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Abstract

In "Symmetry Groups and Their Applications”, by W. Miller [1, p.152-206],
Miller discusses local Lie group theory and certain resulting applications in special
function theory. In the course of this discussion Miller considers local Lie
transformation groups and Lie derivatives. Miller is able to prove that any Lie algebra
of differential operators is the set of Lie derivatives for some local Lie transformation
group (G, Q), where G = (V, ) is the underlying local Lie group and Q is the action.
Miller's proof shows that the action Q can be found by solving a system of ordinary
differential equations. His proof does not explicitly give the underlying local Lie group
G. lt only shows that such an underlying local Lie group exists.

We show that if you restrict the Lie algebras of differential operators to ones
with a basis of the form {Li}.4, such that
" d
Lk = 21 Pi(X) 3
-
where Pi(e) = di, 1 <i, k < n, then we can construct a local Lie group G = (V, ¢) such
that the local Lie transformation group (G, ¢) has Lie derivatives Span({Lk}Eﬂ). The

Lie product ¢ of G is found by solving a system of ordinary differential equations. Our
proof is an adaptation of the one Miller uses to find the action Q of a local Lie
transformation group with Lie derivatives {L.JL’_,. We also show that the Lie algebra of

G is isomorphic to Span({Lk}:ﬂ). Thus we have found a method of constructing a

local Lie group from its Lie algebra when the Lie algebra is realized as differential
operators having the above form.

The fact that any Lie algebra of differential operators is the set of Lie derivatives
for some local Lie transformation group is important in applying local Lie theory to
special function theory. By means of local Lie groups that are not sets of matrices, we
verify known addition formulas for polynomials of binomial type, 2Fo hypergeometric
series, Eulerian polynomials and Hermite polynomials.

Although our results can be derived by various special function techniques, our
examples are interesting in that they show that the various addition formulas can all be
obtained by using the same local Lie group theory.



Chapter 1
Elementary Local Lie Group Theory

Section 1.1 Introduction

In this thesis we consider the relationship between local Lie groups, Lie
algebras and Lie derivatives. We are particularly interested in two things. One, we are
interested in using a Lie algebra of differential operators, A, to construct a local Lie
group G with Lie algebra isomorphic to A and two, we are interested in applying local
Lie theory to spedial function theory. In order for the thesis to be fairly self-contained, a
review of elementary local Lie group theory is necessary. To avoid complex
topological problems, we consider a simplified, algebraic development of parts of local
Lie group theory as provided by Millerin [1] and [2].

We begin by defining a local Lie group. Let F be the field of either real
numbers, R, or complex numbers, €. Let F, be the vector space of all n-tuples
g=(91,92 ---,9n).0;€ F. Let e=(0,0,...,0) be the zero vector of f, and suppose
V is an open set in F,, containing e. We assume that F, has the usual topology.

Definition 1.1.1 (V, ¢) is an n-dimensional local Lie groupif¢is a
function, ¢: VXV = F, such that

(1) Forallg, he V, ¢(g, h) is an analytic function in each of its 2n

arguments, g1,92,...,0n N1, D2, ..., hp. (1.1.1)
(2) Ifo(g.h)e V and o(h, k) € V, then ¢(e(g, h), k) = ¢(g, ¢(h, k)). (1.1.2)
(3) ole,g)=9¢p(g,e)=g foralige V. (1.1.3)

If (V, @) is a local Lie group we call ¢ its Lie product and we define the
inverse of the element g, g™, if it exists, to be that n-tuple in F, such that
9(g.g') = o(g'. @) = e. Note that we do not require the existence of inverse elements

in the definition of a local Lie group.

The reader should notice a similarity between the definition of a local Lie group
and the definition of an ordinary group of elementary aigebra. Local Lie groups are
derived from Lie groups, which are themselves ordinary groups with special
topological properties. We will deal only with local Lie groups.



Local Lie groups first appeared in the work of S. Lie and his colleagues [1], as
Lie transformation groups . Lie groups, local Lie groups and their representations
have imponrtant applications in the study of special functions (see Miller [2] and
Vilenkin [1]), and in the theory of differential equations (see Pontryagin [1] and
Pommaret [1]).

Since the most important tool for studying local Lie groups is the
correspondence between the local Lie group and the structure known as its Lie
algebra, we discuss some of the theory concerning local Lie groups and Lie algebras
in Chapter One. Lie algebras are a field of study unto themselves, (see Jacobson [1]
and Bourbaki [1]), but we are only interested in them with respect to their relationship
to local Lie groups. The material presented in Chapter One serves as the background
theory for the later chapters.

In Chapter Two we introduce local Lie transformation groups and the differential
operators known as Lie derivatives. We prove that the set of all Lie derivatives of a
local Lie transformation group forms a Lie algebra of differential operators and we
show that any Lie algebra of differential operators is the set of all Lie derivatives of
some local Lie transformation group. For the most part, the material of Chapters One
and Two is covered in Miller [1] and [2].

In Chapter Three we consider a specific type of differential operators that
generate a Lie algebra and use the techniques of Chapter Two to find a local Lie
group G = (V, @) such that the Lie algebra of G is isomorphic to the algebra of
differential operators. This result differs from the results of Chapter Two in that we not
only prove the existence of a local Lie transformation group with a given set of Lie
derivatives, we actually find one. Essentially it provides a means to construct a local
Lie group from a Lie algebra satisfying certain properties.

In Chapter Four we utilize the material of Chapters One and Two and the
additional concept of multiplier representations to prove some addition theorems for
special functions of Mathematics. The goal here is to provide simple applications of
the theory. Miller [2] and Vilenkin [1] do a more thorough examination of the
application of the local Lie group theory to special function theory.



Section 1.2 Local Lie Groups and Local Linear Lie Groups

In Section 1.1 we defined an n-dimensional local Lie group G = (V, ¢) on the
field F. If F = €, then we have a complex local Lie group. If F =R, then we have
a real local Lie group.

Since g:VxV — F, V < Fo, 9(@, h) is an n-tuple. Let ¢j(g, h) denote the j"
component of ¢(g, h),j=1, 2, ..., n. The following Lemma guarantees that g™ exists
for g in some open neighborhood of e.

Lemma 1.2.1 (See Miller, [1, p.163]). Let G = (V, ¢) be an n-dimensional
local Lie group. Then there exists an open neighborhood V' about e, V' 'c V c F,,
such that for g e V1, there is a unique element g™ € V such that

099" =9@) g)=e.

Proof:. Let G = (V, ¢) be an n-dimensional local Lie group. Fix g € G and let
f(h) = 9(g, h). Now,

a(pi(el h) - ai.
ahi h=e .
1ifi=]j
where §j .—-.{ . , is the Kronecker delta function. Thus, if g is close to e,
Oifi#]j

say g in some neighborhood V; of e, the Jacobian

a(Pi(g, h)
de*{ [—Thk—— h=.}si.k5n] #0.

Thus, by the Inverse Function Theorem (see Apostol [1, p.144], there exists a
neighborhood of e, such that for all h close to e, f(h) exists, and is analytic in g and
h. In particular f(e) exists.

fof (e) = e = (g, T'(e)).

Thus, the right inverse, x = f(e) exists forg e V,. Similarly, there is an open set V|
aboute, V| ¢V, suchthatallgin V| have a unique left inverse, y.

V=V, NV, isanopen setaboute suchthatallgin V' have a unique left
inverse, y, and a unique right inverse, x. Since ¢ is a Lie product:



y= <P(V, e) = (P(y' (P(g, X)) = ‘P(‘P(yv g)’ X) = (P(e’ X) = X.

Thus, every g € V™', has a unique inverse, g'=x=ye V.
QE.D

Unfortunately, the current definition of a local Lie group will not provide simple
proofs of certain material covered in Chapter One. Thus, we introduce the concept
of a local linear Lie group.

Definition 1.2.1 Alocal linear Lie group is a set of mxm nonsingular
matrices A(g) = A(g¢, 92, - - - , On) defined for each g € W (where W is an open sphere

about e € F; ), such that

(1) A(e) = E,, the mxm identity matrix. (1.2.1)
(2) The matrix elements of A(g) are analytic functions of g4, 9o, . . . , On

and the map g — A(g) is one-to-one. (1.2.2)

. dA(g) . . .
(3) The n matrices ag; j=1,...,n,are linearly independent for (1.2.3)
j
eachge W.
(4) There exists a neighborhood W’ of e in F,, W' c W, with the (1.2.4)

propenrty that, forg, he W' thereisak e W such that A(g)A(h) = A(k),
where juxtaposition means matrix multiplication.

Local linear Lie groups are essential to our development of Lie theory,
particularly in Section 1.5. They also have important applications in representation
theory. We justify calling local linear Lie groups a special type of local Lie group with
the following Lemma.

Lemma 1.2.2 (See Miller [1, p.164]). Every local linear Lie group G defines
alocal Lie group, (W', @), where the Lie product, ¢, is given by A(g)A(h) = A(¢(g, h)).

Proof: Let W be an open sphere about e in F,, and let the set of mxm
matrices A(g), g € W, be a local linear Lie group. Let W’ be the open neighborhood

ofein F,, W < W, such that Eq.(1.2.4) holds. Forg, he W', let (g, h) = k.

First, we show that ¢(g, h) satisfies Property(1.1.1). From the implicit function
theorem (see Apostol [1, p.147]) and Eq.'s (1.2.2) and (1.2.3) we have that the g;,



1 <i < n, are analytic functions of the matrix elements of A(g), Aj(g), 1 <i,j<n.
Therefore, k = (g, h) is an analytic function of the A;(k). Since A(k) = A(g)A(h), and
the A;(g) are analytic functions of g4, . . . , gy, then ¢(g, h) is an analytic, vector-valued
function of g4,8gs, . - . , On, Dy, oy . . ., Dy

Obviously, o:W'xW'— F,, and, ¢(g, ) = ¢(e, g) =g since
A(g)A(e) = A(e)A(g) = A(g).
Furthermore, since matrix multiplication is associative,

(A@)A(h))A(K) = A(g)(A(h)A(K)).
Le. A(9(g, h))A(k) = A(g)A(e(h, k)).

Thus, if ¢(g, h) and ¢(h, k) e W' then ¢(p(g, h), k) = ¢(g, ¢(h, k)), and(W’, ¢) is a local

Lie group, as required.
Q.E.D.

We now provide some examples of local Lie groups.

Example 1.2.1 G = (Fq, +), where '+' is ordinary vector addition, and nis a

positive integer, is obviously an n-dimensional local Lie group. It is also
commutative, since ¢(g, h) = ¢(h, g) forallg, h e F,. Note, G is also an ordinary

group, where g*' = -g.

Example 1.2.2 The set of one-dimensional local Lie groups defined by
Gy = (F, 9), where ¢(g, h) =g + h +ygh, g, he F, yis a constant from F, and
juxtaposition is ordinary multiplication.

Let g, h, ¢(g, h), o(h, k) e F. Then

@(p(g, h), k) =o(g + h + ygh, k) = (g + h + ygh) + K+ y(g + h + ygh)k
=g + (h + K + yhk) + yg(h + k + vhk) = ¢(g, @(h, k)).

Thus, Eq.(1.1.2) holds. Eq.'s (1.1.1) and (1.1.3) obviously hold, so Gy is a local Lie
group, forallyeF. If y=0, then,forallge F, g'=-g. Fory=0,

g'=—— forg L , and no inverse exists for g = =
1+7g Y Y



Example 1.2.3 The one-dimensional real local Lie group G = (V, ¢) where
V ={ge R|-0.4<g<0.4}and (g, h) = In(e? + &"- 1).

V is open and contains e = 0, and if g, h > -0.4, then €% + e"-1>0,s0 ¢(g, h) is
defined forg, he V and :VxV — R. Also, ¢(g, 8) =In(e? +e°- 1) =g = ¢(e, g), for
g € V. Furthermore, if ¢(g, h) € V and ¢(h, k) e V then

o(0(g, h), k) = In( (€9 + €" - 1) + eX-1) = In(e? + (" + €X - 1) - 1) = 9(g, g(h, K)).
Thus, we need only satisfy ourselves that ¢(g, h) is analytic in g and h.

A function f(x) is analyticin x on aninterval (a- g, a + 8), if f is equal to the
sum of a power series in x throughout (a - 8, a + §). From elementary calculus we
know

o ¢ g1k
In(1 +x) = Z (_1ka+1

i~ k+1 ’

-1<x<1.

Letx = (e9 +e"-2). Thenfor1<e?+e"<3,

- (.1\k
In(e9 +e"-1)= 2 (k—l_%-(e9+eh-2)k+1.
k=0

lIf g,heV then 1<e?+e"<3. Hence, ¢ is analytic in g and h, as required. Thus, G is
indeed a one-dimensional local Lie group.

Now,
InEe®+e"-1)=0e=e"=2-e9< h=In(2- e9).

Thus, ife? <2, theng™ = In(2 - €9), and if 69 2 2then g! does not exist. The open
sphere V1=V ={g e R|-0.2 < g < 0.2} is an open neighborhood about 0 such that if
ge V' then there exists a unique g' € V suchthat ¢(g,g')=0=e.

Example 1.2.4 The 3-dimensional complex local Lie group G = (€3, ¢), where

(p(g’ h) = q’((g'l: g2, 93)! (h1! h2, h3))
= (1 +g1)(1 + M) -1, (1 + gy)hz + g2(1 + hy)2,
(1 + g1)hs + 2g2ha(1+hy) + ga(1+hy)3)



Verification that G is a local Lie group is similar to Example 1.2.2, and is thus
omitted. It follows that

4 _ (91 g2 2022 O3 if Gt -
o' =(T30r Teod [@eam (1+g1)4} g1,
and g does not have an inverse if g4 = -1.

Example 1.2.5 Let W ={(x, y, 2)| |x|>-1,X,y,z e R}. The set of 3x3
matrices,

1491 @2 gs
A = O (1+91)? 202(1+91) | gy
0 0 (1+g4)3

forms a 3-dimensional complex local linear Lie group.

Since g -1, det(A(g)) #0 so A(g) is nonsingularifge W. A(g) = A(g1, 92, 93)
is defined for each g e W . Properties (1.2.1), (1.2.2) and (1.2.3) obviously hold. We

now verify that property (1.2.4) is true.

Let W’ Dbe the open sphere of radius 1/2 aboute. For g, he W,
g1+hy+gihi>-1. Ifg,he W, let k= (kq, ko, K3) where

ky =g1 + hy + g1hy, ko = (1 + g1)ha + g2(1 + hy)?,
and kg = (1 + @1)hg + 2goho(1 + hy) +ga(1 + hy)2.

Then ke W, and A(g)A(h) = A(k), as required.

Note that , if we define the Lie product ¢ by A(g)A(h) = A(p(g, h)), then we
essentially have the local Lie group G of Example 1.2.4, defined on the reals instead
of the complex field.

From the examples, it is clear that for a fixed open set V containing e, many Lie
products ¢, are possible such that (V, ¢) is a local Lie group. Example 1.2.2 provides
an infinite number of Lie products on V = F. Furthermore, the choice of the open set
V is not unique. In fact, we have the following Lemma:



Lemma 1.2.3 Let G=(V, ¢) be alocal Lie group. If V'c V,and V’ isan
open, connected set containing e, then G’ = (V’, ¢) is also a local Lie group.

Proof: Obvious.

Thus we can shrink the open neighborhood V, about e, on which G is defined,
without further consideration. Since V can vary, the Lie product, ¢, shall be
considered the determining factor of a local Lie group. Since there are an infinite
number of local Lie groups, the concept of locally isomorphic local Lie groups is
useful.

Definition 1.2.2 Let G =(V, ¢) and G' = (V', ¢’) be 2 local Lie groups. Let
p map an open neighborhood W of e € G into an open neighborhood W'ofe’' e G'.
Then p is (local) analytic isomorphism if u is one-to-one and onto, and

w(e(g, h)) = ¢'(u(@), n(h)), where g, hand ¢(g, h) € G,

such that p and its functional inverse, p™':W'— W, are both analytic functions of the
coordinates of G. If such a mapping exists, G is said to be (locally) isomorphic to
G.

In the remainder of the thesis any references to local Lie group isomorphisms
are actually references to local isomorphisms. The local Lie groups of Example 1.2.2
can be used to provide an example of a local isomorphism. Go = (F, ¢) and Gy . (F, ¢'),
are (locally) isomorphic with isomorphism p:Go — G1 defined by p(g) =e9-1. pis an
analytic function of g and since €9- 1 = e -1 g =h, pisone-to-one. Nowif h e Gy,
then pu(in(h + 1)) = h for |h| > -1. Thus, u is onto for the neighborhood of Gy where
g e Gy, |g| >-1. Finally note that pu is a local isomorphism because

w(p(g, h)) = (g + h) = %" - 1
=(69-1) + ("~ 1) + (69 - 1)(e" - 1) = ¢'(u(g). p(h)).

Obviously, local isomorphism is an equivalence relation that can be used to partition
the set of all local Lie groups into equivalence classes.

Now, consider the Lie product ¢ of a local Lie group G. Since ¢ is an analytic
function of its 2n arguments, we can expand ¢j(g, h) as a Taylor series about
g=h=e.
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29;(g. h)|g a(p,(g h)
(Pl(g' )" q’](g h)lg-h-a Z agr 9: h=e Z g= h-o
zach )2¢;(g. h)|g.gs 3% (9. h)
ot agl‘ags g= =h=e ah,ah g=h=°

g/hy + {terms of order > 2 in g,, hg}.

n 92¢(g, h
£ 3 ?i(g )g=h=o

dg,dhg

r,S=1

Since @;(g, e) = gj(e, g) = g;, g € F, we can simplify this expansion considerably. We
find

gihs  + {terms of order > 2iin gy, hg}

2 92 |(g s h)
q’j(g! h) = gj + h] + 21 (apg'ahs
r,S=

g=n=eé
We write this as
n
¢i(g. h)=gj+h; + Z Cjrsgrhs + {terms of order > 2 in gy, hg}, (1.2.5)
r,s=1
where
02¢i(g. h)
o _ Y\, TY

n
Lemma 1.24: ) Cj,Crtv - CjtCrys = O
r=1

Proof. From Eq.'s (1.1.2) and (1.2.5), it follows that

(g]+h + chrsgr s)"‘kj'*' chrs(gr + h, + Zcrtvglh )ks

r,s=1 r,S=1 t,v=1

= gj+(hj+k + chrs Ks) + chtrgt(h + ky + zcr vshy ks)’

r,Ss=1 t,r=1 V,5=1

where terms of order 2 or more in gs, h; or k; are omitted. Equate coefficients of g;h ks,

to get the required resulit.
Q.E.D.

