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Abstract

The recent developments in research pertaining to the field of Unmanned Aerial Vehicles (UAVs) is
motivated by its technical challenges as well as its practical implications in areas where human presence
is inefficient. redundant or dangerous. The absence of human interference requires more robust and
precise control techniques. However, most modern attitude control techniques require the knowledge of
the current orientation of the body. There is no sensor available that explicitly measures the attitude
of a rigid body and hence, for small scale UAVs, it must be estimated using inertial vector measure-
ments from low-cost and low-weight Micro-Electro-Mechanical System (MEMS) sensors like gyroscopes.

accelerometers and magnetometers.

The predominant attitude representation formulations of a rigid body in three-dimensional space are
recapitulated to elucidate the dynamical model of a quadrotor UAV. Low-cost MEMS are prone to
significant noise effects from temperature change, vibrations, on-board magnetic ficlds gencrated by
motors and currents. To improve the accuracy of the measurements sensor calibration techniques
are explored. Primitive attitude estimation techniques like TRIAD, Davenports ¢-method, QUEST.
FOAM. SVD method, ete. (which were aimed to be static optimization solutions to Wahbas Problem)
were reviewed. These algorithins were extended to incorporate filtering techniques like Kahnan-type.
to handle the measurement noise, and complementary filtering, where sensor measurements are fused
to reconstruct the orientation of a rigid body. The latest nonlinear observers are also discussed for

implementation purposes.

Practical implementation and performance comparison of various attitude estimation algorithis has
been conducted on a small-scale quadrotor UAV, consisting of an inertial measurement unit (3-axis
gyroscope, accelerometer and magnetometer), microcontroller, brushless motors, electronic speed con-

trollers, on-board power supply and necessary frame constructs.
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Chapter 1

Introduction

In the past, unmanned aerial vehicles (UAVs) have been primarily the subject of investment for
different fields including military and rescue operations. reconnaissance, investigation, aeronau-
tical, remote mapping, etc. However, this has changed in the past few years, as these vehicles

have gained immense popularity among the researchers and hobbyists.

In order to achieve autonomous stable flight. various configurations have evolved over the years.
The rotary wing class of aircrafts has been a popular structure in this domain due to its ma-
ncuverability and the capability to land / take off vertically. In comparison to conventional
helicopters, quadrotor aircraft possess some desirable attributes, making them ideal for research
applications. The quadrotor model owing to its fixed-pitch rotors as well as the elimination of the
tail rotor is a simpler and efficient design to control. In the past decade, academic research teams
have particularly shown a rising interest in quadrotor UAV platforms majorly due to the birth
of MEMS technology and consequently, the availability of miniature sized inertial sensors. Irom
a theoretical perspective, many authors have investigated control strategies to maintain a stable
hovering condition for UAVs. In practice, the noise and uncertainties due to inaccurate sensor
measurcments and the inherent instability of aerial robots make it an exciting and interesting

field of research.
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1.1 Problem Statement

Attitude estimation and attitude stabilization are two main tasks associated with developing
an autonomous quadrotor aerial robot. The lack of a human pilot complicates the problem of
attitude stabilization and requires more sophisticated and advanced control algorithms, which
should not only control the flight dynamics but also perform the desired task at hand. However,
the main difficulty of the attitude stabilization problem is obtaining accurate estimates of the
systems attitude. Most modern controllers presume that the precise attitude information is
known. As a result of this, the key focus of this thesis is to explore, implement and compare the

popular attitude estimation algorithms.

The prenominal requirement to achieve attitude balance is an accurate estimation of the vehicle
orientation. The theory of the kinematics of motion suggests that if the rigid body’s exact angular
velocity is known, its attitude can be calculated. However, in practice there are many flaws in
the measurcments by gvroscopic sensors used for angular velocity.  Specifically, in long-term
missions, gyros often drift and uncertainties over time cause errors to accumulate, making the
integration of kinematic equations an impractical way to estimate the attitude. This fact reveals
the challenging side of attitude estimation problem. Another problem is that the orientation

must be efficiently and clearly parameterized.

Various engineering disciplines, including aerial or under water robotics, aeronautics and space
engineering all experience a similar crucial problem of determining the orientation of a rigid body
relative to an inertial frame of reference. This problem has been studied extensively over the past
years. Euler angles, Rodriguez Parameterization, Rotation Matrix and Q,uaternioh Formulation
are among the common attitude representation methods used to represent the orientation of an
object. A large number of publications have been found in the literature discussing attitude

representation techniques and their advantages and drawbacks [1], [2], [3].

A common approach to obtain relatively accurate attitude estimation is using inertial sensors;
accelerometers and magnetometers in addition to gyroscopes. Combination of inertial measure-

ments from a multitude of sensors to develop attitude observers has been the subject of many
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valuable discussions in the literature [4], [5], [6].

Low cost inertial sensors measurements are contaminated with noise, biases and misalignments.
Thus, reducing noise and compensating for measurement uncertainties are added tasks when
dealing with the attitude estimation process. Low pass filtering method is a well-known solution
to minimize the effect of measurement noise. However, since there is a compromise between
measurement bandwidth and sensor response time, the limitation in bandwidth must be taken

nto account.

