunities and larger
reductions in shuffle load. Similarly, when scaling the number of workers
K, HetCDC shows superior scalability since it optimizes placement and
shuffling under heterogeneous worker capacities, while HomCDC and N-
CDC remain constrained by uniform assumptions that cause imbalance
and inefficiency. Overall, these results confirm that under heterogeneous
conditions, schemes such as HomCDC that ignore file-size heterogeneity,
or schemes like N-CDC that only partially account for it, lead to subop-
timal performance, whereas HetCDC achieves consistent communication

savings across all scales considered. And in next section, we will apply
HetCDC in TeraSort.



Chapter 4

Heterogeneous Coded
TeraSort

TeraSort is a widely adopted benchmark for evaluating the performance
of large-scale distributed sorting systems[25]. Due to the massive volume
of data exchanged during the Shuffle phase, it serves as an ideal work-
load for studying communication-efficient strategies. Existing work, such
as Coded TeraSort[26], has demonstrated the benefits of applying coding
techniques to reduce the communication load. However, most of these
approaches assume uniform input file sizes and homogeneous system con-
figurations. In this chapter, we first review the Coded TeraSort algorithm
to highlight its core ideas and limitations. In this chapter, we introduce a
new Heterogeneous Coded TeraSort algorithm that integrates the HetCDC
framework proposed in Chapter 3 into the TeraSort algorithm. By adapt-
ing file placement and coded shuffling strategies to handle nonuniform file
sizes and heterogeneous worker capabilities, our method achieves improved

communication efficiency in realistic distributed sorting scenarios.

4.1 Preliminary

The Coded TeraSort is an extension of the TeraSort algorithm[26]. It
applies an idea from coded distributed computing to reduce the commu-

nication load during the shuffle phase. The key idea is to exploit the

02
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redundant file placement strategy across multiple workers, enabling the
system to create coded messages that simultaneously satisfy their data
needs. Instead, each IV is sent directly to the requesting worker. Work-
ers combine several IVs into a single coded message using bitwise XOR
operations. These coded transmissions are carefully designed so that each
recipient can decode their required files using the local files. The imple-
mentation consists of five components: Redundant File Placement, Map
Phase, Multicasting Shuffle Phase, Decoding Phase, and Reduce Phase.

First, the input KV pairs are split into many small files, and each of
them is placed on workers repeatedly based on a special strategy. Then
the operation is the same as that with the TeraSort map phase operation.
In the multicasting shuffle phase, each worker generates the IV from the
map phase. Each worker needs to multicast its IV to a specific set of
other workers. Next, each worker decodes the needed KV pairs from the
received coded message. Finally, we have the reduce phase; each worker
sorts the KV pairs within its partition. Next, we will describe the above
5 phases in detail. We have the same example with TeraSort to illustrate
these phases.

The first phase is the redundant file placement phase. Now we consider

about K = 4 workers and input files N' = {F} 9, F1 3, F14, Fa33,
Fy 4, F5 4} repetitively on r = 2 different workers. As shown in Figure 4.1,
each file I ; is stored in workers ¢ and j. For example, the file [ 5 is stored
at worker 1 and worker 2, while F5 4 is stored at worker 2 and worker 4.
Each file consists of multiple key-value pairs that are to be processed in
the Map phase.

In the map phase, each file is stored redundantly on two workers, and
each worker stores three files. As shown in the figure 4.1, Worker 1 obtains
files Fyi 9y, F{13), and Fyq4y. During the map phase, Worker 1 processes
each file to calculate IVs. For example, file Fy; 9y contains {1, 26, 52,
75}, and Worker 1 hashes and generates IVs for each key. The IVs are
represented according to their key and files, e.g., 131’2} = [1], where the
superscript 1 indicates partition 1. Similarly, Worker 1 computes I'Vs from

files Fyq 3y, Fi12y and Fyy 4. The resulting IVs are grouped and color-coded
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based on their corresponding target keys and partitions. Specifically, red
corresponds to the range [0,25), blue to [25,50), green to [50,75), and
purple to [75,100).

Fuo Fos Foa Fesn Fa Faa
152 12 56 23 62 16 64 10 53 24 7
26 75 29 83 37 88 31 80 40 96 45 90

Worker 2 Worker 3 Worker 4

Fig. 4.1: Illustration of file placement in Coded TeraSort for K = 4 with r = 2.