In a similar manner, fix h and expand ¢;(g, h) in a Taylor Series about g = e as
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n
¢i(@. h) = h;+ Y Fy(h)gy + {terms of order22inthe g},  (1.2.7)
k=1

where

Fh) = 9¢i(g, h)

Sor (1.2.8)

The Fy(h) will be used in Section 1.4. The associative law of the Lie product proves
the following identity:

Lemma 1.2.5 (See Miller [1, p.175], Eq.(5.4)).

0 d¢ih, k o
Fifoh, k) =3 28K e m, 15ijsn

Proof: By Eq.(1.1.2), for o(g, h) and ¢(h, k) e V, 1<i<n

9i(g, o(h, k)) = (Pi(q’(gs h), k).

Expand both sides of this expression about g = e using Eq.'s(1.2.7), (1.2.8) and the

chain rule. Compare coefficients of gj to obtain the required result.
Q.E.D.

We will now consider Lie algebras.

Section 1.3 Lie Algebras

Lie algebras are an important tool for studying local Lie groups. The Lie
algebra of a local Lie group is created from the structure of local Lie groups. First, we
define curves and tangent vectors on the local Lie groups as follows:

Definition 1.3.1 Let G = (V, ¢) be an n-dimensional local Lie group. Let
t — g(t) = (g1(t), - . . , gn(t)), t € F, be an analytic mapping of a neighborhood of 0 € F
into V such that g(0) = e. Then g(t) is an analytic curve through the identity on
G. The tangent vector to g(t) at e is the vector

o= Qg{nlt_; (d_gé_t(n, . ,dgi‘—(dtﬂ )It.oe Fo. (1.3.1)
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If ae R, thenat=(aut, ..., ant), t sufficiently close to 0 € F, is one analytic
curve in G with tangent vector a € F,. Conversely, a € F, is the tangent vector of an

infinite number of analytic curves in G. The following is also true:

Lemma 1.3.1 (See Miller [1, p.166]). If g(t) and h(t) are analytic curves
through the identity in G with tangent vectors «, B , respectively, then @(g(at), h(bt)) is
an analytic curve through e with tangent vector aa + bp.

Proof: Follows from Definition 1.3.1 and Eq.(1.2.5).
Q.E.D.

Thus, the vector space F, with ordinary vector addition and scalar multiplication,
is the tangent space of the space of analytic curves in G.

Definition 1.3.2 Let g(t) and h(t) be analytic curves through the identity on
G = (V, @) with tangent vectors a, B, respectively. The commutator [o, B] of c and P is

as follows:

[o, B] = %m| i (1.3.2)

where k(t) = (p(g('t), o(h(), (g-1(z), h (1)))), t=12. Since g is associative for t close
to e, we write k(t) = g(t)h(t)g-1(r)h-1(t), where juxtaposition denotes the Lie product ¢.

Eq.(1.3.2) is valid as long as the coefficient of 1 in k(t) is 0. The validity of
Eq.(1.3.2) is confirmed in the proof of the following theorem. Theorem 1.3.1 provides
a simple way of calculating the commutator of two tangent vectors.

Theorem 1.3.1 (See Miller [1, p.167], Theorem 5.6).

[, Bl =Y ¢} auBs, (1.3.3)

rS=1

where ¢°= Cj,s-Cjsn and Cjs is given by Eq.(1.2.6).

Proof: Let g(t) and h(t) be analytic curves in G, with tangent vectors a and B,
respectively . By Lemma 1.2.1, g™'(1) and h™}(z) exist for 7 close to 0, thus.

k(t) =g(vh(n)g'(x)h(z), t=12



13

is an analytic curve in G. Write g;(t), ki(t) and h;(t) as Taylor series, omitting terms of
order>2in t, as

gt =ou+b®+... , hE)=Pfr+c+... ,
and ki) = pje + a2 + . . .

By Eq.(1.3.2), if pj= 0, then [a, B]; = a. From our definition of k() it follows that
o(k(t), o(h(t), g(1))) = o(g(t), h(t)). Then, by Eq.(1.2.5), omitting terms of order >2in 1,

?(g(z), h(z)) = (o5t + bjr2) + (Bjv + ¢j2) + 21cj,,sa,ﬁsz2.
and "

@;(k(t), @(h(z), g(1))) = pjt + ajt2 + (Bjt + ¢j13) + (o4t + bj?)

n n
+ 2 ci.rsﬁras'tz + Z Ci,rsPrT(0sT + Bst ).
rs=1 r,s=1
Equating coefficients of ¢ and 12 in 9j(k(t), o(h().g (7))) and ¢;(g(t), h(z)) to

obtain:

pi+ 05+ Bj = Bj+a,
and

n n
aj+Cj+ b+ Z cj,rs(Bras + pBst + pras) = (Cj+ by + z cj,rs_arBs .

rs=1 r,s=1

n n
Thus, pj=0,and aj+ Y Byt = Y Cs4Bs, j=1,2, .. ., n. Rearrange to get

rs=1 r,8=1
the required result:

[a, B]] =a= Z(Cj,rs - Cj,sr)%rPs.

r,s=1

Q.E.D.

The constants ¢, 1 <j, r, s < n, are called the structure constants of the
local Lie group G.
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Corollary 1.3.1 (See Miller [1, p.168], Theorem 5.7). For all a, B, Y€ Fn and
forall a,be F:

(1 [ B] = B, ol (1.3.4)
(2) [ac+DbB,y = ala, v] + b[B, 11 (1.3.5)
(3) [[c, ﬁ]- 1+ Iy, o, B] =- [[Bv i (1 36)

Proof: Eq.'s (1.3.4) and (1.3.5) follow directly from Eq.(1.3.3). Now, by
Eq.(1.3.3),for1 <j<n
qr_st qr_st

(o, BI, 'Y]i + [y, o, B]l + (B, 1, a]j = z (c] Cq gy, + cj j cq atBr’Ys +Cj Cq arﬁs'Yt)

q.r.s,t=1

qr_st qr.st __qr st
Zasﬁty,[Zc jcq +ci'cqy +c]'cy ]

r,s,i=1

However, by Lemma 1.2.4 and the fact that ¢* = Gjqr - Gjq, it follows that
qr_st qrst  arst)_ o
Zc Cq + Cj Cq +Cj Cq

Thus, Eq.(1.3.6) is satisfied, as required.
Q.E.D.

Definition 1.3.3 The Lie algebra L(G), of a local Lie group G is the space of
all tangent vectors at e equipped with the operations of scalar multiplication, vector
addition, and commutator product.

To deal with the special case of local linear Lie groups we need to define
tangent matrices and the matrix commutator.

Definition 1.3.4 Let G be an n-dimensional local linear Lie group of mxm
matrices. Let A(t) = A(g(t)), A(0) = E,,, be an analytic curve through the identity.

Then the tangent matrix to A(g(t)) at e is the matrix

__(Qilll 4 3_(21
t=0 '.1 agl

dgi(t)
g=o dt

t=0



15

If A(t) and B(t) are two analytic curves in a local linear Lie group G, with tangent
matrices A and B, respectively, then the commutator of A and B, [A, B], is

(A B] = SA@B@AI@BIW]|
t=0

where t =12 and A-1(1) is the matrix inverse of A(1).
Theorem 1.3.2 (See Miller [1, p.169], Theorem 5.8).
[A, B] = AB - BA.
Proof: The proof is similar to the proof of Theorem 1.3.1. Let
C(t) = A(t)B(t)A-1(1)B-1(x).
We can express A(z), B(t) and C(t) as follows:

At) = En+At+A%2+...,
B(r) = Em+Bt+B?+...,
Ct) = En+Ct+Ct+... ,

where Ep, is the mxm identity matrix. From the definition of C(t), it follows that
C(t)B(t)A(r) = A(t)B(1). Replace A(1), B(t) and C(t) by their power series expansions to
conclude that

Em +Ct +Bt +AT + C't° + Bt + A't? + CBt?+ CAT +BAT?
= Em + At + Bt + AT +B' + AB7T,

where terms of order > 2 in t are omitted. Equate coefficients of t to conclude that
C = Z,,. Equate coefficients of 72 to conclude that [A, B] =C’ = AB - BA, as required.
Q.E.D.

The commutator of a local linear Lie group is known as the matrix
commutator.

For examples of Lie algebras, we need only only take Examples 1.2.1 through
1.2.5 and apply Theorems 1.3.1 and 1.3.2. In particular, the Lie algebra of Example
1.2.4 is the vector space €3, together with the commutator
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(01, 02, &), (B1, B2, Ba)] = (0, 2B - 1Bz, 2(ciaBs - i Bs))-

The local linear Lie group, G, of Example 1.2.5 has, as a Lie algebra, the set of all
matrices of the form

0 2] o2 QO3
0 2ay 2ap |, a4, Op, 0z € RB.

0 O 3oy

If A(g(t)) is an analytic curve through the identity in G, then
( g,(0) g,(0) 9'3(0)\

A= Q—Aidgt@ - 0 2g;(0) 2g;(0)

g=e

. 0 3g;(0) )

But g;(0),i=1, 2, 3, can be any real number, depending on the choice of g(t).
Hence L(G) has the prescribed form.

Apply Theorem 1.3.2 to obtain

0 a2B1-aif2 2(azpt - x1B3)
[ABl=] o 0 2(o2B1 - 1B2) |-
0 0 0

Lie algebras can be defined without considering local Lie groups. These are
known as abstract Lie algebras.

Definition 1.3.5 An abstract Lie Algebra G over F is a vector space
over F together with a multiplication [a, ] € G defined for all a, p € G such that Eq.'s
(1.3.4), (1.3.5) and (1.3.6) hold, forall o, B, Ye G and foralla,b e F.

Obviously, any Lie algebra is an abstract Lie algebra. Furthermore, any set of
mxm matrices closed under matrix addition, scalar multiplication and the matrix
commutator forms an abstract Lie algebra. Now, we define isomorphic Lie algebras.
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Definition 1.3.6 Let G and G' be abstract Lie Algebras, with commutators
[-, -] and [, -], respectively. A Lie algebra isomorphism from G to G' is a one-to-
one map, T, from G onto G' such that

(1) t(ac +bP) =at(a) + bt(B), a,be F, a, P e G.
(2) e, B) = [t(), (B

For example, let G be obtained by restricting the Lie algebra of Example 1.2.4
to the real numbers. We can construct an isomorphism, t, from G to the Lie algebra

of Example 1.2.5, by
Oy o2 O3

t((aq.0005) =] 0 20 202 | (o, 0 ag) € L(G).
0 0 3oy

It is not a coincidence that the local Lie group of Example 1.2.4 (defined over
the real instead of the complex numbers) is locally isomorphic to the local Lie group of
Example 1.2.5. We will show in Section 1.5, that G and G' are locally isomorphic Lie
groups if and only if L(G) and L(G") are isomorphic Lie algebras.

Eq.(1.3.3) gives a straightforward method of finding the commutator for the Lie
algebra, L(G), of a local Lie group G = (V, ¢). In chapter 3 we address the reverse
problem. That is, given an abstract Lie algebra A, construct a local Lie group
G = (V, ¢) shuch that its Lie algebra, L(G) is isomorphic to A. We completely solve

this problem when A is realized as a set of linear differential operators having certain
properties.

Section 1.4 One-parameter Subgroups and the Exponential Mapping

The purpose of this section is to provide a means of expressing the elements of
a local Lie group G in terms of the elements of the Lie algebra L(G). In order to do so,
we need a special class of analytic curves from G.
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Definition 1.4.1 Let G be an n-dimensional local Lie group. The analytic
curve g(t), defined for t in some neighborhood W of 0 e F suchthat g(0)=e,is a

one-parameter subgroup of G if
gis+t)=aqig(s). gt)) , s, t,s+teW, i=12,...,n (1.4.1)

Theorem 1.4.1 (See Milier [1, p.176], Theorem 5.16). Let G be an n-
dimensional local Lie group with Lie algebra L(G), and let g(t) be an analytic curve in
G defined for t in some suitably small neighborhood of 0. g(t) is a one-parameter
subgroup of G with tangent vector o. at e if and only if g(t) is the unique solution of

the system of differential equations

B = Yafue). 00=0 i=t2....n, (1.42)

where ay € F, and Fy(h) is given by Eq.(1.2.8).

Proof: Eq.(1.4.2) is a system of first order differential equations. Thus, by
standard existence and uniqueness theorems for ordinary differential equations, (see

Petrovski [1, p.96)), it has a unique solution, g(t), satisfying the initial condition
g(0) = e. This solution is defined and analytic for all |t| < €, where & is a positive

number, depending on Fy, but not on a.

(=) Let g(t) be a one-parameter subgroup of G with tangent vector o at e.
Then, g(0) = e, and Eq.(1.4.1) holds. Differentiate both sides of Eq.(1.4.1) with respect
to s and evaluate at s =0 to obtain:

dgi(t) doig(s), gt))| <& 99ia(s). g(t))| dgu(s)
da - ds s-o-k..1 agk(s) e0 95 oo
which, by Eq.(1.2.8), becomes Eq.(1.4.2), i=1,2,...,n

(<) For ae L(G), let g(t) be the unique solution of Eq.(1.4.2), with g(0) = e.
Since Fj(e) = 8, then by Eq.(1.4.2), g,(0) =0y, k=1,2,...,n. Toshowthatg(t)isa
one-parameter subgroup with tangent vector a at e, we need only show that it

satisfies Eq.(1.4.1). Fix s close to zero and let h(t) = g;(t + s), and ki(t) = ¢;(g(t), g(s)).
Then
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dnfy _ dgit+s) =)";1Fia(n(t». hi(0) = gi(s).

Similarly,

dki(t) _ doi(a(t). a(s) _ i 99i(g(t), g(s)) dg/(t)
ot t =2

ag,(t) dt °
which by Eq.(1.4.2) becomes

= Y PG Saruia,

Apply Lemma 1.2.5, to obtain

%it@ = 21 aaFia(k())), k{0)=gi(s), i=1,...,n.

Since h(t) and k(t) satisfy the same first order differential system and initial
conditions, then by the uniqueness of solution h(t) = k(t). Thus, g;(t + s) = @;(g(t), g(s)),

for suitably small s and t. Hence, g(t) is a one-parameter subgroup, as required.
Q.E.D.

Denote the one-parameter curve with tangent vector a at e by g(t) = EXP(q, t).

Corollary 1.4.1 For each o €l(G), there is a unique one-parameter
subgroup, EXP(a, t), with tangent vector o at e.

Proof: This is a direct consequence of Theorem 1.4.1.

Corollary 1.4.2 EXP(aa, t) = EXP(a, at), for ae F, a € L(G), |t| sufficiently
close to 0.

Proof. Obviously, EXP(aa, t) and EXP(c, at) are both one-parameter
subgroups of G and both have tangent vector aa at e, thus by Corollary 1.4.1,
EXP(aa, t) = EXP(a, at).

Q.E.D.

At this point, EXP(c, t) is defined only for |t] < €, where € is a constant for the
local Lie group. We extend the domain of the EXP function to |t]| = €, while still
satisfying Eq.(1.4.1), by using Corollary 1.4.2. Let



20

EXP(x, t) for |t| < &

EXP (a,t) = t t
EXP(aca, (-a-)) for |t| 2 €, where a € F, such that |§|< E.

This is a valid definition since, by Corollary 1.4.2, it does not depend on a.
Furthermore, EXP (a, t) is an analytic curve which satisfies £q.(1.4.1). Thus, we

shall not differentiate between EXP (a, t) and EXP(«, t), and we shall simply refer to
the one-parameter subgroups EXP(a, t).

Lemma 1.4.1 (See Miller [1, p.177)). For fixed te F, EXP(a, t) is an analytic
function of oy, 0y, ..., 0.

Proof: g(t) = EXP(a, t) is an analytic curve in G. Thus, we can expand itin a
Taylor series about t=0:

oo m m
gk(s)] 7
t) = , 1<k<n.
gk( ) mz_1 ds™ =0 m!
. : . . d™g,(s) .
From Eq.(1.4.2), the chain rule and math induction we find that gs™ | isa
s=0

homogeneous polynomial of degree m in the «;, i.e. it consists only of terms of the

form ca?lazz e ocna", wherea; +a,+... +a,=m,ce F. Forfixed t closeto 0, the

Taylor's series converges for all «, thus g(t) is analyticin ay, oy, . . ., o, as required.
Q.E.D.

The proof of Lemma 1.4.1 confirms the fact that EXP(a, t) is actually a function
of ot = (out, azt, . . ., ant). Thus for the remainder of the thesis we denote the one-
parameter subgroups by EXP(adt).

Definition 1.4.2 Let G be an n-dimensional local Lie group with Lie algebra
L(G) and one-parameter subgroups EXP(at), o € L(G). The exponential map,
EXP, is the mapping from L(G) into G such that EXP(a) = EXP(a(1)).

Obviously, the exponential map takes a neighborhood of (0,0,...,0) e L(G)
into G. {If a is not close enough to (0, 0, . . ., 0) then EXP(a(1)) might not be in G}.
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Lemma 1.4.2 (See Miller [1, p.177]). The exponential map defines an analytic
coordinate transformation on some neighborhood of e = (0,0, ...,0) e L(G). Thus,
the n coordinates o; of o e L(G) can be used to parameterize the local Lie group G.

Proof: By Lemma 1.4.1 and its proof it follows that EXP(a) is an analytic
function of aj, 1 <i<n, and

EXP;
a_al«L) = O, 15 i,k<n.
i a=9

Thus, the Jacobian of the exponential map is non-zero for some neighborhood of the
zero vector in L(G). Thus, by the inverse function theorem (Apostol [1, p. 144] there is
an open neighborhood X of the zero vector in L(G) and an open neighborhood Y of
e in V, such that EXP:X — Y is one-to-one and onto and the inverse function, EXP,
exists and is analytic. Thus, a e X < EXP(a) € Y, and we can use the elements of

the Lie algebra to parameterize the local Lie group, as required.
Q.E.D.

If G is a local linear Lie group the following adjustments must be made. A one-
parameter subgroup of G is an analytic curve, A(t) = A(g(t)), such that

A(s)A(t) = A(s + 1), Is|, It] sufficiently small.

For tangent matrix A € L(G), EXP(At) is the unique solution of
d
&-A(t) = A(A(t)), A(0) = E,,. (1.4.3)
By Theorem 1.4.1, the one-parameter subgroups of G are exactly the analytic curves
EXP(At), A e L(G), It| suitably small. Since G is a local linear Lie group, it follows that,
= Al
EXP(A) =Y A-—,t, (1.4.4)
.
j=0
where A0 = E_.

This comes from the fact that Eq.(1.4.3) has the unique solution EXP(At) and
the fact that
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iol
satisfies Eq.(1.4.3) with Z —!Q- E..

3

Thus, in order to obtain the one-parameter subgroups of a local linear Lie
group, one uses Eq.(1.4.4) whereas to find the one-parameter subgroups of local Lie
groups one must solve the differential system given by Eq.(1.4.2).

Section 1.5 Isomorphism Theorems

Local Lie group isomorphisms and Lie algebra isomorphisms were defined in
Sections 1.2. and 1.3, respectively. The final section of this Chapter deals with the
relationship between isomorphic local Lie groups and Lie algebras as well as the
relationship between abstract Lie algebras and the Lie algebras of local Lie groups.
For brevity, the following theorems are stated without proof, but the proofs can be
found in the given references. Our intention here is to state results important to the
thesis and give an idea of how they are derived.

Theorem 1.5.1 (Ado's Theorem). Every abstract Lie algebra is isomorphic to
some matrix Lie algebra.

Proof: (See Jacobson [1, p.202], Miller [1, p.170], Theorem 5.9, and Ado
[1, p.309-327]).

Theorem 1.5.2 If G, G' are isomorphic n-dimensional local Lie groups with
Lie algebras L(G) and L(G'), respectively then L(G) and L(G') are isomorphic Lie
algebras.

Proof: (See Miller [1, p.179], Theorem 5.17).

Theorem 1.5.3 Let G, G' be local linear Lie groups and let L(G) and L(G')
be isomorphic Lie algebras. Then G and G' are (locally) isomorphic local linear Lie
groups.

Proof: (See Miller [1, p.180], Theorem 5.18).
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Corollary 1.5.1 Two Jocal linear Lie groups, G and G', are (locally)
isomorphic if and only if L(G) and L(G') are isomorphic.

Proof: Obvious conclusion of Theorems 1.5.2 and 1.5.3.

Note that Theorem 1.5.3 can be extended to all local Lie groups (see Miller
[1, p.181]). Thus we have the following Corollary.

Corollary 1.5.2 Two local Lie groups, G and G', are (locally) isomorphic if
and only if L(G) and L(G') are isomorphic.

Theorem 1.5.4 If G is a matrix Lie algebra, then there exists a local linear Lie
group G such that L(G) =G.

Proof: (See Miller [1, p.181], Theorem 5.19).

Theorem 1.5.5 Every abstract Lie algebra is the Lie algebra of some local Lie
group.

Proof: (See Kostrikin and Shafarevich [1, p.196], Lie's Theorem or deduce
Theorem 1.5.5 from Theorems 1.5.1, 1.5.4 and Corollary 1.5.2).

The most important results of this section are Corollary 1.5.2 and Theorem
1.5.5. From these two results it follows that, given any abstract Lie algebra, G, there
exists a local Lie group with Lie algebra isomorphic to G. The ability to go from Lie
algebra to local Lie group will be important in the next Chapter, where we deal with
local Lie transformation groups, Lie derivatives, and Lie algebras of Differential
operators.

We end this chapter on Elementary Local Lie Group Theory with an
examination of the most elementary of local Lie groups, the one-dimensional local Lie
groups. An immediate conclusion from Corollary 1.5.2 is that all one-dimensional
local Lie groups are (locally) isomorphic and if G is a one-dimensional local Lie group
then it is commutative.

However, the fact that all one-dimensional local Lie groups are isomorphic
does not help in the generation of all one-dimensional Lie products. Consider
Examples 1.2.2 and 1.2.3. The one-dimensional Lie product ¢(g, h) =g + h + ygh,
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ve F generates an infinite number of local Lie products that are polynomials in ¢
and h. (g, h) = In(e? + eh - 1) is an example of a one-dimensional Lie product that is a

power series of g and h.

The associative property restricts the form of a local Lie product, even in the
one-dimensional case. Suppose G = (V, ¢) is a one-dimensional Lie group such that
¢(g, h) can be expressed as a polynomial of g and h. The following argument
shows that ¢(g, h) =g + h + ygh, ye F is the only possibility.

Assume that there exists a one-dimensional Lie product ¢ such that ¢(g, h) is a
n .
polynomial of order 3 or more in g and h, say ¢(g, h) = Efikg'h", n>2. By
i.k=0
Eq.(1.1.3),

f0k=fk0=81kv k=ol112’3l"'!n
Thus,

n
o(g.h)=g+h+ .;J;kg'hk .
ik

Since ¢ is a Lie product, ¢(e(x, ¥), ) = ¢(x, ¢(y, z)). By direct computation,

PQX,y), Z)=X+y+Z+ kax'y"+ Zf.k(x +y + Zf,xyj

ik=1 i k=1 r,5=1

and

o, 0y, 2) =X+y+Z+ Zf.kyz + Zf.kx (y +Z+ Zf,syzj(

ikm1 i k=1 r,Sm=1

Compare coefficients of z"2, to conclude that the polynomial

mex IZ fmy]" = 0.

]

Thus, the coefficient of xryn? is ™! = 0, i.e., fon = O.
Thus,

2 finX' (2 frny’ )" = Efinxi (i‘: frny" T=

ike=1 r=1
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Thus, the coefficient of x™'y™™") is zero, i.e., (fp.1n)™' = 0, i.e., foqn = O.

Repeat the same argument to conclude that frn =0, r=1,2,...,n, n >1.
Since all one-dimensional local Lie groups are commutative , fix =1, 1 <i,k<n.
Thus, ¢(g, h) is not a polynomial of degree n > 2 in g and h. Thus, ¢(g, h) can be
expressed as a polynomialin g and h onlyif (g, h)=g+h +ygh, ye F.

In Chapter 3 we characterize all one-dimensional Lie products in terms of
solutions of ordinary differential equations of the form

& —aP(), x(0)=g.

where P(0) = 1. This characterization is useful in constructing examples of one-
dimensional local Lie groups.
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Chapter 2
The Lie Derivative
Section 2.1 Local Lie Transformation Groups

We now have sufficient background to discuss local Lie transformation groups
and Lie derivatives. We begin with the definition of a local Lie transformation group.

Definition 2.1.1 Let G = (V, ¢) be an n-dimensional local Lie group and let
U be an open connected set in F,. Let Q be a mapping, Q:UxG —Fn. Then (G, Q)
acts on the manifold U as a local Lie transformation group if Q satisfies the
following properties:

1. Q[x, g] is analytic in the m + n coordinates of x and g. (2.1.1)
2. Q[x,e] = x,forallxe U. (2.1.2)
3. fQ[x, gl €U then Q[Q[x, g], h] = Q[x, ¢(g, h)], (2.1.3)

forg, h, (g, h) e G.

If (G, Q) is a local Lie transformation group, then Q is called the group action and
G is called the underlying local Lie group.

In order to distinguish the elements of G and L(G), which are n-tuples, from the
m-tuples of U, we will use lightface type to represent the non-identity elements of G
and L(G) for the remainder of Chapter 2. Thus, Q[x, g] becomes Q[x, g]. We can
consider the m components, Q;[x, g], of Q[x, g].

For fixed g, the map x —Q[x, g] is locally analytic and one-to-one. The map is

analytic because Property(2.1.1) guarantees that Q[x, g] is an analytic function of x.
The map is one-to-one because, if x € U and g is sufficiently close to e, then g™

exists. Thus, by Properties (2.1.2) and (2.1.3),

Q[x, g] = Qly, g] = Q[Q[x,g].g7"] = Q[Qly, g], g "]
< Q[x, e] = Qly, €]
S X=Y.
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Given any local Lie group, G = (V, ¢), a simple example of a local Lie
transformation group is obtained by letting the group action be the Lie product, ¢. l.e.,
Q:Vx G — F, suchthat Q[g° g] = ¢(g° g).

Let EXP(at) be a one-parameter subgroup of G. By Property(2.1.1),
Q[x, EXP(cd)] is analytic in EXP(at), thus Qj[x, EXP(at)] can be expanded in a Taylor
seriesin t about t=0, as

n
Qjlx, EXP(at)] = X+t D Pie(®)ar+..., 1<i<m, (2.1.4)
el
where
Py = X8l 1 gren, (2.1.5)
ogr g=e

Definition 2.1.2 Let Ay be the space of all functions f, analytic in some
open neighborhood of x. The Lie derivative of the function f € Ay, Lyf, is

Laftx) = Gi{AQlx. g(O))| , we L(@) (2.16)

where g(t) is any analytic curve in G with tangent vector o at e. Note that
g(t) = EXP(at) is one such curve. We now give an alternate form of the Lie derivative

which shows that Eq.(2.1.6) is independent of the choice of curve g(t).

L

o (2.1.7)

Lemma 2.1.1 Lg = i zn,arPir(x)

=1 =i

where P;(x) is given by Eq.(2.1.5).

Proof: Apply the chain rule to Eq.(2.1.6) and then evaluate itat t=0. Then
use Eq.(2.1.5) and Eq.(2.1.2), and the fact that g(0) = e and g(t) has tangent vector o

at e to obtain Eq.(2.1.7).
Q.E.D.

Note that, for Lemma 2.1.1, we only need gg{g to existat t=0. Thus,
Definition 2.1.2 is stronger than necessary, since it limits the choice of the curve g(t) to
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analytic functions. Eq.(2.1.6) is valid for any function g(t) defined on G, such that g(t) is
once differentiable, g(0) = e and g(t) has tangent vector o ate.

Thus, Lie derivatives are linear differential operators mapping Ax — Ax. The
purpose of Chapter 2 is to show that the set of all Lie derivatives of a local Lie
transformation group form a Lie algebra of differential operators and to show that every
Lie algebra of differential operators is the set of all Lie derivatives of some local Lie
transformation group.

In the next section we examine Lie derivatives and local Lie transformation
groups in more detail, and show that the set of Lie derivatives of a local Lie
transformation group is a Lie algebra of differential operators.

Section 2.2 Theorems Concerning Lie Derivatives

Throughout Section 2.2, assume that G = (V, ¢) is an n-dimensional local Lie
group with one-parameter subgroups EXP(at), and that (G, Q) is a local Lie
transformation group. By Lemma 2.1.1, (G, Q) has a unique set of Lie derivatives, L,

o e L(G). The following is also true.

Theorem 2.2.1 (See Miller [1, p.191], Theorem 5.24). Let (G, Q) be a local
Lie transformation group with Lie derivatives L,. Then the unique solution of

EX() = Lx, x(0) = x°, (2.2.1)

is x(t) = Q[x0, EXP(at)].
Proof: Due to Eq.(2.1.7), Eq.(2.2.1) can be written
dx) o < ox(t
_B_tu =) '; akpik(x(t))'a_xi((% ,
im1 k=

where Pi(x) is given by Eq.(2.1.5). Separate the components to conclude that vector
ordinary differential equation, (V.O.D.E.), (2.2.1) is equivalent to the following system of
differential equations,
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. n
d’é't‘ = Y ouP(x(t), i=1,2,...,m, x(0) = x°. (2.2.2)
k=1
Now, let (G, Q) be a local Lie transformation group with Lie derivatives L, and
letx%e U and a e L(G). From the existence and uniqueness theorems (see Petrovski

[1, p.96] ) for a V.O.D.E., we know that the V.O.D.E.(2.2.1) has a unique solution x(t).
However, Q[x° EXP(a(0))] = Q[x°, €] = x° and

d

dQi[x°, EXP(o(t+s))]
(—ﬁ =

Q|[x°, EXP(od)] 35

s=0

dQ;[x°, ¢(EXP(at), EXP(as))]
ds =0

dQQ[x°, EXP(at)], EXP(as)]
= ds .o

By Eq.(2.1.4) it follows that
d n
ot Qx°, EXP(od)] = zpik(o[x% EXP (oct)]) ot

Thus, Q[x° EXP(at)] is the unique solution of the V.O.D.E.(2.2.1), as required.
Q.E.D.

Thus, given a local Lie group G and the Lie derivatives L, Q is compietely

determined. However, the following simple example illustrates that the Lie
derivatives alone do not uniquely determine a local Lie transformation group.

Example 2.2.1 Consider the one-dimensional local Lie groups Go = (F, ¢),
and Gy = (F, ¢') in Example 1.2.2. As noted in Section 1.2, Go and Gy are locally
isomorphic, with isomorphism 11:Go — Gy such that p(g) = e9-1,ge Go. Let U be an
an open set in F,, and suppose that Q:Ux Go — Fn is a group action on Gp. Let
Q'[x, u(g)] = Q[x, g] and restrict G1 to the open set around e for which u(g) e Gy,
for ge Go. Then Q":Ux G oF, is an action on G4 because

1. Q'[x, 0] = Q'[x, u(0)] = Q[x,0] = x.
2. Q'[x, u(g)] is an analytic function of the m + 1 coordinates of x and
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p(g). This follows from the fact that Q[x, g] is an analytic function of the m + 1
coordinates of x and g, and the fact thatg = p'(u(g)) is an analytic function of y(g).
3. fQ'[x, u(g)] e U, then

QQ'x, u(g)], w(h)] = Q[Q[x, g], h] = Q[x, ¢(g, h)] = Q'[x, u(ep(g, h))]
= Q'[x, ¢'(u(g), wh))l.

Clearly, (Go, Q) is a local Lie transformation group if and only if (G4, Q') is one as well.

Now let

(x) = 290 1(@)]

i=1,2,...,m.
ou(g)

ng)=0

By Eq.(2.1.7) the Lie derivatives of (G1, Q') are

i d
La =Z“P“(x)§x.i ,oe F.

jm1

However,
Qi[x, g]]  _ oQIx, m(@)ll  _ 9QIx, p(g)loe)l
99 |40 99 g Mg 99 lgo
Thus,
0Qi[x, d(e9 - 1
S IR - IR

Therefore, by Eq.(2.1.7) the Lie derivatives of (Gp, Q) are the same as the Lie
derivatives of (Gy, Q'), but the underlying local Lie groups G1 and Gg are different.
Thus, the unique solution of Eq.(2.2.1) is not sufficient by itself to uniquely determine
a local Lie transformation group. Without knowledge of the one-parameter subgroups
EXP(at), we do not know how to interpret the solution of the V.O.D.E.(2.2.1).

Lemma 2.2.1 (See Miller [1, p.191-192]). If f:U — F is an analytic function
in some neighborhood of x°, then

gfg’t‘_k(m = L*Ax(t), k=0,1,2,... . (2.2.3)

where x(t) = QDX°, EXP(ot)], and Lo*(x(t)) = LoJLo M(x(1)], k=1, 2,3, ...
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Proof: Lo°Ax(t)) = fix(t)). Now consider d—’%@» Apply the chain rule to
obtain

d!!xgtn _ < affX! dX;!t!
dt _6-1 a dt -

By Eq.'s (2.2.2) and (2.1.7), fix(t)) satisfies the differential equation

) Lofxt). (2.2.4)

Since Lqf(x(t)) is itself an analytic function of x(t), then by Eq.(2.2.4)
F(TD) = L(THD) = Lo(tatx) = Lnx).

Eq.(2.2.3) follows from repetition of the above argument k times.
Q.E.D.

Since f(x(t)) is an analytic function of t, we can expand it in a Taylor series
about t=0. We obtain the following theorem:

Theorem 2.2.2 (See Miller [1, p.192], Theorem 5.25). If f is a function
analytic in some neighborhood of x° e U then

- i
) = (_z T L{,}(x°) = (P
{=0
where x(t) = Q[x°, EXP(at)].

Proof: Expand f(x(t)) in a Taylors series about t =0. Then the result follows

immediately from Eq.'s (2.2.3) and (2.1.2).
Q.E.D.

We are now in a position to prove the main result in this section, namely that the
set of Lie derivatives of a local Lie transformation group form a Lie algebra of
differential operators.
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Theorem 2.2.3 (See Miller [1, p.192], Theorem 5.26). The set of all Lie
derivatives of a local Lie transformation group (G, Q) form a Lie algebra. In fact, for all
o,Be L(G), andall a,be F

Liacsbp) = aly + blsg, (2.2.5)
and

Lio.g] = Lobp- Lpla = [LeLpl: (2.2.6)

Proof: Clearly, the commutator [L,,Lg] = L,Lg - Lol satisfies Eq.'s (1.3.4),
(1.3.5) and (1.3.6). Thus, to show that the Lie derivatives form a Lie algebra we only
need to show that the set of Lie derivatives constitutes a vector space and is closed
under the commutator. Thus it is sufficient to show that the Lie derivatives of (G, Q)
satisfy Eq.'s (2.2.5) and (2.2.6).

Eq.(2.2.5) follows immediately from Lemma 2.1.1. Now consider Eq.(2.2.6). By
the definition of a Lie derivative,

Lio,g fiX) = % RQ[x?, g(t)]) L

where f is a function analytic in some neighborhood of x° and g(t) isacurvein G
with tangent vector [a, B]. In particular,

o(t) = o(@(EXP(ar), EXP(B1)), p(EXP(-at), EXP(-B1)),
is a curve in G, with tangent vector [a, B]. Since ¢ is associative, we can write
g(t) = EXP(at)EXP(Bt)EXP(-at)EXP(-B1),
where juxtaposition denotes Lie product. Then, by Eq.(2.1.3), with 1 suitably small,
AQIx°, g(t)) = AQ[x°, (EXP(ar)EXP(BREXP(-at)EXP(-pr))]).
= Q[ Q[x°, EXP(at)EXP(Bt)EXP(-ar)], EXP(-B1)]).
which by Theorem 2.2.2 becomes
RQ[X°, g(t)]) = (exp(-tLp))f (Q[x°, (EXP(at)EXP(Br))EXP(-ar)]).