As we know, in the Map phase, each worker processes its locally stored
files and generates IVs for all key partitions. Each IV is labeled according
to the key’s destination partition and the origin of the file. Due to file

redundancy, a known IV may be computed in multiple workers.

Worker 1 IVs at Worker 1
152
Fo2 26 75 Hash 3
1 —
S iy =1 If1,4) =37 lae =62
1 = 2 14 ., =175
Fos) ;z 582 Hash I3 =12 It1.3 26 ‘ {1,2} ’
4 —
— 1{11’4} = 23 1?1,2} == 52 ‘ 1(1’3) -_— 83 ’
23 62
Fos | 37 g8 Hash

Fig. 4.2: Illustration of Coded Terasort in Map phase for K = 4 with r = 2 and key
partitions[0,25),[25,50),[50,75),[75,100].
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In the Shuffle phase, instead of sending IVs individually to their re-
spective destinations, workers combine multiple IVs into a single coded
multicast message using bitwise XOR. For example, shown in Figure 4.3,
where a coded message of the form I, ® I is multicast to two workers: one

can decode I,, the other can decode I, using their own locally computed
IVs.

Worker 1 Worker 2 Worker 3
I 3 3 I} 3 2 I? 12 12
{12} | Tz | f22 1.2} [z, | 122 {13} |1osa | faas
Known
‘({21 3} | 12 2 ‘({12 3} 1 1 I{lz 3} It It
" Iay | a3 " Iz3y2 | Iz3y3 " 2332 | "{23}3
Encode

Epomy = 1?1,2}.1@*'%1.3}.1 Efi23)2 = 1?1.2},2@’{12.3},2 B33 = Ifl,s},z@]{lz.s},s

Fig. 4.3: An example of Coded Terasort encoding process.

In the decoding phase, each worker decodes the needed IVs using the
received coded message and the IVs it already obtains locally. The decod-

ing is enabled by the XOR operation. For example, shown in Figure 4.4

1

{1,317 1t can

worker 1 receives Fy 9311 = ]?1 231D I} and since it has [

{1,3},15
decode:

[?172}71 = Epnos1© 1131,3},1

In the reduce phase, once all required KV pairs have been obtained,
either from local computation or through decoding, each worker proceeds
to the final step: sorting its assigned data. Specifically, the worker £ sorts
all the KV pairs belonging to its partition Py, ensuring that the output
is globally ordered when all partitions are combined. And this step is the

same as for the classical Terasort.
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Encode
E1oaq = I3 1 DI E =13 oI E = I? 31,01}
11,2311 {1,231 911,311 i1,2,3},2 {1,2},2@1{{23},2 $1,2,3}3 {131,201 {z23)3
Coded
message
42 @ @ &3] D @
Decode g | 1hss f?m},l I3y a1 1%2,3},3
1 2 - 3
I (2,3} Ibaye | eas [ 1,3} B | s 1 {1,2} Figa | Tz
Worker 1 Worker 2 Worker 3

Fig. 4.4: An example of decoding process.

4.2 Heterogeneous Coded TeraSort with

Nonuniform File Sizes

Although Coded TeraSort significantly reduces the communication load
in the shuffle phase, its design relies on the simplifying assumption that
all input files are of uniform size and does not explicitly account for per-
worker resource limits. However, real-world datasets are also composed of
files with highly nonuniform sizes; such heterogeneity leads to unbalanced
storage and computing pressure across workers and limits the effectiveness
of homogeneous coded schemes. To address these issues, we extend the
HetCDC framework proposed in Chapter 3 to the TeraSort and develop
the Heterogeneous Coded TeraSort algorithm under nonuniform file sizes.

The difficulty arises from two kinds of heterogeneity. First, the in-
put KV pair files have nonuniform sizes. Under structured redundant file
placement with replication level r, a naive placement strategy can easily
overload a few workers while leaving others lightly used, or exceed worker
capacity limits, even though the subset pattern required for coding is sat-

isfied. Such an imbalanced placement will lead to the Map phase. Workers
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assigned large files create much larger volumes of IVs, delaying their local
processing and making them the bottleneck in Shuffle.

Second, even with a valid placement, the hashing operation, as in Tera-
Sort, routes uneven amounts of KV pairs from a given file to different
partitions. Standard homogeneous coded designs implicitly rely on pair-
ing equal amounts across receivers, but unequal input files make many
intended coding opportunities unworkable at a given subset size.