Repeat this process until we obtain:
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RQIX°, g(t)]) = (exp(tLy))(exp(tLp))(exp(-tly))(exp(-tlg)) Ax°).
Expandin t toget:
f(Q[x°, atyh=(1 + 'c2(LaLB -Lplo) +... termsoforder23in .. .)I(x°), t=12

Differentiate with respect to t and evaluate at t= 0 to obtain Eq.(2.2.6).
Q.E.D

Thus, the set of Lie derivatives of a local Lie transformation group forms a Lie
algebra of differential operators, which we will call G.

Definition 2.2.1 Let (G, Q) be a local Lie transformation group with Lie
algebra of Lie derivatives G. If the map o — L is a Lie algebra isomorphism from
L(G) onto G, then (G, Q) acts effectively as a local Lie transformation group. (By the
nature of the mapping, this is equivalent to saying that (G, Q) acts effectively as a local
Lie transformation group if dim(L(G)) = dim(G)).

In the next section we discuss differential operators in general. We are working
toward proving that any Lie algebra of differential operators is actually the algebra of
Lie derivatives of some local Lie transformation group. We conclude this section with
the following Lemma, which shows that every local Lie group acts effectively as a local
Lie transformation group on itself.

Lemma 2.2.2 Let G =(V, ¢) be an n-dimensional, local Lie group and let
Q:VxG — F, be defined by Q[g, h] = ¢(g, h). Then (G, Q) is a local Lie transformation
group acting effectively on V with Lie derivatives

La= 3 oRug) s 0= (@0 o) € L) (2.2.7)
where
39(g, h
Ri(9) =—(p§('?,k—) Ly (2.2.8)

Proof: Q=0 satisfies Eq.'s (2.1.1), (2.1.2) and (2.1.3), thus (G, Q) is a local
Lie transformation group. By Lemma 2.1.1, the Lie derivatives of (G, Q) are
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n

L= 3 ePulg) o @= (00,0 0 € LG),

2¢i(g, h .
where Pik(g) = Lé(gk—) ) = Ry(g), 1<i,k<n.
=0

Let G be the algebra of Lie derivatives of ( G, Q). Clearly,the mapa — Ly is
onto and [a, B] = Lo, g} = [La. Lg]-

Suppose Ly = Lg. Then by Eq.(2.2.7),

n a n a
i.kz-:x «Ri(@)3g, = iEPkRik(g)a—gi.

Fix i to consider the coefficient of a%. ,and letg=e. By Eq.'s (2.2.8) and (1.1.3),

Ri(e) = 3, thus o = Bj, 1 <i<m, as required. Thus L(G) is isomorphic to G. Thus,

(G, Q) acts effectively as a local Lie transformation group.
Q.E.D.

The type of local Lie transformation groups considered in Lemma 2.2.2 will
have importance later on it this Chapter as well as in Chapter 3.

Section 2.3 Lie Algebras of Differential Operators

In Section 2.1, Lemma 2.1.1, we found that a Lie derivative of a local Lie group
is a sum of differential operators. We now define precisely what is meant by a
differential operator. Let U be an open setin Fyand let f be a function analytic in
some neighborhood of xX° e U. We let A9 be the space of all functions analytic in
some neighborhood of x°, where the neighborhood varies with the function, £

Definition 2.3.1  We will say that L is a linear differential operator on
U, if

L = i Pi(x)ga;i.

jm1

where Pi(x), 1 <i <m, is a function analytic on U and Lfx) is defined by
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LAX) = ZP,(x)—U . (2.3.1)

im1
We say two differential operators, A and B are equal on U if Af(x) = Bfix) for
all fe Ayo, x° € U and all x where fx) is defined. The zero differential operator, 9, is

the differential operator that takes all analytic functions on U to the null function. A set
of differential operators, Ly, Ly, . . ., L, is linearly dependent on U if there exists
constants o, 1 <k < n, not all zero, such that

n
Z akLk =0

k=1
on U, otherwise the set of differential operators is linearly independent.

The product, AB, of two differential operators A and B is defined in the usual
manner by AB(f(x)) = A(B(f(x))). The commutator of two linear differential operators
A and B is denoted by [A, B], and is defined by

[A, B] = AB-BA. (2.3.2)

Lemma 2.3.1 The commutator of 2 linear differential operators is a linear
differential operator.

m m
Proof: Let A=) Pi(X)gax'i andB =) Rk(x)'a?(_k be any two linear differential
= ke

operators. By Eq.(2.3.2)
m Y& 3\ (& 3 Yo d
[A.B] = (FT Pa(x)a—,qu‘% )3 )2 Pz [ 2 P35 )

Expand it and simplify to obtain:

A.B]=Y (2 (P( )M- Ri(x )fﬂ’—‘l)}%k , (2.3.3)

ke1 i=1

which is a linear differential operator, as required.
Q.E.D.

We now outline conditions under which a set of linear differential operators form
a Lie algebra.
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Lemma 2.3.2 Let Ly, Lo, ...,L, be nlinear differential operators. If there
exists constants cy, such that for 1 <s,k,r<n,
n
[Le. Lid = Lol - Liks = Y cadr, (2.3.4)

=1

then Span({Lk},'('_1) is Lie algebra under the linear differential operator commutator.

Proof: Span({Lk}',:_1) is the vector space generated by Ly, Lo, . . ., L. ltistrivial

to show that the linear differential operator commutator satisfies Eq.'s (1.3.4), (1.3.5)
and (1.3.6). By Eq.(2.3.4) the vector space Span{{Li}x.1) is closed under the linear

differential operator commutator. Thus Span({L,JE,,) is a Lie algebra.

Q.E.D.
Define the linear differential operators
- d
L =z Pis(x)ﬁi-, s=1,2,...,n, (2.3.5)
=1

acting on functions that are analyticon U c Fn,. If there exists cj'k such that Eq.(2.3.4)

og € F}

forms a Lie algebra over F. An important relationship between the P;;(x)'s and the
Ci's is given in the following Lemma.

holds then by Lemma 2.3.2,
Span({Lk}E_1) {Z Z asP.s(X)ax

S=1 |=1

Lemma 2.3.3 (See Miller [1, p.195-196]). If the linear differential operators
L, 1 Sk <n, are defined by EQq.(2.3.5) and if there exists constants cj'k, 1<r,j,k<n

such that Eq.(2.3.4) is satisfied, then forall x e U, and for 1 <q<m,1<k,s<n,

S, (Putx x) ) p, (x) Feal) 2 7) 23 ClPy (). (2.3.6)

im1 r=1
Proof: Substitute the Ls's as given by Eq.(2.3.5) into Eq.(2.3.4) to obtain:
m

aP 2Pas(x)

q,i-1 q=1 r=1
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and then obtain Eq.(2.3.6) by equating coefficients of a% fort<g<m.
q
Q.E.D

Section 2.4 Preliminaries Concerning Systems of Differential Equations

We now prove some preliminary results which are used in Section 2.6 and in
Chapter 3. Let V be an open setin F, suchthat ee V, and let U be an open,
connected subset of Fy,. Further, let g eV, and x e U and let Sij(g) and Pik(x) be
analytic functions of g and Xx, respectively, 1 <i<m, 1 <j, k<n. We are concerned
with two different systems of differential equations. Firstly, we are concerned with the
V.0.D.E.(2.2.1), where x(t) is an analytic function of t, and Ly is given by Eq.(2.1.7).

Secondly, we are concerned with the system of partial differential equations (P.D.E.) of
the form

dTq(g) n
ogk Y Pqa(T)Sak(g), 1 <ksn,1<qgsm,
- (2.4.1)

Tqle) = x9,
where Pqa(T) and Sak(g) are analytic functions of Te U and g € V, respectively.

We have already seen that the V.0.D.E.(2.2.1) has a unique solution. The
following theorem provides necessary and sufficient conditions for the system of
P.D.E.(2.4.1) to have a unique solution.

Theorem 2.4.1 (See Pontryagin [1, p.398], Theorem 85). Let TeU, geV
and let ‘I’E(T, @) be an analytic function of T and g. The system of P.D.E.

%%)-=‘I’?((T,g), 1<k<n,1<qs<m,
(2.4.2)

Tq(e) =x°% x%e U,

has a unique solution for g in a neighborhood of e, if and only if, forall TeU, geV,
the following equation is satisfied identically,
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R T L e
q=1

where 1<i<m,1<r k<n.
Proof: See Pontryagin.

Eq.(2.4.3) is known as the integrability conditions for the system of
P.D.E.(2.4.2). Since P;{T) and Sk(g) are analytic functions of T and g, respectively,

n
Y Pi(T)S(g) , 1<i<m, 1<k<n,

r=1

is analytic in both T and g. Thus we can apply Theorem 2.4.1 to the system of
P.D.E.(2.4.1), with
. n
Y(T.g) =Y Pu(M)Si(@), 1<ism,1<ks<n
r=1
We obtain the following result.

Corollary 2.4.1 (See Miller [1, p.195], Eq.(9.25)). The system of P.D.E.(2.4.1)
has a unique solution if, for 1 <i <m, 1 <k, r <n, the following integrability conditions
hold forall Te U, geV:

2 (zpqam—"'ﬂi quma—'?ﬁ‘—l +(9)Sax(g)

Q=1
- 2; Pia(T)(—S—aég'ifﬂl as—g&ﬂ) (2.4.4)

Proof: By Theorem 2.4.1, the system of P.D.E.(2.4.1) has a unique solution if
Eq.(2.4.3) holds for
. n
¥i(T.9) =Y Pi(T)Su(q).

r=1

Substitute for ‘I’:((T, g) in Eq.(2.4.3) to obtain the equivalent expression,

21 21 Pf;?rq Sak(g)Pqs(T)Ssr(g) + zp'a(T)M
a,s=1 Q=

-3 —a'%(fsak(g)an(T)ssr(g) v Y Pam2edal

a,s=1q=1 a=1
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Rearrange to obtain Eq.(2.4.4).
Q.E.D.

Our choice of Pig(x) and Sg,(g) will guarantee that the V.O.D.E.(2.2.1) and the
system of P.D.E.(2.4.1) have the same unique solution. We begin by defining the
Ssk(g) in terms of invertible matrices as follows. Let Rgk(g) be an analytic function for
geV, 1<s,ksn. ForgeV, define the nxn matrix R(g) by

R(g) = (Rsk(9))s kw1 - (2.4.5)

Assume that if g € V, R(g) has a matrix inverse, S(g) = (ssk(g));‘,m. That is, for

all geV,
S(g)R(g) = En, (2.4.6)

where E, is the nxn identity matrix. Now suppose that there exists constants c;k such
that the Rsk(g) satisfy Eq.(2.3.6) with m =n. That is, assume

n

oR &
5 (Rulo) T4 Ry () Tl )3 cLRy() 1ska s (247
=1 : : r=1

We are interested in the form that Eq.(2.4.7) takes when written in terms of the Sik(g)'s.

Lemma 2.4.1 (See Miller [1, p.195], Equation 9.26). For geV, let Rik(g)
and Si(qg) satisfy Eq.(2.4.6). Ri(g) satisfies Eq.(2.4.7) if and only if Sy(g) satisfies

aS-ggg; as.'(g) n . ‘
; = chrssrq(g)ssk(g) , 1<i,k,q<n,

o 290 el (2.4.8)

with cirs = -c;,.
Proof: Eq.(2.4.6) implies that, for g e V,

3 Sul@Ru(o) - Y Ra(0)Sak(0) = 3k 1<iksn, (2.4.9)

awl

and, differentiating both sides of Eq.(2.4.6) with respect to g; yields the identity:
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a—“gg—i@ = - 2 Rba(g)asa'(g) Rik(g), 1<i,b,k<n. (2.4.10)
a,r=1
(<) First we will show that Eq.(2.4.8) implies Eq.(2.4.7). By using Eq.(2.4.10), itis
easy to show that

nz ( is(9) R k(g) - Ri(g )aRaz( )) = Z'Rfs(g) Rqa(g) Rik(g) (M _Saa—é(l'g')‘}
= i,a,r=1

Substitute for (STzle 8M )from Eq.(2.4.8), and simplify using Eq.(2.4.9) to

conclude,

n oR dRy(9) n L.
5, (Rel) a2 - Ry(g) e - z-R,s<g>Rqa(g)R;k(g)(zcmsbi(g)su(g)J

2 At b,t=1
n
= - 2 (&qua(g)skngt)-
a,b,t=1
n
-S (R .
a% ( qa(g)cks)

Thus,

i ( is(9) _qk(ﬁ)_ - Rik(g ) (g) chqua(g)

i=1

Hence, Eq.(2.4.8) implies Eq.(2.4.7).
(=) To prove the converse, assume Eq.(2.4.7). It follows immediately that ci,s = -cL,.

Substitute EQq.(2.4.10) into EqQ.(2.4.7) to obtain

. R@)Raa(@)Rrs(0)(*ga ) - 2Saila)) ‘L:c’skﬂqr(gx (2.4.11)

a,r,i=1

Multiply both sides of Eq.(2.4.11) by Ssx(9)Syq(9)Skz(g) and take the sum as g, s and k
go from 1 to n. Simplify using Eq.(2.4.9) to obtain
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S S
—ayglz(g)' —_avngg)' 2 cskSsx(g)Skz(g)

S=1

This is Eq.(2.4.8) under a change of variables.
Q.E.D.

Section 2.5 Preliminaries Concerning Local Lie Groups and Lie
Derivatives

We shall now deal with some results involving local Lie groups, and local Lie
transformation groups. We apply the general material of Section 2.4, as needed. We
use Lemma 2.2.2 in the following Lemma.

Lemma 2.5.1 (See Miller [1, p.195-196]). Let G = (V, ¢) be an n-dimensional
local Lie group. Let Ri(g) be obtained from Eq.(2.2.8) and let c‘,k be the structure

constants of G, 1<j,k,r<n. Thenthe Ri(qg) satisfy Eq.(2.4.7) with c’;k = c,-rk.

Proof: By Lemma 2.2.2, (G, ¢), is a local Lie transformation group with Lie
derivatives

n
d
La = 2,0 R , O€E F.
a£'1 k ak(g)aga n

n
Let Bx = (O1k, O2k, - . - , Onk), 1 <k<n. Then L = LBk =Y Rak(g)a%a. Thus,
a=1

n

d 9 Y d 9 Y- 0
Ly L = ke L= 3, Rai@lagg | % Reolsg; | - (2, Raw(alagy [ 2, Re9lag; )

a=1

= 3 (Ra@ 50 gy lad) 2 254)

s,a=1

However, by Eq.(2.2.6),
n
d
L Ld = HBi- Bu = Z [Bj, Bil; Rsr(9) gé_ (2.5.2)
r,s=1 S

Now, from Theorem 1.3.1, [Bj, Bulr = dk, 1<j,k, r<n. Substitute [B;, Br = c’;k into
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Eq.(2.5.2) and compare the resulting equation with Eq.(2.5.1). Fix s and consider

coefficients of aigs to obtain Eq.(2.4.7).
Q.E.D.

For g € V, define the nxn matrix R(g) by

R@) = (Rix(@))jker1 - (2.5.3)

Now, it follows from Eq.'s (2.2.8) and (1.1.3) that Rj(e) = 6, so R(e) = Ep, the nxn
identity matrix. Thus, the determinant of R(e), det|R(e)| = 1. Since the Rj(g),

1 <j, k < n are analytic functions of g1, g2, . .., gn, there exists a neighborhood, W,
around e in which the determinant of R(g) is non-zero. Thus, the matrix inverse of
R(g), R(g) exists for g € W. We will denote the matrix inverse of R(g) by

S(g) = (Si(@))jk1- ThenforgeW, Eq.(2.4.6) holds.

Corollary 2.5.1 The Sik(g)'s satisfy Eq.(2.4.8), for ge W, 1<j,k<n.

Proof: The proof follows immediately from Lemmas 2.4.1 and 2.5.1, and the

definition of Si(g)-
Q.E.D.

Unlike the V.O.D.E.(2.2.1) which yields the action of a local Lie transformation
group, the P.D.E.(2.4.1) has thus far had no relation to our discussion of Lie
derivatives. This next Lemma illustrates the importance of the solution of the
P.D.E.(2.4.1).

Lemma 2.5.2 (See Miller [1, p.194], Lemma 5.5). Let (G,Q) bean n-
dimensional local Lie transformation group acting on U cFy, where the action Q is

found by solving the V.O.D.E. (2.2.1). Then Q[x, q] satisfies the following system of
partial differential equations,

aoa;k, = ) Pi(Q[x, g])Su(g), 1<i<m,1<k<n, (2.5.4)
r=1

where Pi/(x) is given by Eq.(2.1.5), Ri(g) is given by Eq.(2.2.8) and

(@) = (Si(@))jk-1 = R(a),
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for g in some open neighborhood, W, of e e G.

Proof: By Eq.(2.1.3), for t closeto 0, g closeto e,
Qi[x, (g, EXP(at))] = Qi[Q[x, g], EXP(od)].

Differentiate this expression with respect to t, evaluate at t =0 and compare
coefficients of ag, 1 <s <n, to obtain the identity:

Z a&a%gl Rs(g) =Ps(Q[x,g)), 1<ism,1<s<n,  (25.5)
j=1

which holds for all Q[x, g] € U. Use the fact that S(g) = R™\(g), for g e W, to transform

Eq.(2.5.5) into Eq.(2.5.4), as required.
Q.E.D.

Lemma 25.3 Let G = (V, ¢) be an n-dimensional local Lie group with
structure constants , dk 1<r,j,k<snandlet {Lid, be n linearly independent

differential operators defined on U c Fy, satisfying Eq.(2.3.5). Ifthe {Li}x.q satisfy
Eq.(2.3.4) with cj =d*, then the systom of P.D.E.(2.4.1) has a unique solution, where

S(g) = R'(g) and Ri(q) is obtained from Eq.(2.2.8).

Proof: lLet G be alocal Lie group of the required form, let W be an open set
about e where $(g) is defined and let c,k c‘, 1<j,k,r<n. By Lemma2.3.3,

Eq.(2.3.6) holds and by Lemma 2.5.1, Eq.(2.4.7) holds. Thus by Lemma 2.4.1,
Eq.(2.4.8) holds as well.

Now, from Eq.'s(2.3.6) and (2.4.8), it follows that

> 1(anmﬂ‘—l qumaﬁ‘ﬂ) Sel@)Sax(@) = 3 2°Pia(T)Ser(g)Sak(a)

a,s,q= a,s,g=1

= iP;q(T)( i C:sssr(g)sak(g)J

Q=1 a,S=1

_‘;P,Q(T)(—i‘ﬂg11 a%‘é(kgl).
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Thus, Eq.(2.4.4) is satisfied forge W, Te U. Thus, by Corollary 2.4.1, the system of

P.D.E.(2.4.1) has a unique solution.
Q.E.D.