Correctness imposes additional constraints on the Shuffle strategy. Coded
packets must be formed by XOR over equal-length chunks so that every
receiver can cancel the parts they don’t need using only its locally available
side information created by replication. For every KV pair, all IVs required
at W, must be recoverable from the received coded packets together with
local side information so that Py, ..., Px partitions can generate the cor-
rect globally sorted output.

In summary, the problem is choosing a structured redundant file place-
ment that respects the limits of the per-worker capacity while avoiding
severe imbalance, and an operating encoding and multicast shuffling strat-
egy remains decodable under different input file sizes, to minimize the
Shuffle communication load while keeping the Map and Reduce functions

the same as Coded TeraSort.

System Model

We study the Coded TeraSort with heterogeneous inputs and worker ca-
pacity. Consider K workers W = {Wy,..., Wk} and K reduce partitions
P ={Py,..., Px}, where W outputs the final partition P;. The input KV
pairs (key;,value;) are split into N files F' = {Fy,..., Fy} with nonuni-
form sizes | F},| (bytes). Workers may have heterogeneous storage capacities
By. We adopt a replication level r € {1,..., K} and place each file F;, on
exactly » workers. All workers use the same hash partitioner that maps
each key to an index in [K]. We index reducers and partitions by ¢ € [K],
so W, outputs F,.

For later reference, let [ lin)’q denote the IV produced by worker W} from
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file F}, that is destined for partition F,. During the shuffle phase, workers
exploit the replica structure to multicast coded transmissions to the ap-
propriate reducers, using simple length alignment (zero padding within a
subset) when needed. Finally, each W, receives its assigned records, per-
forms local sort and outputs F,; concatenating P, ..., Px partitions the
globally sorted result. The system model is illustrated in Fig. 4.5.

The remainder of this section specifies the workflow under this setting:
we first introduce the file placement algorithm according to nonuniform
sizes, then recall the Map operation, describe the coded Shuffle with length

alignment and its decoding, and finally summarize the Reduce phase.

File Placement Algorithm

We adopt a file placement algorithm that achieves heterogeneous storage
capacity and prepares the data for efficient coded shuffling. The design
targets need to achieve two goals: (i) balancing byte volume across workers
to avoid workers mapping load, and (ii) improving coding efficiency in the
shuffle phase by keeping within each replica subset, the lengths of IVs that
target the same partition close, so that length alignment by zero padding
is small.

To realize the two goals, we use a grouped replication scheme driven by
the replication level r. Since the system stores exactly r replicas per file,
the total replica count is rV; thus, a natural target per worker is rN/K
files. We first order files by decreasing size using First-Fit Decreasing
(FFD) [101] and partition this ordered list into a few scale tiers: a large-
file tier £, a small-file tier S, and (optionally) an intermediate tier M
when needed to match capacities.

Replication then proceeds in tiers: files in £ are replicated only between
a designated large block of workers, files in § only between a small block
and files in M among the remaining middle workers; within each block
and for each file, we choose r different workers by selecting those with
the largest residual byte capacity (and, secondarily, the largest gap to

the target file per worker) so that no worker exceeds By and each worker
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approaches the rN/K files.

Workerl
P,

Worker3
P3

Worker k
Py

Keyl Value 1 3
Key2 Value 2 = F,
Key7 Value 7
o’
Key3 Value 3 |
= F,
Key i Value i
L’
Key4 Value 4 )
o F3
Key5 Value 5 )
Key6 Value 6 > F.
1,2
3
7,1
3,4
5
i
Encode
4
5,6
1,2
6
7

Decode

Workerl

3
4

Worker2

Worker k

Fig. 4.5: Heterogeneous Coded TeraSort System model.

This “large-with-large, small-with-small” achievement preserves full

nonuniformity, no equalization, splitting, or merging, while ensuring over-
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lap: any two workers within the same block share many common replicas,
so the assigned files of each worker have redundancy in other workers by
construction. Because the map phase uses a common hash partitioner, files
of comparable scale yield intermediate components of comparable length
toward each reducer; So coded multicasting formed within a block requires
only small zero padding to align lengths, improving shuffle efficiency with-

out changing original file sizes.