Lemma 2.5.2 illustrates that a group action Q satisfies both the V.O.D.E.(2.2.1)
and the system of P.D.E.(2.4.1), with T(g) = T(x% g). We wish to verify this relationship
between solutions in general. Consider the unique solution of the system of
P.D.E.(2.4.1). Obviously, it is a function of g and x°, let us denote it by W(x?, g).

Lemma 2.5.4 Let Pi(x), Rk(g) and Sy(g) be as given in Lemma 2.5.2.
W(x°, EXP(at)) is the unique solution of the V.O.D.E.(2.2.1) if and only if
W(x°, EXP(at)) is the unique solution of the system of P.D.E.(2.4.1).

Proof: (<) We have already seen that for x° € U and EXP(at) € V, both the

V.O.D.E.(2.2.1) and the system of P.D.E.(2.4.1) have a unique solution. Assume
W(x°, EXP(at)) is the unique solution of the system of P.D.E.(2.4.1). By the chain rule,

dWi®EXP(at)) & dWi(x®, EXP(at)) d(EXPk(at))
dt T & OEXP(at) dt '

However, W(x% EXP(at)) is a solution of the system of P.D.E.(2.4.1) and

dEXPi(ot)  dEXPy(x(t+s))
dt = ds

s=0
_ & 9gk(EXP(at), EXP(as)) dEXP(as) n
= 21: JEXP,(ais) s |, 21R kr(EXP(oct)) oty

It follows that:

(x9 n
dw'c(,xt Ll Y Py(W(x°, EXP(at)))Sk(EXP(at))oRi(EXP(at)).

k.j.l’-1

By Eq.(2.4.9) this simplifies to:

dWi(x®, EXP(at))
dt

= i‘,a;Pq(W(x°, EXP(at))).
jmi

Since W(x°, EXP(a0)) = x°, W(x°, EXP(at)) is a solution of the V.0.D.E.(2.2.1).
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(=) Fix x°e U and EXP(ot) e V. Let W (x°, EXP(at)) be the solution of the

V.0.D.E.(2.2.1), which we know is unique, (see Petrovski [1, p.96]). But from the
above argument, W(x®, EXP(at)) is a solution of the P.D.E.(2.4.1) as well as the

V.0.D.E.(2.2.1). Consequently,

W (x%, EXP(att)) = W(x°, EXP(ct))

is the solution as that of the system of P.D.E.(2.4.1), as required.
Q.E.D.

The system of P.D.E.(2.4.1) is more powerful than the V.O.D.E.(2.2.1) in the
sense that its solution is defined for all elements of G and not simply for one-
parameter subgroups. We will be using this fact in the next section to prove that a Lie
algebra of differential operators is an algebra of Lie derivatives.

Section 2.6 Lie Algebras of Differential Operators and Lie Derivatives

We are now ready to show that every Lie algebra of differential operators is the
algebra of Lie derivatives of some local Lie transformation group. Let U be an
open, connected set such that U c F,.

Theorem 2.6.1 (See Miller [1, p.194], Theorem 5.27). Let {Ls}e.,; be n

linearly independent differential operators defined by EQ.(2.3.5), and analytic on some
open, connected set U of Fy. Suppose there exists c'sk such that Eq.(2.3.4) holds,

1<s,k,r<n. Then the n-dimensional Lie algebra, G, generated by the Lg is the
algebra of Lie derivatives of a local Lie transformation group (G, Q), acting effectively
on U. Q[x° EXP(ct)] is the unique solution of the V.O.D.E.(2.2.1), for x° e U.

Proof: Since Lg, 1 < s < n, are linearly independent, it follows that the {Ls}o.{

form the basis of a Lie algebra G. Express Lo € G by

Le = D 0sls . (2.6.1)

S=1

Clearly G is isomorphic to a second Lie algebra, G', with isomorphism given by
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Lo — a. By Theorem 1.5.5 and Corollary 1.5.2, G'is the Lie algebra of some n-
dimensional iocal Lie group G = (V, ¢), unique up to isomorphism. It follows that the
structure constants of G are the cg, of Eq.(2.3.4).

By Lemma 1.4.2, we can label the elements of G by means of the exponential

mapping. Once we have shown that the solution of the V.O.D.E.(2.2.1),
Q[x°, EXP(at)], does indeed produce an action on G, then Theorem 2.2.1 guarantees

that G is the algebra of Lie derivatives of (G, Q). Thus, we need only show that Q is
an action.

Let Ris(g), 1 <s, k £ n, be obtained from Eq.(2.2.8), limit g to an open
neighborhood of e for which the inverse element exists and let Sks(g) be the
elements of the matrix inverse of (Rks(g))ﬂ'sﬂ. Let Pis(x), 1 <i < m, be obtained from

the differential operator Ls, 1 £s <n, using Eq.(2.3.5). Consider the system of
P.D.E.(2.4.1).

By Lemma 2.5.3, the system of P.D.E.(2.4.1) has a unique solution, which we
now define to be Q[x°, g]. Let g = EXP(at). Then by Lemma 2.5.4, Q[x°, EXP(at)] is

the unique solution of both the V.O.D.E.(2.2.1) and the system of P.D.E.(2.4.1). By
definition, Q[x°, €] = x°. We now show Q is associative.

Let y(t) = Q[Q[X°, EXP(o)], EXP(Bt)], and let z(t) = Q[x°, p(EXP(c), EXP(Bt))].
Clearly, y(0) = 2(0) = Q[x°, EXP(c)]. By the definition of Q,

Q%tm - z;BsPis(y(t)), 1<i<m.

Now, by the chain rule of differentiation,

dzft) i Qilx°, 9(EXP(a), EXP(B))]) dog(EXP(cr), EXP(Bt))
dt ~ 0¢q(EXP(a), EXP(Bt)) ) o .

g=1

But
dog(EXP(a), EXP(Bt)) _ dog(EXP(a), EXP(B(t+s)))
dt - ds

s=0
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doq(9(EXP(a), EXP(Bt)), EXP(Bs))

= ds 60
" 30o(@(EXP(a), EXP(Bt)), EXP(Bs)) dEXP/(Bs)
"X FEXP(Bs) ds e
Thus,
d‘p“(EXP(zt) EXPBY) _ 3 Ry(@(EXP(a), EXPE))B: (2.6.2)

r=1

By Eq.(2.6.2) and the fact that Q[x°, EXP(at)] satisfies the P.D.E.(2.4.1),

G 3 Pi(z()Seq(O(EXP(0), EXP(B)Re/{@(EXP(0), EXP(BY)B;

q.r.s=1

By Eq.(2.4.9) this simplifies to the following,

%) _$ pz)p, 1<ism
r=1

Since y(t) and z(t) satisfy the same differential equation and initial conditions,
and by the uniqueness of solution of a V.O.D.E., (Petrovski [1, p.96]), y(t) = z(t).
Although our argument only works for t close to 0, analytic function theory, (see Hille,
[1, p.3], Law of Permanence of Functional Equations) allows us to extend itto t=1.
Thus, Q is associative, as required.

Finally, we need to verify that Q is an analytic function of the m + n
components of x and g. Q[x° EXP(at)] is a solution of the V.O.D.E.(2.2.1),

dQ[x°, EXP(at)]
dt

= LaQ[x% EXP(at)],
where Ly is given by Eq.(2.6.1). Thus, by an argument similar to that employed for the
proof of Lemma 2.2.1, it follows that

d*Q[x°, EXP(at)]
dtk

= LoQ[x°, EXP(t)], k=0,1,...
Thus,
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Qlx, EXP(od)] = exptlox = (i %L{,}(

j=0
Now, Lox = x
M ox
LaX =Y Y oPik(X)5,
i1 ke !
UL Pi(x) 2
La(loX) = ). ZOtkcclqu(x)@‘j,}l‘ﬁ52 a—:
i.q=1 k,I=1
and
LU oP Pik(x) 9 92Pi(x) 9
La(la(loax)) = Y, Zajaka.P,j(x)[ a‘;:fx)a a;gx) 3%+ pq.(x)—(-g(;{‘(,él a—’;l]
i,qr=1 j.K,I=1
etc.

Obviously, L: X is both a homogeneous polynomial of order m ina4, 0, ...,

on, and an analytic function of x. Thus, for EXP(at) € V, Q[x%, EXP(at)] is an analytic
function of the m components of x° and ait, at, . . ., agt. Therefore, Q[x%, EXP(0)] is
an analytic function of x° and a1, 02, . .., &, Since the exponential map is locally
one-to-one and analytic we conclude that Q[x°, EXP(x)] is an analytic function of the
components of x and EXP(a), as required.

Q.E.D.

Thus, every Lie algebra of differential operators is the set of all Lie derivatives of
some local Lie transformation group (G, Q) acting effectively on U, and the set of all
Lie derivatives of a local Lie transformation group (G, Q) is a Lie algebra. However,
Theorem 2.6.1 only shows that the action Q[x°, EXP(at)] can be found by solving the
V.0.D.E.(2.2.1). It does not say anything about how one would use the Lie algebra of
differential operators Span({Lk}Eﬂ to construct the underlying local Lie group G. We
only know by Theorem 1.5.5 and Corollary 1.5.3 that G exists. In Chapter 3, we
consider a special type of Lie algebra of differential operators and adapt the proof of
Theorem 2.6.1 to actually construct a local Lie group from a Lie algebra of differential
operators, without using the material of Section 1.5.
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Chapter 3
The Construction of a Local Lie Group From Ilts Lie Algebra
Section 3.1 Introduction and Examples

We continue with the notation of Chapters One and Two. That is, we shall let F
be either the field of complex or real numbers, F, be the space of n-tuples with
coordinates from F, and let V be an open set in F, containinge=(0,0,...,0).

In Section 2.6, Theorem 2.6.1, we presented Miller's proof that any Lie algebra
of linear differential operators is the set of all Lie derivatives of some local Lie
transformation group, (G, Q). Theorem 2.6.1 only shows that the action Q of a local Lie
transformation group (G, Q) can be found by solving a system of differential equations.
It tells us nothing about the Lie product, ¢, that makes G into a local Lie group in some
neighborhood of e € F,. Instead, Theorem 2.6.1 relies on Theorem 1.5.5 to guarantee
the existence of an underlying local Lie group G, such that (G, Q) is a local Lie
transformation group with the prescribed Lie derivatives.

In this Chapter we restrict the Lie algebra of differential operators to Lie
algebras having a basis {L ., of the form

o 0
Ly =ZPik(x)"a‘)‘(‘i, 1<k<n, (3.1.1)
w1
where Pi(g) is a function defined and analytic for all g in some open, connected
neighborhood, V of e, such that

Pi(e) = &, 1<i,k<n. (3.1.2)

We show that we can construct a Lie product ¢ from the solution of a system of
ordinary differential equations such that G = (V, ¢) is a local Lie group and (G, ¢) isa
local Lie transformation group whose Lie algebra of Lie derivatives has basis {Lk}2=1.

Our proof is an adaptation of Miller's proof of Theorem 2.6.1. This result differs
from Theorem 2.6.1 in that we do not require Theorem 1.5.5 and we actually find both
an underlying local Lie group, G, and a local Lie transformation group, (G, Q). Let us
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call the Lie algebra generated by {Lix.q.L = Span({uJ,':_1) and as in Section 2.6, we

let

n
Le = ), 0kl forall ae Fp
k=1
We also show that L(G), the Lie algebra of G, is isomorphicto L. This provides a
constructive proof that every Lie algebra is the Lie algebra of some local Lie group, up
to isomorphism in the case when the Lie algebra is realized by L.

If we were to apply Theorem 2.6.1 to L, we could conclude that there exists a
local Lie transformation group (G, Q ) with L as its set of Lie derivatives. It follows

from Definition 2.1.1that Q : Vx V— V, such that

Qlx,e]= x, xe V;
E[X, g] is analyticinxand g, forxandge V,
and Q[x, 9(g h)]= Q[Q[x,g],h], ifboth (g, h)and Q[x,g]e V.

This is not enough to conclude that 'Q isalie product. However, the Proof of
Theorem 2.6.1 can be modified to reach this conclusion.

Thus, we provide a method of constructing a local Lie group whose Lie algebra
is realized by L. Pontryagin [1, p.401] starts with coordinate increments to construct a
local Lie group having prescribed structure constants. Our method is simpler but
limited. The main result of the thesis is the following Theorem.

Theorem 3.1.1 Let Ly be defined by Eq.(3.1.1), 1 <k<n, be n linearly
independent differential operators defined and analytic in a connected, open set
Uc F,, suchthat e e U andthe Py(g) satisfy Eq.(3.1.2). Also, assume there exists

constants cj'k such that Eq.(2.3.4) holds, 1 <j, k,r<n. If Q[g, o] is the solution of the

V.0O.D.E.(2.2.1), then there exists a connected, open neighborhood V of e, contained
in U such that the function ¢:V XV — F, defined by

o(g. Qle, at]) = Q[g, o] (3.1.3)

is the Lie product for a local Lie group (V, ¢) = G.
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In fact we show that the structure constants c‘;k of G are the c{k's used in

Eq.(2.3.4). This suggests an obvious isomorphism between L(G) and L. We also
show that L is the set of all Lie derivatives of the local Lie transformation group (G, ¢).

Note that Eq.(3.1.1) is actually Eq.(2.3.5) with m = n. The method we use to
prove Theorem 3.1.1 is similar to the one used to prove Theorem 2.6.1. However, we
need not make any assumptions about the existence of a local Lie group with the
given structure constants. Many of the Lemmas in Section 2.4 which were used to
prove Theorem 2.6.1 will be used again here.

Since Q[e, a] plays a critical role in the definition of ¢, and in order to simplify
notation, we introduce the notation

EX(at) = Qle, at], aef,,.
The importance of EX(at) is further illustrated by the following Lemma.

Lemma 3.1.1 EX(a) defines an analytic coordinate transformation from an
open set U to an open set V, both in F,, such that:

i) eeU and eeV,
iy forall heV, there exists a unique awe U suchthat EX(a) = h. Thatis,
EX(h) exists for he V.

Proof: By an argument similar to the one used in the proof of Theorem 2.6.1 to
show that the group action is analytic in its m + n arguments, we conclude that Qfe, at]

is analytic in at. Since
dEX;(c)

do = Pi(EX(x))

o=0

= Ok, 1<i,k<n,

a=0

then the determinant of the matrix (Pik(g))i'fk,_, is non-zero in some neighborhood of e.
Thus, by an argument similar to that used in Section 1.4, Lemma 1.4.2, for the

exponential map, EX maps a neighborhood of e € U onto a neighborhood of ee V
such that, for all h e V, there exists a unique o eU such that EX(a) = h, and EX'

exists and is analytic on V.
Q.E.D.
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Note that Lemma 3.1.1 does not actually require Pyk(e) = dkk=1,1 <k <n, but
only that Px(e) # 0. Further explanation of why we require Eq.(3.1.2) to hold will be
given in the next two sections. Given a Lie algebra of linear differential operators, L,
with basis {Li}y.q Satisfying Eq.(3.1.1), such that

0 ifi=k
Pi(e) = { , (3.1.4)

ci# 0, ifi=K%k

it is a simple matter to create a second basis of linear differential operators for L
satisfying Eq.(3.1.2). Thus, Eq.(3.1.4) and Eq.(3.1.2) are equivalent conditions.

We wish to motivate Theorem 3.1.1 before proving it. To this end, we give a
simple application of Theorem 3.1.1 and an example concerning why the condition
Eq.(3.1.2) is necessary. In Section 3.2.2 we give a simple proof of Theorem 3.1.1 in
the one-dimensional case and show why the technique used cannot be extended to
higher dimensions. Consider the following one-dimensional exampile.

Example 3.1.1 From Chapter One, Example 1.2.2, we know that the function
¢:F XF —> F, defined by

¢(g, h) = g+ h+1ygh, (3.1.5)

such that ye F, is a one-dimensional Lie product on F. By Theorem 1.4.1 the one-
parameter subgroup EXP(at) of (F, @) is found by solving the ordinary differential
equation (O.D.E.)

dy(t
MO _ arew yo =0
Thus,
Yot _
e -1 ity % o0
EXP(at) = ¥ . (3.1.6)
at, ify = 0

By definition, EXP(at) satisfies Eq.(1.4.1) and has tangent vector o at t=0.

Now we wish to go in the other direction. That is, start with the O.D.E.
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%Q =ol+y), ¥0) =g, (3.1.7)

and obtain the Lie product (3.1.5). Q[g, at], the solution of the O.D.E.(3.1.7), is given by

ot q
(1+y9)e™-1 v so
Qlg, of] = Y :
at + g, ify=20

which is analytic in F XF. From this we make the following two important observations:

Q[0, at] = EXP(ad)
and
Q[g, of] = g + EXP(at) + WgEXP(ot)
= ¢(g, EXP(at)).

By Lemma 1.4.2, the exponential map defines an analytic coordinate
transformation on some neighborhood of 0. Thus, there exists two neighborhoods of
0, callthem U and V, such that forall h e V, there exists a unique a e U such that
EXP(a) = h. Thus the Lie product ¢ defined by Eq.(3.1.3) can also be defined locally
on V in terms of Q[g, a], by

9@, h) = ¢(g, EXP()) = ¢(g, Q[0, o) = Qfg, o,
and ¢:V XV 5F. Thus, we have taken the one-dimensional Lie algebra of linear
differential operators with basis (1 + yg)a% , applied Eq.(3.1.3) and obtained the local
Lie group with Lie product given by Eq.(3.1.5).

We will show that this is also true for the n-dimensional case, n 2 1. To justify
the initial condition P(0) # 0 we need only consider the following example.

Example 3.1.2 Consider the Lie algebra of differential operators with basis
Li=g a% Then P(0) = 0 and the V.0.D.E.{2.2.1) becomes the O.D.E.

%&Q = ay, ¥(0) = g.
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It has solution y(t) = Q[g, at] = ge™. If we define ¢ by means of Eq.(3.1.3), then ¢ is
not a Lie product. It follows from the fact that Q[O0, at] = O, that 0 is not the identity

element since
o(g, Q[0, ot]) = ¢(g, 0) =Q[g, of] = ge™.

Thus, there are restrictions on P(g).

Section 3.2 The One-Dimensional Case

in this section, we give a simple proof of the one-dimensional case of
Theorem 3.1.1. By Corollary 1.5.2, all one-dimensional local Lie groups are locally
isomorphic and all one-dimensional Lie algebras are isomorphic. Consequently,
using Theorem 3.1.1 to construct a one-dimensional local Lie group with Lie algebra
isomorphic to a given one-dimensional Lie algebra provides a complex solution to a
simple problem. Any one-dimensional local Lie group would do. Nonetheless, the
simplicity of the one dimensional version of Theorem 3.1.1 does justify its
consideration. We begin by stating Theorem 3.1.1 for the one-dimensional case.

Theorem 3.2.1 Let W be an open neighborhood of 0 in F and let
P:W—F be an analytic functionon W such that P(0)=1. Let Q[g, ot] be the

solution of the O.D.E.

W _ apym). ¥0) = o (32.1)

andlet EX(a) = Q[0, a], for a elU. Then ¢ defined by
®(g, EX() = Q[g, o, (3.2.2)
is a Lie product on some open, connected set,V, containing 0.

We shall prove Theorem 3.2.1 with the aid of the following Lemma. From the
theory of O.D.E., (see Petrovski [1, p.96]), we know there exists an open neighborhood
U of 0 in F, such that Q[g, ai] is analytic for (g, at) € UXU. From Lemma 3.1.1 we
know ¢ is well-defined. For the remainder of Section 3.2 we will always use U and V

as they were used in Lemma 3.1.1.
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Lemma 3.2.1: Let «,B, o+ P all belong to U. Then
EX(a +B) = QEX(o), B] = ¢(EX(a), EX(B)). (3.2.3)
Proof: If B =0, Eq.(3.2.3) is obviously true. Thus, assume B = 0 and let

y(t) = Q[0, o + Bt] = EX(a + Bt)
and z(t) = QEX(x), Bt] = @(EX(c), EX(Bt)).

Then by the definition of Q, y(0) = z(0) = EX(c). Now, since o and B are scalars,

dy(t) _ dQ[O, & + Bt]
dt = t

da[o, B + 1)]

B B

= at

) dQlo, B(§+ 1] d(% + 1)

= at
d(g + 1)

= BP(QO, o + Bt])

= BP(y(t)).

Furthermore,

dz(t)  dQ[EX(a), Bt]
a = at

= BP(z(t)).

It follows from the uniqueness of solution of an O.D.E. thaty(t) = z(t), for t in
some neighborhood of 0. It is then a simple matter to use analytic continuation,
(Hille[1, p.3]), to extend the equality to t=1 and conclude that Eq.(3.2.3) holds, as
required.

Q.E.D.

The fact that P(0) # 0 was required in Lemma 3.1.1. To this point we have not
needed P(0) = 1. However,
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dEX(at)

5 = aP(0). (3.2.4)

t=0

Thus in order for the analytic curve EX(at) to have tangent vector a at 0, we
require P(0) = 1. We want EX(at) to be the one-parameter subgroup of (V, ¢) with
tangent vector a at e, thus we will always require that P(0) = 1. We are now
prepared to prove Theorem 3.2.1.

Proof of Theorem 3.2.1: Define ¢(g, EX(a)) by Eq.(3.2.2), for g and
EX(a) € V. Obviously, ¢:V XV — F, and by the definition of Q, ¢ is analyticin VXV.
Furthermore,

¢(0, EX(r)) = Q[O0, o] = EX(ax)
and because Q is the solution of the O.D.E.(3.2.1),

9(g,0) = Q[g,0] = g.

Thus, 0 is the identity element for ¢.

Thus we need only show that ¢ is associative on V. Let g, h, k, ¢(g, h), ¢(h, k)
all belongto V. By Lemma 3.1.1, there exists a, B, and y belonging to U such that
g = EX(a), h = EX(B) and k = EX(y). Now use Eq.(3.2.3) as follows,

¢(g, 9(h, k) = o(EX(ax), 9(EX(B), EX(1)))
= ¢(EX(a), EX(B + )

EX(o + B +1))

EX((ct +B) +7)

= ¢(EX( + B), EX(7))

= o(@(EX(a), EX(B)), EX(y))

o(9(g, h), k).

Thus, ¢ is a Lie product on V, as required.

Q.E.D.

The Lie algebraof G = (V, @) is the field F together with the commutator
[a,B] =0, for a, Be F. L(G) is trivially isomorphic to the Lie algebra generated by

L1 =P(qg) éj—g , because all one-dimensional Lie algebras are isomorphic .
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Lemma 3.2.2 The one-parameter subgroup of (V, @) with tangent vector o
at 0is EX(at), for aeF.

Proof: Obviously, EX(a(0)) = Q[0, 0] = 0. By Eq.(3.2.4) and the fact that
P(0) = 1, EX(at) has tangent vector o at 0. Finally, Eq.(1.4.1) follows immediately
from Lemma 3.2.1. Thus, by Definition 1.4.1, EX(at) is the one-parameter subgroup of
(V, ¢) with tangent vector a at 0, as required.
Q.E.D.

Lemma 3.2.1 plays an important role in the proof of Theorem 3.2.1. Lemma
3.2.1 depends on the fact that any element of U can be expressed as a scalar multiple
of any other non-zero element of U. This is only true if U is one-dimensional. In one
dimension, all elements of G are in the same one-parameter subgroup. Lemma 3.2.1
does not hold for higher dimensions. This is the main reason why the proof of the
one-dimensional case of Theorem 3.1.1 is so easy and why this technique can't be
extended to the higher dimensional cases. (The same idea works in Theorem 2.6.1
for a proof of the one-dimensional case, but we shall not go over it here). In the
general case of Theorem 3.1.1, one has to use the idea of a Lie algebra. The set of
differential operators defined by Eq.(3.1.1) must form a basis for the Lie algebra, A.

We can use Theorem 3.2.1 to generate examples of one-dimensional local Lie
groups. If P(x) is a function analytic at x = 0, such that P(0) = 1, then by Theorem
3.2.1 we can obtain a one-dimensional Lie product if we can solve the differential
equation

dx(t

at = oP(x(), x(0) = x°. (3.2.5)

For the open neighborhood where a solution exists, EXP(at) is the solution of
Eq.(3.2.5) with x° = 0 and ¢(g, EXP(at)) is the solution of Eq.(3.2.5) with x° = g.

For example, P(x) = 1 yields the one-parameter subgroups EXP(at) = ot
together with the Lie product ¢(g, h) =g + h; P(x)=yx + 1, y=0, yields the the one-

parameter subgroups EXP(at) = % (€™ - 1) together with the Lie product

¢(g, h) =g + h + ygh and P(x) = ™, vy 0 yields the one-parameter subgroups
-1 -
EXP(at) = 7 In(1 - yot) together with the Lie product ¢(g, h) = '3 Ine™® + e - 1).
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In fact, we have the following characterization of Lie products of one-
dimensional local Lie groups.

Theorem 3.2.2 ¢(g, h) is a Lie product for a one-dimensional local Lie
group with one-parameter subgroups EXP(at) if and only if

EXP(ot) = Q[0, od]
¢(g, EXP(at)) = Q[g, ad]

where Q[g, od] is the solution of the O.D.E.

dx(t

dt = (XP(X), X(O) =g,

and P(x) is analyticat x=0 and P(0)=1.

Proof: The proof follows from Theorem 3.2.1 and Lemma 3.2.2.
Q.E.D.

Section 3.3 The n-Dimensional Case

We now prove Theorem 3.1.1 in general. Let U be an open connected set in
F, such that e e U. Throughout this section we will assume that Py(g), 1 <i,k<n,is
an analytic function for g e U such that Eq.(3.1.2) is satisfied. Define the linear

differential operators Lx by Eq.(3.1.1), 1 <k < n, acting on functions that are analytic on
U and assume that there exists constants c,-'k, 1<j,k r<n, such that Eq.(2.3.4) is

satisfied. We wish to show that ¢ defined by Eq.(3.1.3) is a Lie product, where
Ql[g, at] is the solution of the V.0.D.E.(2.2.1). Again we use the analytic coordinate

transformation
EX(at) = Qle,af], ae F,.

Now, for g € U, define the nxn matrix P(g) by

P(g) = (Pik(9))ike1 -
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By Eq.(3.1.2), P(e) = E,. Since Pi(g) is analytic, 1 <i, k< n, then for g in some
neighborhood of e, P(g) has a matrix inverse, that we will denote by

S(@) = (Sik(@))ika1-

For convenience, we will begin by limiting the set U to an open, connected
neighborhood of e where P(g) exists. We noted in Section 3.1 that, by Theorem
2.6.1, the n-dimensional Lie algebra, L, generated by the {Lk}f::, is the algebra of Lie

derivatives of some local Lie transformation group (G, Q ) acting effectively on U,

where EXP(at), o € Fy, are the one-parameter subgroups of the unknown group G, for
t suitably close to 0, and Q [g, EXP(at)] is the unique solution of the V.0.D.E.(2.2.1).

Thus,
o(g. EX(at)) = Q[g, ot] = Q [g, EXP(act)]. (3.3.1)

Now, since Q is an action, it follows that e is the identity element of ¢ since
¢@.e) = Qlg. €] = g,

and Eq.(3.1.3) together with the definition of EX(a) imply that
o(e, EX(a)) = Qfe, o] = EX(a).

Furthermore, 6[9, EXP(a)] = o¢(g, EX(a)) is an analytic function of the 2n
components of g and EXP(a). However, since EXP(a) and EX(a) are both analytic
coordinate transformations on some neighborhood of e € Fy, it follows that in some
neighborhood of e we can express EXP(a) as an analytic function of EX(a). Thus,
¢(g, EX(x)) is an analytic function of the 2n components of g and EX(a), when g and
EX(a) are close to e, as required.

Thus, to conclude that ¢ is a Lie product, we need only show that for
¢(EX(ax), EX(B)) and ¢(g, EX(c)) both belonging to V,

¢(9(g, EX(a)), EX(B)) = o(g, @(EX(c), EX(B))). (3.3.2)

Unfortunately, Eq.(3.3.1) does not provide sufficient information to obtain
Eq.(3.3.2), in terms of the group action Q . In particular, we do not know the meaning
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of <p(g, o(EX(av), EX(B))). In any event, we wish to construct the Lie product ¢
without using Theorem 1.5.5, i.e., without prior knowledge of the existence of a local
Lie group G with Lie algebra isomorphic to the Lie algebra of differential operators.
We show EQq.(3.3.2) holds by using a technique similar to the one use to prove
Theorem 2.6.1. Most of the necessary Lemmas were proved in Chapter 2.

In the proof of Theorem 2.6.1, we needed Pix(g) and Sk;(g) to have certain
properties. Also, we needed Q[g, EXP(at)] to satisfy a second system of differential

equations. We find that the following properties still hold:

From Lemma 2.3.3 it follows immediately that, for 1 <q,k,s<n,

S 9P q(9) Pe(@)y &
%: (PiS(g) a;i - Pi(9) ag; )=r-21cskpqr(g)- (3.3.3)

From Lemma 2.4.1, with Rix(g) = Pik(g) it follows that cirs = -c;, and

a%i;f(gl i aggggz =r§$‘,ss,q(g)ssk(g) . 1<ikqs<n. (3.3.4)

Thus, by Eq.'s (3.3.3) and (3.3.4) and Corollary 2.4.1 and Lemma 3.1.1, it
follows that the system of partial differential equations

oTi(g, EX(a)) n |
EX (o) 2;1 Pi(T(9, EX(a)))Sk(EX(a)), 1<i,k<n

(3.3.5)
T(Q,e) = g,

has a unique solution for g and EX(cx) in some open neighborhood of V of e e F,.

The following is also true:

Lemma 3.3.1 Let g, EX(at) € V. T(g, EX(at)) is the unique solution of the
system of P.D.E.(3.3.5) if and only if it is also the unique solution of the V.0.D.E.(2.2.1).

Proof: The proof concerns the uniqueness of solution of systems of
differential equations and is similar to the proof of Lemma 2.5.4 and is thus omitted.
Q.E.D.
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We now relate Lemma 3.3.1 to the the given situation with the following
Lemma.

Lemma 3.3.2 ¢(g, EX(at)) defined by Eq.(3.1.3) satisfies the system of
P.D.E.(3.3.5).

Proof: By Eq.(3.1.3), ¢(g, EX(ct)) satisfies the V.0.D.E.(2.2.1). It follows from
Lemma 3.3.1 that ¢(g, EX(at)) is also a solution to the system of P.D.E.(3.3.5), as

required.
Q.E.D.

We now have sufficient background to complete the proof of Theorem 3.1.1.

Proof of Theorem 3.1.1. |t follows immediately from Eq.(3.1.3) that e is the
identity element because

¢(g,e) = Q[g,e] = g and ¢(e, EX(at)) = Qle, at] = EX(adt).

By an argument similar to the one used in Theorem 2.6.1 to show that a group
action is an analytic function of its m + n arguments, we conclude that ¢(g, EX(a)) is
analytic in the 2n coordinates of g and EX(a). In order to complete the proof, we need
only show that ¢ is associative.

Let y(t) = o(p(g, EX(ar)), EX(Bt)) and z(t) = ¢(g, ¢(EX(c), EX(B1))).
Clearly, y(0) = 2(0) = o¢(g, EX(xx)). Now, by Eq.(3.1.3)
L = 3 BePuly ).

By the chain rule, Lemma 3.3.2 and Eq.(3.1.3) we obtain

dzift) _ ia“"(g» @(EX(ar), EX(B1))) dpk(EX(cx), EX(Bt))
a = & gk(EX(ax), EX(Bt)) ot

= i Pir(2())Sr(e(EX(ax), EX(B))))BsPis(p(EX(cx), EX(BY))).

k,r,s=1

Since S(p(EX(a), EX(Bt))) = (P(cp(EX(a), EX([St)))):1 the expression simplifies to
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= Y BePutzt).

Thus, since y(t) and z(t) satisfy the same differential equation and have the
same initial conditions, we conclude by uniqueness, (Petrovski [1, p.96]), that
y(t) = z(t), t suitably close to 0. Use analytic continuation (Hille [1, p.3]) to extend the
proofto t =1 and conclude that Eq.(3.3.2) is true under the necessary conditions.
Thus, ¢ is a Lie product on V, as required.
Q.E.D

Theorem 2.6.1 differs from Theorem 3.1.1 in that Theorem 2.6.1 only concludes
that there exists a local Lie group G such that the local Lie transformation group
(G, Q) had the prescribed Lie derivatives, whereas Theorem 3.1.1 shows that the Lie
product of G can be found by solving a system of differential equations. In both
Theorems the group action is found by solving a system of ordinary differential
equations, however Theorem 2.6.1 is applicable to a much broader range of Lie
algebras of differential operators than Theorem 3.1.1.

We complete this section by examining the constructed local Lie group (V, @) in
more detail. We verify that the local Lie transformation group ((V, ¢), 9) has, as its set
of Lie derivatives, the Lie algebra of differential operators L = Span({Lk}L'_,).

Lemma 3.3.3 The one-parameter subgroups of (V, @) are the EX(at), a € Fy.
Proof: Clearly EX(c(0)) = e, and by Eq.(3.1.2),

dEXk(at) dQyle, at]
= dt |t 0

dt t=0 = };arpkr(Q[e, at]) I‘-O = O

Furthermore, by Eq.(3.1.3), if y(t) = EX(a(t + s)) and 2(t) = o(EX(xs), EX(Bt)), then it
is a simple exercise to show that

gg.%!)'=%i§'t)', 1<i<n,

and y(0) = z(0). Thus by the uniqueness of a solution for a V.O.D.E. (Petrovski
[1, p.96)), it follows that
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EX(a(t+s)) = o(EX(as), EX(Bt)).

Thus, by Definition 1.4.1, EX(ct) is the one-parameter subgroup of (V, @) with tangent
vector a ate.
Q.E.D.
Lemma 3.3.4 The structure constants cf’ X for the local Lie group (V, ¢) are

the cg, that satisfy Eq.(2.3.4).

Proof: From our construction of the local Lie group (V, ¢), we know that

[Le, Ld = Ycal.

=

By Eq.(1.2.6), it follows that

ok (Porlg, EX(0)  °eig, EX(a)) l
" " 9gs9EXk() OgkOEXs(cr) J|9=EX(x)=e *

Now, by Lemma 3.3.2,

Pl EX(@) _ 3 ¢
et " s 290 EX@NSIEXED | goexare

_M!
ags g=e ’
Thus,
sk dPx(g) dPs(9)
G = 0gs |g=e Jagk |g=e °
Now, evaluate Eq.(3.3.3) at g = e to find that,
Pu(@)]  Pu@]
3gs ls=e ~ T 3gy lo=e = sk

Thus, for 1 <1, s, k<n, ¢* - ¢, as required.

Q.E.D.
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Thus, the Lie algebra of (V, ¢) is isomorphic to the given algebra of differential
operators, L, with isomorphism defined by a —L,,.

Lemma 3.3.5 The local Lie group G = (V, ¢), where ¢ is given by Eq.(3.1.3),
together with ¢ as the group action form a local Lie transformation group with Lie

derivatives

La = ZakLk' e L(G)v

k=1
where Ly is given by Eq.(3.1.1).

Proof: From Theorem 3.1.1 we know that (V, ¢) is a local Lie group, and from
Lemma 2.2.2 we know that ((V, ¢), 9) is a local Lie transformation group acting on V,

with Lie derivatives

n
0
e = ZakRik(g)ag. , o€ Fy,
k=1 !

where Rik(g) is given by Eq.(2.2.8). Thus, we need only show that Ri(g) = Pik(g),
geV, 1<i,k<n.

By Eq.'s (2.2.8), (3.3.9) and the fact that P(e) = S(e) =E,,

99i(g, EX(c))

A9 =EX® | excayeo
- 3 Pil0(g. EX(@)ISHEX(@) e
-3 Pila)on
= Pk(g).

Thus, given an n-dimensional Lie algebra of differential operators with a basis
{Li}ke1. defined by Eq.(3.1.1), such that Eq.(3.1.2) holds, we have that these differential
operators are the Lie algebra of Lie derivatives of the local Lie group transformation
group ((V, @) , ¢)) where ¢ is given by Eq.(3.1.3).