F1 Fa Fs Fa Fs Fe
152 12 56

Worker 2 Worker 3

Worker 1

Fig. 4.6: Illustration of file placement in Heterogeneous Coded TeraSort for K = 3 with
r=2.

As an illustration with K = 3, Figure 4.6 shows six input files F1, . . ., Fg
and the workers that store them. The colored edges denote placement
(red— W7y, blue— Wy, green— W3). The keys are routed by three parti-

tions.
P =[1,33], P.= (33,66, Ps=(66,100],

In this example, the replication level varies due to nonuniform sizes

and capacity limits:

F1 on {Wl, Wg}, F2 on {Wl, Wg}, F3 on {Wl, WQ},
F4 on {Wl, WQ}, F5 on {WQ, Wg}, F(; on {WQ, Wg}

This structured distribution creates shared side information within each
holder subset (e.g., {W1, W3} for F}). The partitions P;—Ps are then used
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during shuffle to route emitted records to reducers.

Map

Each worker W scans its local files and applies the common hash par-
titioner. For a local file F), at W}, the map step parses its KV records
and routes them by ¢ = h(key) into K destination streams. We denote
by I ,gn)’q the collection of IVs produced at W from F;,, whose keys map to
destination ¢; equivalently, these values are destined for reducer W, and
belong to partition F,.

Before entering the shuffle phase, the KV pairs will preserve the record
order within (n, ¢). Every KV pair contains lightweight metadata (n, ¢, value)
so that reducers can verify partition membership and concatenate in or-
der. We do not equalize, split, or merge original input files. In particular,
the heterogeneity of {|F,|} is preserved. After the map phase, the worker

exposes exactly the information needed by the subsequent coded Shuffle.

Worker 1 IVs at Worker 1
152 1:'1 =1 I%'z = 56
F 26 Hash
I3 =26 I7° =83
F, 12 56
83
Hash I3 =52 %% =37
Fa 37 88
I7% =12 I;* =88
Hash
F 64 80 3 2,4 3,4
¥ I3 = 64 I7* =80

Fig. 4.7: Tllustration of Heterogeneous Coded Terasort Map phase for K = 3 with r = 2
and key partitions(0,33],(33,66],(66,100].

As an illustration in Fig. 4.7, Worker 1 maps its locally stored files

F1—F) and hashes each key to one of the three partitions. From the sample
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keys shown in the figure, Worker 1 produces:

P LV (1), 1Y 26), 1P (12);
Py 1102(52), 1172(56), 1*2(37), 12(64):
Py 1173(83), 1173(88), 1173(80).

Here, the number in parentheses is a representative key value falling in
P,. Worker 1 retains all IVs for its own reducer (P;) and sends the IVs to
other partitions (P, P3) for the Shuffle phase. This results in redundant
side information at holders of the duplicate files, which we will exploit via

length-aligned coded multicasting during shuffle.

Shuffle

For each partition index ¢ and each file F},, reducer W, must obtain the
Vs {I ,g”)’q : k € S,} produced at the r holders of F,. Delivery is per-
formed inside the holder set S,, using XOR and local length alignment.
When combining several IVs in one XOR, operands are zero—padded only
up to the maximum length among the operands in that XOR. So, the
heterogeneity of {|F,|} is preserved.

Fix a pair (n,q) and a transmitter ¢t € S,,. The worker W; transmits
one packet

X" = P pad (Lﬁ”)’q[n,u]) :
ueS,\ {1}

where 7, selects the next unsent IVs needed by receiver u, and pad(-)
zero—padding to the longest operand within this packet. As ¢ ranges over
Sy, the indices {7 ,} are advanced so that every piece of each L(Ln)’q s
covered exactly once. For a packet sent by W, each receiver u € S, \ {t}
can reproduce all XOR operands except its own target piece Iﬁn)’q[n’u]
using its local replicas and the common hash partitioner from the map
phase. Therefore, u cancels the known terms and recovers the missing
piece. Repeating over ¢t € S, produces all the pieces for (n,q).

Packets are formed so that operands combined in the same XOR have
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comparable lengths (a direct consequence of placing large files with large
files and small with small), which keeps padding small. After all required
pieces are decoded, W, concatenates them in (n,q,t) order and proceeds

to reduce phase.

Fig. 4.8: Illustration of Heterogeneous Coded Terasort in shuffle phase for Worker 1.

In Fig. 4.8, W; serves S = {Ws, W3} by pairing two IVs: I?El)’z (blue;
destined to P, from F}) and 12(4)’3 (green; destined to Ps from F}). Due to
placement, Wy already has 12(4)’3 and Ws already has [351)’2. W, broadcasts

the same encoded payload to both receivers:
X =" e "

In Fig. 4.8, worker W; serves the subset & = {Ws, W5} by pairing
two IVs needed by the receivers: ]?El)ﬂ (blue; produced at Wj from Fi,
destined for P,) and 12(4)’3 (green; produced at Wy from Fj, destined to
Ps). By placement, W, already holds 154)’3 and Wj already holds I?El)’Q.
W7 broadcasts a single coded packet to both receivers, with local length

alignment to the longer operand:

X = pad(fV% L) @ pad(r{”?,1), L& max{|V2, 1577},
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Has: I'aH — 80 Has: If’l — 57

Need: 11" =52 Need: [* = 80

Fig. 4.9: Illustration of Heterogeneous Coded Terasort for decoding.

At Wy using its side information [2(4)’3, it cancels and recovers the missing
IV for partition P:

LY? = X @ pad( " L),
At W3 symmetrically it recovers the IV for partition Pj:
1(4)73 I X (1)72
9 = D pad(13 ,L).

If the two IVs already have the same length, pad(-) is a no operation
and the packet reduces to X = ]él)’Q ® [2(4)’3.

Reduce

After decoding, reducer W, has obtained all KV pairs whose keys are as-
signed to partition P;,. The reducer W, then: (i) reassembles each sequence

by concatenating the received pieces in (n, ¢,t) order to form the full byte
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ranges I,g”)’q; and (i) performs an external merge sort by key over the
union producing the final output P, written by W,,.

Because the map function assigns each key to exactly one index ¢ and
the shuffle phase recovers all ,gn)’q losslessly, P, contains precisely the KV
pairs for partition ¢ without loss and duplication. When the partitioner
is in the total range, concatenating P, ..., Px generates a globally sorted

output; Under a hash partitioner, each F, is internally sorted by key range.

4.3 Experimental Results

We evaluated the proposed Heterogeneous Coded TeraSort (HCT) by mod-
ifying an open-source OpenMPI(C++) implementation of Coded TeraSort.
The implementation follows the standard design where each input record
is a 100-byte key—value (KV) pair with a 10-byte unsigned integer key and
a 90-byte value, and the records are ordered by the integer key. We keep

this data format unchanged in our modifications.

Cluster and software

Experiments run on a controlled cluster with K workers (VMware VMs,
each with 2 GB memory and a single-core 3 GHz CPU). The inter-worker
link is rate-limited to 100 Mbps to emulate a modest datacenter bandwidth.
The codebase is compiled with g++ and executed with OpenMPI. In the
code, the number of reducers is set as numReducer = K. For the coded
version, the computation load (replication level) is set by load = r; the
implementation expects numliInput = K input partitions, consistent with
the reference design. We invoke the pipeline via ./Splitter followed by

mpirun -np (K) to spawn K workers plus one master.

Dataset and heterogeneity

The input is generated by TeraGen in the standard TeraSort format, pro-
ducing 2 GB of 100-byte KV pairs (10-byte key, 90-byte value). To emulate

heavy-tailed file sizes observed in practice, we partition the 2 GB input into
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three size classes and form files of approximately 110 MB (large), 15 MB
(medium), and 2 MB (small).

Placement and coding in our system

Relative to the reference implementation, we enable heterogeneous file
sizes and apply a size-aware placement algorithm: files are first sorted by
size and grouped within the same size group before coded shuffling. This
reduces zero-padding when forming XORs of IVs under nonuniform inputs.
We keep the standard TeraSort partitioner with K key ranges, and vary r
via load to compare uncoded (r = 1) and coded runs (r > 2).

Figure 4.10 shows the shuffle load R with the number of workers K. All
three methods incur larger communication when K grows, but the increase
is the highest for the uncoded baseline, milder for the homogeneous coded
baseline, and slowest for our heterogeneous coded design. At K = 10
we observe roughly R =~ 7.2 (uncoded), R ~ 5.6 (homogeneous coded),
and R = 4.8 (proposed). The gap widens as K increases, indicating that
size-aware grouping unlocks more efficient multicasts on a larger scale.