Q.E.D.
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Corollary 3.3.1 L is the set of all Lie derivatives of a local Lie
transformation group ((V, @), ¢) ifand only if L is a Lie algebra of differential

operators with basis {Lk},':_1 acting on V, satisfying Eq.'s(3.1.1) and (3.1.2).

Proof: It follows immediately from Lemmas 3.3.5 and 2.2.2.
Q.E.D.

Thus, the proof of Theorem 2.6.1 can be adapted to construct a local Lie group
from a Lie algebra. In the next Chapter we use a generalization of Theorem 2.6.1 to
prove addition theorems for special functions.
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Chapter 4
Multiplier Representations and Special Functions
Section 4.1 Generalized Lie Derivatives and Multiplier Representations

In this Chapter we shall use local Lie transformation groups to prove addition
theorems for certain special functions of mathematics. 'Special functions' are classes
of functions that appear frequently in mathematical discussion and have some noted
importance. The classification of special functions is objective, but usually includes
such functions as Legendre, Jacobi and Hermite polynomials and Beta, Gamma and
Theta functions to name a few.

Before we can use local Lie transformation groups to obtain addition theorems
for special functions, we need the following additional theory. See Miller [1, p.196-
199] for the derivation of the following material. We shall use the notation of Chapter
2. Thatis, plainface type will be used for the nonidentity n-tuples from G and L(G) and
boldface type will be used for the m-tuples of U < Fp,.

Definition 4.1.1 Let (G, Q) be a local Lie transformation group acting on a
neighborhood of U < Fn, with Lie derivatives Ly, e e L(G), and let A, be the set of all

functions analytic in some neighborhood of x°. Let v:UxG — F, such that v(x, g)isa
scalar-valued, analytic function of x and g and

1. v(x,e)=1. (4.1.1)
2. v(x, q’(gv h)) = v(x, g)V(Q[X, g]' h)9 (4'1 2)

for Q[x, gl € U, ¢(g, h) € G. A local multiplier representation T of (G, Q) on A,
with multiplier v, consists of a mapping T(g) of A o onto A ,defined forallg e G,
f € Ao suchthat

[T(@)f 1(x) = v(x, g)RQ[x, g]), (4.1.3)

for x suitably close to x°.

ifv(x,g) =1, then T is known as an ordinary representation, (which we
used, without naming, in the discussion of ordinary Lie derivatives). There is an
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important relationship between ordinary representations and multiplier
representations that the following Lemma explains.

Lemma 4.1.1 Let T be a multiplier representation of the local Lie
transformation group (G, Q) on U c F, andlet U’ = UxF. Then the mapping
Q’:U' xG = Fmq1 such that

Q(X, Xmy1)» @] = (QIX, I, Xmy1 + INV(x, G)), (4.1.4)
is the group action of the local Lie transformation group (G, Q’) acting on U'.

Proof: By Eq.(2.1.1) and Definition 4.1.1, Q and v are both analyticin x and
g, thus it follows from Eq.(4.1.4), that Q’[(X, Xn.1), G] is an analytic function of X, Xpy,1
and g. It follows from Eq.'s(4.1.4), (4.1.1) and (2.1.2) that Q’[(X, Xm.1), €] = (X, Xm+1)-
Now, by Eq.'s(4.1.4), (2.1.3) and (4.1.2)

Q'[(X, Xm.1), @(g, D] = (QIX, (g, h)]. Xm,1 + Inv(x, ¢(g, h)))

= (Q[Q[x, g], h], Xp,1 + In(v(x, g)v(Q[x, g], h)))
(QrQ(x, g}, hl, Xm.1 + Inv(x, g) + Inv(Q[x, g, h))
= Q’[Q’[(X, Xm+1), g]- h]:

for Q[x, gl e U (or Q'[(X, Xm.1), 9] € U’ ) and ¢(g, h) € G, as required.

Q.E.D.
Since (G, Q’) is a local Lie transformation group it has Lie derivatives Lg,
a e L(G). By Lemma 2.1.1
m+1 N 3
L& = E 2 afpi.f((x: xm+1))_a;; , (41 5)

i-1 r-1

GQ'[(x, xm+1)- g]
ag;

where Pj{(X, Xm.1)) = However, it follows from Eq.(4.1.4) that

g=0
Pi{(X, Xm41)) = Py(x), 1<ism, 1<r<n, (4.1.6)
where P;(x) is derived from Q[x, EXP(at)] by Eq.(2.1.5), and

av(x, 9)

Pri1r((X, Xme1)) = 39, = P(x)), 1sr<n. (4.1.7)
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Obviously Pj{((x, Xm,1)) does not depend on xp, 1, 1 <ism+1,1<r<n.

Now, given the local multiplier representation, T, we define the generalized Lie
derivatives D,, a € L(G), as follows.

Definition 4.1.2 Let T be a multiplier representation and let f € Ao The
generalized Lie derivative D, f of f under the one-parameter subgroup EXP(at)
is the analytic function

Dot x) = THEXPL0)

. (4.1.8)
t=0

It follows from the product rule of differentiation and Eq.'s (4.1.8), (4.1.3), (2.1.7), (4.1.1)
and (2.1.2) that

Dy = Lg+ zn‘, o, P, (X), (4.1.9)
r=i

where P,(x) is given by Eq.(4.1.7). (See Miller [1, p.198], Eq.(9.32)). ltis clear from
Lemma 4.1.1 and Eq.(4.1.9) that multiplier representations are really just a special
type of ordinary representations. Thus, we have the following theorems corresponding
to Theorems 2.2.3 and 2.6.1.

Theorem 4.1.1 (See Miller [1, p.198], Theorem 5.28). The generalized Lie
derivatives of a local multiplier representation form a Lie algebra under the operations
of addition of derivatives and Lie bracket

[Dg, Dgl = DaDB - DBDa- (4.1.10)
in fact,

1. Daoubg = aDg + bDB, (4.1.11)
and 2. D[a.B] = [Dg, DB]' (4.1.12)

for a,pe L(G),a be F and [D,, Dg] defined by Eq.(4.1.10).

Proof: Eq.(4.1.11) follows from Eq.(4.1.9) and Theorem 2.2.3. Thus the
generalized Lie derivatives, D, form a vector space under addition and scalar

multiplication. EQq.(4.1.12) follows from the fact that

Log = [bor Lyl
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where L is given by Eq.(4.1.5), and the relationship between Dy and L.
Q.E.D.

Thus, the set of all generalized Lie derivatives of a local Lie transformation
group forms an abstract Lie algebra under the commutator of Eq.(4.1.10). T is an
effective multiplier representation if the map a — Dy is a Lie algebra isomorphism.

We now adapt Theorem 2.6.1 to generalized Lie derivatives.

Theorem 4.1.2 (See Miller [1, p.199], Theorem 5.31). Let

m
Dy =) Pik(x)é-a; +P(x), 1s k<n,
=] !
be n linearly independent differential operators defined and analytic in an open set
U  Fm. Ifthere exists constants cj such that

n
D, Dd = ¥ ciyD, 1<jks<n,

=1

then the Dy form the basis for a Lie algebra which is the algebra of generalized Lie
derivatives of an effective local multiplier representation T. x(t) = Q[x, EXP(at)] .and
v(x, EXP(at) )are obtained by integration of the equations

did@ = ipik(x(t))ak; 1<ism, x(0)=x, (4.1.13)
k‘1

and

%Inv(x, EXP(ot)) = iajpj(x(t)), vix,e) = 1. (4.1.14)
p=

Proof: Due to the restrictions imposed on D, 1 <k <n, it follows from

Theorem 2.6.1 that the unique solution of the differential system (4.1.13),
Q[x, EXP(at)], is indeed a group action. Thus, we need only verify that the solution of

Eq.(4.1.14) produces a multiplier.

Construct the differential operators L according to Eq.'s(4.1.5), (4.1.6) and
(4.1.7) where the Py (x)'s, 1 <i < m and Py(x) are obtained from D, 1 <k < n. Clearly
these differential operators are linearly independent and satisfy Eq.(2.3.4). Thus, by
Theorem 2.6.1 there exists a local Lie transformation group (G, Q’) such that
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Q/'[(X, Xm41), EXP(ct)] is obtained by solving the system of P.D.E.(4.1.13), 1 <i<m and
Qm.1[(X, Xm+1), EXP(at)] is obtained by solving the O.D.E(4.1.14), where
Qe 1[(X, Xm41), EXP(at)] = Inv(x, EXP(at)) + Xm.1.
Since the group action Q’ is associative,

Qurpa[(X, Xma1), 9(9, h)] = Qe [Q[(X, Xmy1), ], D]

That is,
Inv(x, @(g, h)) + Xms1 = INV(Q[X, g]. h) + Qp4[(X, Xm.1). €]
= Inv(Q[x, g], h) + Inv(X, @) + Xma41.
Thus, inv(x, ¢(g, h)) = Inv(Q[x, g], h) + Inv(x, g).

It follows that v(x, g) satisfies Eq.(4.1.2). Since v(x, g) also satisfies Eq.(4.1.1) and is
a scalar-valued, analytic function of x and g, T is a multiplier representation, as

required.
Q.E.D.

In the next section we show by example how multiplier representations can be
used to prove addition theorems for special functions. The key to applying the local

Lie theory of this section to prove addition theorems of special functions is the fact
that, for a multiplier representation T of G = (V, ¢) on A, with multiplier v,

[T(p(g. h)A(x°) = (T(@IT(h)A)(x"), (4.1.15)

where f € A,y and ¢(g, h) € G. Eq.(4.1.15) is a direct consequence of Definition
4.1.1.

Section 4.2 Proofs of Addition Theorems Using Multiplier
Representations

We now show how local Lie theory can be used to find addition theorems for
some special functions. We do not claim that the addition theorems we shall find are
new or that our proofs of them are necessatrily simpler than the usual proofs, using
special function techniques. We give these proofs to show that the application of
Eq.(4.1.15) gives addition theorems even in some of the simple cases. For a more
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rigorous and comprehensive study of the application of local Lie groups to special
function theory see Miller [2], or Vilenkin [1]. Miller and Vilenkin use local linear Lie
groups for their studies, we shall use the ordinary local Lie groups.

The hypergeometric function, aF, is one well known special function. It is
defined by

2F1(a, bjc;2) = io@('-c‘,‘)t—:)ﬂ-ﬁ—?, (4.2.1)

where (a), = a(a+1)...(a+n-1), n21, (a)o = 1,a # 0. In Miller [1, p.199-204] or
[2, p.20-24], Miller outlines a method of proving addition theorems for the
hypergeometric polynomials using multiplier representations and a specified 3-
dimensional local linear Lie group.

For the examples of this section we use the one-dimensional local Lie group
G = (F, ¢),where (g, h) = g+ h,g,h e F. The Lie algebra of G, L(G) consists of the
field F together with the commutator [a, B] = O, a, B € F and the one-parameter
subgroups of G are EXP(at ) = ot, a € F. Our first example deals with the generalized

hypergeometric function.

The hypergeometric function is generalized from Eq.(4.2.1) as follows:

p

o H(ai)n M
qu(a1,0.2,. .y Op; ﬂh Bz, ,Bq;Z) = . = ﬁT , (4.2.2)
"~ ISI(Bk)n
k=1
where Bi = 0 and Pk is not a negative integer, k = 1,2,...,q. (See Rainville

[1, p.73)).

With the aid of Eq.(4.2.2) and the Ratio test of a power series, Rainville is able to
show where pFq is defined, that is, for what z the power series of Eq.(4.2.2)
converges.

If any a;in Eq.(4.2.2) is zero or a negative integer, then the power series
terminates and pFq(a, ap, . .., 0p; B1, B2, . . . , Bgi 2) is a polynomial in z. Otherwise
we must consider the non-negative integers p and q of pFq and apply the following
guidelines.
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1. If p <£q, then the series converges for all finite z.
2. If p=q+ 1, then the series converges for |z| < 1, diverges for |z| > 1
and pFqlon, 02, . . ., ap; B1, B2, . . ., Bq: 2) is absolutely convergent on the circle |z| = 1 if

Re(iﬁk - ia;) >0.

ka1 =l
3. If p>q + 1, then the power series of Eq.(4.2.2) diverges for all z = 0.

Thus, unless a or b are zero or negative integers the >F¢(a, b; c; 2)
hypergeometric function is only defined for |z| < 1 and perhaps |z| = 1. The addition
theorems Miller proves for the hypergeometric function take into account where 5F is
analytic. We shall provide an addition theorem for one of the generalized
hypergeometric functions.

In the process of dealing with special functions, Rainville uses the following
elementary series manipulation, (see Rainville [1, p.56]):

) oo ©o n
Y YAk =Y ¥ AkKn-K), (4.2.3)
n=0 k=0 n=0 k=0
where A(k, n) is a function of k and n. This will be a useful technique in our examples
of multiplier representations.

Example 4.2.1 Let Ao be the set of all functions analytic in a neighborhood
of zero. Let

be a general differential operator and let G be the one-dimensional local Lie group
with Lie product ¢(g, h) = g + h, discussed at the beginning of this section. It follows

from Theorem 4.1.2 that
Qlz, EXP(at)] = Q[z, od] = z + o,

and v(z, EXP(at)) =v (2, o) = exp(g + atz}

for ze F and a e G, where exp(x) = * is the ordinary exponential function. Thus,
for a € G, f € Ap, the multiplier representation T(x): A9 — A¢is defined by,
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[T(a)f(z) = exp(g; + az)l(z +a), (4.2.4)

Now, it is simple to verify that T is a multiplier representation since Q = g, thus (G, Q)
is a local Lie transformation group. Furthermore, v(z, EXP(«at)) is a scalar-valued
function analyticin z and at, v(z, 0) = 1 and

v(z, (e, B)) = v(z, a) v(Q[z, o, B) = exp( 5 +t0z+PBz+a B)

thus, v(z, EXP(at)) is a multiplier.

From Eq.(4.2.4) we can verify that T(a) maps a function analytic in a
neighborhood of zero to another function analytic in a neighborhood of zero. We can
consider Ay to be the infinite dimensional vector space with basis {hk(z)k_o.

he(z) = 2%, From Eq.(4.2.4), we conclude that there is no subspace S of A, with a
finite basis of polynomials such that T(x):S — S. For a non-negative integer,n,

ae Gand ze€ F,
2

T(@h)(z) = exp(%— + az)(z+a)". (4.2.5)

It is trivial to check that Eq.(4.1.15) holds. However, in order to obtain an
addition theorem from the multiplier representation given by Eq.(4.2.4), we use the fact
that [T()hp)(z) is analytic about t =0 to expand Eq.(4.2.5) as an infinite power series.

Using the binomial theorem and the power series expansion for e* we find:

k K o
T(@hel(z) = exp(—é- ; az)(z+a)" - exp( )z 2 S (e,

k=0 j-O

nl
g ifj<n
where G‘)= (n - Dijt
0 ifj>n
If a=0,thenby Eq.'s (4.2.2) and (4.2.3) we conclude that,

n+k

o2
[T(a)hal(z) = exp( )2 K ——— 2% oFo(-n, -k; _; 2) a#0. (4.2.6)
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By Eq.(4.2.6),

2 oo n+k
[T(a'*'ﬁ)hn](z) = exp( (g'izﬂ_)) Z (iikB!_)_Z 2F0( n, k,_,( + B)2)

k=0

where (o + B) # 0. However, by Eq.'s (4.1.15) and (4.2.6), if a and B are both non-zero,

then
oo n+r

2
[Tl + Bhal(z) = T(a)[exp(%) 5 S dFoln )]

oo r+k n+r

2
=9XF(a + B )22 kiU Br| 2Fo(-n, r,_,;2)2F0(r K 2)2

k=0 r=0

Equate coefficients of z* in the two expressions for [T(c + B)hn)(z) to obtain the
following addition theorem for the 2Fq function,

o™+ B 2Foln, i i +ﬁ)2)

T B a™ - o4
= rg r! ZFO(-nr S ﬁ2 ) 2F0(‘|’ ’ ‘k, —_ a2 )- (4-2-7)
where a#0,B+0,a+B=0and kand n are nonnegative integers. By Eq.(4.2.2),
the summation on the right hand side of Eq.(4.2.7) actually terminates after r = n.

Example 4.2.2 Now we shall deal with polynomial sequences. Let pi(x) be
a polynomial of exactly degree i, for i=0,1,2,... . Then

Po(x), P1(x), p2(x), . . . ,

is known as a polynomial sequence. The polynomial sequence, {Pn(X)} o, iS @

sequence of binomial type if it satisfies the infinite set of identities:

n n- 0,1,2,. 4.2.8
prtc+9) = 3, (kK praposty). 0= (4.2.8)

n n! . n .
where (k) = m if k<n, and (k) = 0if k>n.
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A necessary and sufficient condition that {pn(X)},..o be a sequence of binomial

type is the existence of a unique infinite series H(x) such that H(0) = 0, H'(0) # 0 and

3 :%xl 21 = goH(@) (4.2.9)

n=0

(See Rota [1, p.8-20] for a detailed discussion of sequences of binomial type).
Eq.(4.2.9) implies Eq.(4.2.8) due to the fact that

goH@)gBHE) _ glarBHE) (4.2.10)

To see this, use Eq.(4.2.9) to substitute for e®(@), gPH@ and glo+BH() in Eq.(4.2.10)
and then use Eq.(4.2.3) to obtain

ii ___)Ej(!_ zz Pki(@) P _j_zk Zpk(a*'ﬁ) k
k=0 j=0

k=0 j=0 (k-t k=0

Equate the coefficients of zZX and rearrange to obtain Eq.(4.2.8). Thus, given that
Eq.(4.2.9) is the generating function of a sequence of binomial polynomials then there
exists a simple and obvious proof that the polynomials satisfy Eq.(4.2.8).

We can also utilize multiplier representations to obtain the same result. Our
point in doing so is simply to verify that the group representation technique can be
used in this simple case.

Let
D =H(z) + 0:—2

be a linear differential operator, where H(z) has unique infinite power series
expansion such that H(0) = 0, H'(0) # 0 and there exists a polynomial sequence such
that Eq.(4.2.9) holds. By Theorem 4.1.2 we know that D generates the Lie algebra of
generalized Lie derivatives of a local Lie transformation group with group action and
multiplier obtained by solving the differential equations

0
dStt = 0, x(0) = x° and dinfvlx ’thXP(at)» = aH(x(t), v(x°,0) = 1.




76

Thus, using the one-dimensional local Lie group used in Example 4.2.1, we obtain the
multiplier

[TEXP(@)A(z) = [T()f(z) = e*@fz). (4.2.11)

In the case of polynomial sequences, we are more interested in form than in
analyticity. Thus we shall not concerned ourselves with ensuring that e*H®f(z) is a
function analytic in some neighborhood of z=0. We will manipulate the infinite
polynomial expansions without worrying about where the power series converges.
Consider how T(EXP(a)) acts on h(z) =2X, k=0,1,2,...

Use Eq.'s (4.2.11), (4.1.15), (4.2.9) and Eq.(4.2.3) to conclude that

[T(a + B)hil(z) = e(@BH@ZK _ 2 Pm(ortn u B) me
m=0

and

[T(ox + B)hkl(z) = {T()[T(B)hi]Hz)

p"‘,,‘,, ) r{o)hmad@)

]
V]

pm (B) pn(a) m+k+n
n!

"z

LM

= = Pm-n(B) pnlc) M
= Z Z (m-n)l nl .

m=0 n=0

Fix m and equate the coefficients of z™¥in the two power series expressions for
[T(a + B)hi)(z) to derive Eq.(4.2.8).

We shall now give another example of using multiplier representations to prove
an addition theorem for a sequence of polynomials.
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Example 4.2.3 The polynomial sequence, {Pn(X)}q-0. is @ Eulerian family
of polynomials, (see Andrews [1]), if

i) Polx) =
ii) foreach n,
n

pPoly) = 3. (i) PRIPolYIY, (4.2.12)
k=0 q

where (,’:)q= E%Inq]_k ,lalo=1and[qa=(1-Q)(1-¢)...(1-q"), n>0, qe F.

Andrews, [1, p.356], Corollary to Theorem 6, shows that a necessary and
sufficient condition for {p(x)} -0 t0 be an Eulerian family of polynomials is that its

generating function is of the form

n _ Hixt)
Z [q]n = Hay (4.2.13)
tk
where H(t) has the formal power series expansion of the form 2 Ck i Where ckis the
k=0
coefficient of x* in pk(x), k=0, 1,2, ..., (by the definition of a polynomial sequence,
ck20,C0= 1).
Let

P(x) = [;mpk(x), k=0,1,2,...

Then Eq.(4.2.12) becomes

Pa(xy) = g Pi(X)Pn-k(y)y* (4.2.14)

and Eq.(4.2.13) becomes

3, Pa0at” = ) (42.15)
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Thus, we can make the Eulerian polynomials g-free. We shall still refer to them
as Eulerian polynomials. It is not obvious from the generating function Eq.(4.2.15) that
the family of Eulerian polynomials, {Pn(x)} .. Satisfies the addition theorems given by
Eq.(4.2.12). However, we can use multiplier representations to prove it and thus
obtain an alternate proof to the one Andrews gave, that Eq.(4.2.15) is sufficient to
guarantee Eq.(4.2.14).

Let
_ H'(x) d
D= x H(X) + X dx’ (4.2.16)

o k
where H(t) = Z Ck tk—! ck#=0, 0<k<e, cg=1, be ageneralized differential operator.
k=0

Then by Theorem 4.1.2 we obtain the multiplier representation

[Ta)f(2) = ﬂi_%!;)- f(ze®). (4.2.17)

ol
T is indeed a multiplier representation with multiplier v(z, a) = ﬂl_ﬁ—gl , because

Q[z, a] = ze%is an action for the one-dimensional local Lie group G, v(z, 0) =1 and

H(ze™P
vz, o™, B) = viz, ot ) = HEED
Now, let T act on the polynomials hn(z) =z",n=0,1,2,... . Ifthere exisis a

polynomial sequence {Pk(x)},;':o such that Eq.(4.2.15) holds, then by EQq.(4.2.17)

Mo)h@) = ﬂ(Hfzi;lz"e"“ - ng(e“)z"*ke"“. (4.2.18)

For simplicity, let x = e*andy = eP. Then Eq.(4.2.18) becomes

M@)hel(z) = gmx)z"*"x".
Thus,
[T(e + B)hel(2) = k20Pk<xy)z"*“‘x"y" :

However,
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M)TEhNE) = T gpk(y)z"“‘y"}

_ kio Y Py )TNk (2)

= 2 y"Pk(y) z Pj(x)z""k"'jx""'k.
k=0 =0

Use Eq.(4.2.3) to obtain )
TTEhNE) = Y, Y, Pigly)Pix)x™ly"zmk,

keO =0

From Eq.(4.1.15) it follows that

i"k(xy)zk = i i Pk-j(y)P;(x)x* ¥,
k=0 k=0 j=0

Compare coefficients of z* to obtain

k s
Puxy) = ¥ Pijly)Pi(x)x*1, k=0,1,2,... (4.2.19)
j=0
which is equivalent to Eq.(4.2.14).

We have only shown that Eq.(4.2.19) holds forx =e*and y = ef. Ifxe R, x=0,
then

{e'"" if x>0

elnlxl +in if x< 0

Thus, Eq.(4.2.19) holds for all x e R/{0}. It is simple to check that Eq.(4.2.19) holds for
x = 0. Thus given the generalized differential operator of Eq.(4.2.16) and a sequence
of polynomials satisfying the generating function Eq.(4.2.15) we can derive the
addition formula for the Eulerian family of polynomials defined on the field of real
numbers. In Section 4.3 we give a final example of the use of multiplier
representations in special function theory using a local Lie group of a higher
dimension.
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Section 4.3 Multiplier Representations and the Hermite Polynomials.

The special functions known as the Hermite Polynomials, H,(x), are defined
by the relation

°° n
oxp(ext- 1 = 3 Aol @3.1)
n=0

valid for all finite x and t. For a further discussion of the Hermite Polynomials see
Rainville [1, p.187-199]. Our final examples involves these polynomials. We shall use
the 3-dimensional local Lie group introduced in Section 1.2, Example 1.2.4 to prove
the addition theorem

aiXq + asx n/n !
(\4312 + a2 )" Hn( Laf\/_?-T_:_;?z_ ) =k§'o (k 2*a1 "KHi(x2)Hnk(x1). (4.3.2)

We can prove Eq.(4.3.2) in a simple but not obvious manner from the generating
function Eq.(4.3.1). Substitute

aixXy + anX el ol
= —1-1——2—22 ~ and t=2z ai? + ax?
a{° + as

into Eq.(4.3.1). Then
aiX1 + asXs )

i”"(m

n!

exp(2z (a1x1 + azx2) - z%(a42 + ax?)) = (ai? +a2)2 2", (4.3.3)

n=0

But, by Eq.(4.3.1),

exp(2z(a1xq + axxp) - 22(a12 + az?)) = exp(2zasxy - z2a12)exp(2zayx; - z2ay?)

(EHRE (B

=0

n=0

Use Eq.(4.2.3), to conclude that

oo n -k kK
exp(2z(a1xq + azx2) - z%(as? + a:?))=Y Y H,,.(k'ij)s;!n Hk(ﬁ)az " (4.3.4)

n=0 k=0
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Compare the coefficient of 2" in Eq.'s(4.3.3) and (4.3.4) to obtain Eq.(4.3.2), as
required. We shall now prove Eq.(4.3.2) using multiplier representations.

From Example 1.2.4 we have a 3-dimensional complex local Lie group G, with
Lie product defined by

@(g, h) = ((1+g1)(1+hq) - 1, (1 + g1)h2 + g2(1 + hy)2,
(1 + g1)ha + 2g2h2(1 + hy) + ga(1 + hq)3).

= (g1 + h1 + g1hy, g2 + h2 + g1ha + 2gohq + gohy2,
g3 + h3 + g1h3 + 2goh1hz + 2goha + 3gshy + 3g3hy2 + gshs3), (4.3.5)

where g = (g1, g2, g3) and h = (h4, hy, h3) are elements of G.

From the definition of ¢ and Theorem 1.3.1 it follows that the Lie algebra of G,
L(G), is the vector space €3 together with the commutator [a, B] such that

1. [av B]‘l = oo
2. [a, Bl2 = a2B1 - a1B2, (. (4.3.6)
3. [a, Bls =2(03By - a1B3)

From Eq.(4.3.6) and Corollary 1.3.1 we find that the following three relations

1. [(1,0,0),(0,1,0)]=-(0,1,0),
2. [(1,0,0), (0,0, 1)] =-2(0,0, 1), } (4.3.7)
3. [(0, 1, 0), (0,0, 1)]=(0,0,0),

completely determine the commutator for L(G). We shall now find the one-parameter
subgroups of G.

It follows from Theorem 1.4.1 and EQq.(4.3.5) that the one-parameter subgroups
g(t) = EXP(at) are as follows:

If a¢=0,then
QL
g(t) = (exp(out) - 1, a—f[exp(za,t) - explant) ],

:f:[exp(g“‘t) - exp(204t) + e"pz(“‘t)pz": [ exp(3a1t) - explout) ]).

If a1=0,then g(t) = (0, azt , xp2 +aat ).
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Writing the one-parameter subgroups in terms of the basis of L(G), we have

EXP((0, 1, 0)t) = (0, t, t2),
EXP((0, 0, 1)t) = (0,0, t)

EXP((1,0,0)t) = (¢'- 1,0, 0), }
_ (4.3.8)

This leads to the following parameterization of G.

Lemma 4.3.1 There exists an open neighborhood, W, of e e G such that
every @ = (91, 92, 93) € W can be uniquely written

g = (g1, 92, g3) = (e* - 1, be®™, (b2 + c)e*),
forsome t,b,ce €.

Proof: It is a simple matter to solve the three equations for the three unknowns
1, b, and ¢. Since © = In(1 +g1), then we must restrict g4 in order for t to be
uniquely defined.
Q.E.D.

The significance of this result follows from the fact that, as the reader can check,
(e* - 1, be?", (b2 + c)e®) = o(EXP(0, 0, ¢), o(EXP(0, b, 0), EXP(z, 0, 0))),  (4.3.9)

where ¢ is defined by Eq.(4.3.5), and the one-parameter subgroups are obtained from
Eq.(4.3.8).

Thus, Lemma 4.3.1 allows us to write elements in G in terms of the three one-
parameter subgroups associated with the usual basis of L(G). We shall now discuss
an algebra of Lie derivatives isomorphic to L(G). Let

Dy = -u- xdg;, D, = wax and D3 = wx2, (4.3.10)

where u and ® are elements of €, m = 0. Then the three differential operators are
linearly independent and

(1) [D1,D2] = -D2,

(2) [D4,Dg] = -2D;,

(3) [D2, D3] = ¢.

By Eq.(4.3.7) L(G) is clearly isomorphic to the Lie algebra generated by
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{D14, D2, D3} with isomorphism defined by (1, 0, 0) - D4, (0,1,0) - D2, (0,0, 1) - Ds.
Thus we can apply Theorem 4.1.2 to the current situation.

Lemma 4.3.2: Let D4, D2 and D3 be the three general differential operators
defined by Eq.(4.3.10). Then

[T(e*- 1, be?r, (b2 + c)e¥)fj(z) = explw(zb + z2¢) - ut]fze™) (4.3.11)

is a local multiplier representation on the local Lie group G, with Lie product defined
by Eq.(4.3.5).

Proof: The proof follows from Theorem 4.1.2 and Eq.'s(4.3.8) and (4.3.9). The
Lie algebra generated by D4, D2 and D3 is isomorphic to L(G), where G is the local
Lie group with Lie product defined by Eq.(4.3.5). By Theorem 4.1.2, D4, D2 and D3
form the basis of a Lie Algebra of generalized Lie Derivatives of a local multiplier
representation T, obtained by integrating

%x(t) = - X(t); %lnv(x°, EXP(at)) = -aqu + op oX(t) + agw(x(t))2,

with the initial conditions x(0) = x%, and v(x9, 0) = 1 and EXP(at) determined by
Eq.(4.3.8). Instead of solving these differential equations directly for the multiplier
T(EXP(at)), we do the following. Consider [T(EXP((1,0,0)t))fl(z). To find

[T(EXP((1,0,0)t))4(x°) we must integrate
Ext) = -x(), x0)=x% Jinv(x0, EXP(at) = -u, v(xC, &) = 1.

Clearly, x(t) = x%™ and v(x°, EXP((1,0,0)t) ) = e™*. Therefore,

[T(EXP((1, 0, O)T))Ai(2) = e** f{ze™). (4.3.12)
Similarly,

[T(EXP((0, 1, 0)b)) fi(z) = exp(wzb)f(z), (4.3.13)
and [T(EXP((0, 0, 1)c)) Ai(z) = exp(wzc)f(z). (4.3.14)

Now consider [T(e" - 1, be2v, (b2 + c)e3%)f|(z). By Eq.'s (4.1.15), (4.3.12),
(4.3.13) and (4.3.14),

[T(e" - 1, be2, (b2 + c)e?)f(2) = [T((EXP(0, 0, c)EXP(0, b, 0))EXP(z, 0, 0))1](2)
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= {T(EXP(0, 0, ¢)) [T(EXP(0, b, 0)) (T(EXP(z, 0, 0))f)]}(2)
= exp(wz?c)exp(wzb)e™* f(ze™),

which simplifies to the required result.
Q.E.D.

Note that, by Lemma 4.3.1, this means that we have completely defined the

effect of the multiplier rep on an open neighborhood W of e. Assume
= (e*- 1, be?s, (b2 + c)ed7) e W.

Lemma 4.3.3 /f c=#0, then

b, [-®
= H n(— — Z\J -mc’"
[T(e*- 1, be?, (b2 + c)e3)f(z) =™ Y 2 Yo n!( f(ze™). (4.3.15)
n=0

Proof: From Eq.(4.3.11) we know that
[T(e®- 1, be?r, (b2 + c)e¥9)f](z) = exp[w(z?c + zb) - ur]f(ze™).
Let

X = 2‘\,— andlet t = Z'\j , cC#0.

Then

explw(zb + 2z2¢c)] = exp(2xt-12) = exp(2 (-29 -CQ Z'\j -0C - 22(-a)c))

Thus, by Eq.(4.3.1), Eq.(4.3.11) becomes

[T(e®- 1, beZr, (b2 + c)e)f](z) = exp[w(zZc + zb) - ut]f(ze™)
- Hn(:zg\’%’ ( Z\J-mc”‘
ni -1(ze™),

Q.E.D.

as required.
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Now that we can express our multiplier representation in terms of the Hermite
polynomials we are ready to prove Eq.(4.3.2). Let g1, g2, ®(g1, g2) € G. Then by
Lemma 4.3.1 there exists 1, bjand ¢;, j = 1, 2, 3, such that

gj - (exp()) - 1, bjexp(27)), (b2 + c)exp(31))), j=1lorj=2,
and ®(g1, 92) = (exp(t3) - 1, b3exp(213), (ba2 + ca)exp(313)).
By direct calculation from Eq.(4.3.5) we find that
13=1T1+ T2, bs=(bs+bsexp(-t1)) and cz=(c1 + coexp(-211)). (4.3.16)

Now, let A be the space of all functions analytic in some neighborhood of zero.
Then Ag has basis hy(z) = 2%, k = 0,1,2,...,and by Eq.(4.3.11), for g in some
neighborhood of e and |z| close to zero, T(g): Ao — Ao. Let g1, g2, ¢(g1, g2) be
close to e and |z| be close to zero. By Eq.(4.1.15)

[T(9(g1. 92))ha)(z) = [ T(g41) [T(g2) hn] )(2)-

It follows from Eq.'s (4.2.3) and (4.3.15) that for ¢q, ¢z both non-zero,

exp(-uts) i Hk(%\/é]k!( Z‘/E)k
s ﬂ )

(zexp(-13))"
k=0

= exp(-ut )Z exp(-mz)[T(91)hn+1](Z)
( \/ i(\/-mq )j Hk(—l‘\/ ' -mc1 _
= exp((-u-n)(t2+11)) z exp(-ju)z"*'“‘

k j-o

= exp((-u - n)(t2 + 1))

X 2 ZGXP( -jt1) ( @(m)‘ e ‘( @fﬁ)kl

k=0 =0

However, by Eq.(4.3.16),
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-bs - ,
exp(-uts) Z 2 J C3 kj! ( )

k=0

(zexp(-13))"

= exp((-u - n)(t +12))

H k(—(b1 + bzzexp('ﬂ)) V o )(\En(m + 02exp(-2t1)))k

(cq1 + coexp(-214))
X kfa Kl

zmK,

Compare coefficients of z™K in the two expressions of [T (9(g1, 92))hn)(z) to conclude
that

-(b1 + baexp(-14)) -0 K
H"[ 2 \/ (c1 + C20xp(-2t1) J (Ver+ coonpien)

B :Eo G()-' '(_ga\/g) H"“(:gl@ ( N c2exp(-211) )j (Vey )i, (43.17)

Let
b1y j-@ Doy [0 Nor N
X1 = Vg X2=72 Vg @ = V1,8 =7czexp(-2n),
to transform the addition formula given by Eq.(4.3.17) into Eq.(4.3.2), as required.
If we wanted to, we could use the fact that,
[T(e(e(g, h), KNA(2) = [T(e(g. M){TK)}]).

to obtain the generalized addition formula for the Hermite polynomials, which is:

(Va2 + az2+... +an2 )"H a1x12+agx22+...+anx;\
Yai® +a*+... +a, )

n LU
B 2 (k1 ’k2) - ,kn)_n ai ]Hki(xi)v
ki+ko+ ... +kp= n i

h n _ ni
where (k1,k2, e ,k,,)- kil ka! ... Knl -
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Both Miller [2, p.104-106, 138, 304-305] and Vilenkin [1, p.560-567] arrive at
equivalent addition formulas and other properties for the Hermite polynomials using
multiplier representations. Miller discovers the properties while investigating the
representations of various Lie algebras and Vilenkin derives his results on Hermite
polynomials after studying Gegenbauer polynomials and Bessel functions with the use
of multiplier representations.

As the examples of Sections 4.2 and 4.3 indicate, multiplier representations can
be a valuable tool in studying the properties of special functions. One starts with a Lie
algebra, (or equivalently a local Lie group), examines the different multiplier
representations to discover any special functions involved, then derives any possible
addition theorems. In order to avoid repetition of results, the study should be done in
a logical manner examining non-isomorphic Lie algebras and non-equivalent
multiplier representations. The theory of multiplier representations provides a general
method to examine special functions as opposed to using different methods
specifically tailored for a given special function.
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