Figure 4.11 varies the computation load r on a fixed K. As expected,
the uncoded baseline remains essentially flat, whereas both coded schemes
monotonically reduce R when r increases. Across the full range, the pro-
posed method dominates the homogeneous coded baseline. At small to
moderate replication (for example, r = 2 -5), the advantage is more pro-
nounced (R~ 4.1vs. b4 atr=2; R~20vs.3.6atr=>5).

These trends highlight a trade-off between computing and communica-
tion load: a larger r increases map and memory but decreases shuffle cost.
Because our method attains a given R at a smaller » than the homogeneous
coded baseline, users can finish a target shuffle phase with lower replication
(and thus lower CPU/memory overhead). The size-aware placement first
sorts files and groups them within the same size class before coding. This
alignment reduces zero padding inside the XORs. It improves the packing
efficiency of each coded transmission, which explains (i) the slower growth
of R with K in Figure 4.10 and (ii) the faster decrease of R with r in
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Figure 4.11.
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Fig. 4.11: Shuffle load R (normlized by file size) vs. replication level r.
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Summary

Across all experiments, the proposed HCT achieves the lowest shuffle load
R among the three methods. The advantage increases with K and, for a
fixed K, decreases more rapidly with r, reaching a target R at a smaller
replication level than the homogeneous coded baseline. These gains come
from size-aware file placement that aligns file sizes before coding, which
reduces padding and improves multicast packing efficiency. Practically, a
modest r suffices to satisfy shuffle budgets, reduces CPU memory overhead,

highlighting the benefit of a heterogeneity-aware design.



Chapter 5

Conclusion and Future
Work

In this thesis, we investigate the limitations of conventional CDC, which
assumes uniform file sizes and homogeneous worker capabilities. Such
assumptions, while analytically convenient, significantly constrain the ap-
plicability of CDC in practical large-scale systems where heterogeneity is
inevitable. To overcome these limitations, we proposed a HetCDC frame-
work that explicitly accounts for nonuniform file sizes and heterogeneous
worker capacities. By jointly optimizing the file placement and coded shuf-
fling strategies, the proposed scheme can substantially reduce the commu-
nication load during the shuffle phase.

To address the computational challenges of the optimization problem,
which is inherently non-convex and non-linear, we reformulated it into
an ILP problem through the introduction of auxiliary variables. The re-
formulated problem was then solved using the branch-and-cut method,
which enables scalable and efficient optimization. The numerical results
confirmed that HetCDC consistently achieves a lower communication load
compared with HomCDC and N-CDC. These results validate the effective-
ness of considering file size heterogeneity in the design of coded distributed
computing frameworks.

Building on the HetCDC framework, we develop a Heterogeneous Coded

TeraSort (HCT) that combines size-aware file placement with coded mul-
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ticasting in the Map and Shuffle phase. The approach consistently lowers
the normalized shuffle load R compared with both the uncoded design
and the homogeneous coded baseline. For a fixed number of workers K,
increasing the replication level » monotonically decreases R, with HCT
delivering the largest reductions, whereas the uncoded scheme remains es-
sentially flat. As the cluster size K grows, R increases for all methods,
but HCT exhibits the slowest growth and preserves a clear gap to the
baselines. These reductions in R translate into shorter shuffle time and
improved end-to-end sorting performance in our experiments.

In the future, several promising research directions can be pursued.
First, while this work has focused on small sized clusters, further investi-
gation is required to extend HetCDC to large-scale and high-dimensional
environments, where additional scalability challenges may arise. Second,
it would be beneficial to explore hybrid optimization approaches, such
as heuristic algorithms, approximation schemes, or distributed solvers, to
reduce computational complexity and enable real-time adaptation in dy-
namic systems. Third, the integration of HetCDC with emerging paradigms
such as federated learning, edge computing, and serverless architectures
presents exciting opportunities for cross-domain applications. Finally, de-
ploying and validating the HetCDC framework on cloud platforms such
as Amazon EC2 or Microsoft Azure will provide further insights into its
robustness, scalability, and cost efficiency in practical heterogeneous set-
tings.

In summary, this thesis established a comprehensive framework for
heterogeneous coded distributed computing, provided optimization tech-
niques, and demonstrated its applicability through both numerical analy-
sis and system-level implementation. The results highlight that embrac-
ing heterogeneity is not only necessary but also beneficial for achieving

communication-efficient distributed computing.
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