1.2 Brief History of Quadrotors

Quadrotor design historyv can generallv be defined in two main generations. The earlier gen-
erations were developed majorly for military missions. The latest quadrotor design generation
consists of model sized aircraft capable of autonomous flight possible due to existence of low
cost and lightweight MEMS sensors. In the past decade, quadrotors have been used mainly as a
popular test bed to design an unmanned aerial vehicle because of their small size, agile maneu-

verability, low cost, simple maintenance and thie capability of flight indoor as well as outdoor.

The history of quadrotor design dates back more than a century. Gyroplane, an X-shaped steel
constructed quadrotor built by Louis and Jacques Breguet in association with Professor Charles
Richet in summer of 1907, was introduced only four years after the Wright brothers recorded
the first controllable flight by an airplane [7]. A four-blade rotor was mounted at the end of
each arm. One pair of diagonally opposed rotors rotated in a clockwise direction while the other
pair rotated counter-clockwise. All rotors were driven by a 40/15 hp Antoinette piston-cngine
mounted in the rectangular central chassis which was considered to protect pilot and engine.
Pilot M. Volumard was chosen for flight tests in which the vehicle took off with success and
could hover at low altitudes. The Breguet-Richet quadrotor aircraft was not the first frec flight,
as during experiments, each rotor was kept in a steady condition with assistance of a man.
However, it was the first quadrotor aircraft to experiment a vertical take-off with the help of a

pilot [7].
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The first distance flight by a quadrotor was recorded on April 14, 1924 in France for Etiene
Oemichens second helicopter. This quadrotor was built in 1920, an X-shaped frame with one
large propeller at the end of each arm. Five small horizontal propellers were added to achieve
lateral stability as well as one mounted at the nose for steering and another couple of propellers
for forward motion. All propellers were driven by a single 120hp Le Rhone rotary engine. This
quadrotor showed a considerable degree of stability and controllability, considering the limited
facilitics available at the time. However, Oemichen was dissatisfied with the limited altitude the
aircraft could reach during several experiments, resulting in the abandonment of the multi rotor

schemes to concentrate on single rotor layouts [8].

Around same time in 1922, the US army funded the experiments of Dr.George De Bothezat
to build a four rotor aircraft powered by one main engine {9]. The frame was X-shaped with
arms slightly inclined inward. The aircraft could record stable flight of 90 sccouds despite heing
heavy weight (see for instance, [7] and [10]). Unfortunately, due to high cost and relatively
insufficient performance, the US army gradually lost interest in the project, hindering any possible

achievements.

The ten years following World War II witnessed the start and stop of a large nuiber of compa-
nies attempting to manufacture and sell a variety of helicopter configurations. D. H. Kaplan’s
quadrotor project was sponsored by Convertawings Company in Amityville, New York [11]. This
model was an H-shaped configuration with four rotors mounted at the very end of arms. The
system was designed such that almost all movements could be achieved using the four rotors. For
instance, increasing the pitch of two rotors on one side while decreasing those of the two rotors
on the other side would lead to roll movement. For moving right or left, the four rotors would
be inclined slightly inward from the vertical position. The designer and test pilot. D. H. Kaplan
successfully flew the quadrotor on Long Island in 1956. However, this project was terminated

later as there were not sufficient orders made for comumercial or military versions.

As mentioned earlier, the recent interest in building small sized quadrotors as unmanned aircraft
has generated from the availability of the lightweight miniature electronics. In 1996 Area Fifty

One Technologies built the first modern quadrotor. later improved and manufactured as the com-
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mercial radio controlled aerial robot called Draganflyer by the well-known Canadian company,
RCToys [12], [13]. Since then, a large number of groups and individuals have worked on the
development of the quadrotor aerial robot. The quadrotor makes the perfect choice as a test
bed to validate different new flight control and stabilization algorithms developed by academic
research teams due to its low maintenance requirement and the symmetrical mechanical config-
wration. For instance, in 2001, a very small-scaled quadrotor aerial robot was initially developed
in the Mesicopter project [14] sponsored by Stanford University, investigating the challenging
control and manufacture of this aircraft. A vision based control algorithin was used through this
particular project leading to successful hovering. STAR- MAC project was another successor in
the modern generation of quadrotor aerial robots widely known for aggressive maneuverability

and successful multi-agent flights [15].

For more than a decade now, the unmanned aerial vehicles have been the subject of research
in the Automatic Control lab, at Lakehead University [16], [17], [18]. The objective of some
previous projects was to investigate the challenging concept of design and implementation of a

quadrotor aerial robot seeking the required attitude stabilization for a hovering flight.

1.3 Motivation

As discussed earlier, there are a large number of solutions to the attitude estimation problem.
However, there has been very little focus on the comparison and evaluation of these algorithis
under varying conditions. This issue was first addressed in 1999 by F. L. Markley and D.
Mortari [19]. It was a comparison of the static attitude estimation techniques prevalent at
that time and considered that the vector measurements were accurate and did not present any
challenges in terms of noise and misalignments. The algorithms were simulated in NIATLAB [20]
and compared in terms of accuracy and speed of execution. Another survey of non-linear attitude
estimation methods was conducted to explore the modern filtering methods available for attitude
estimation under the assumption that vector measurcuients arc affected by a considerable amount
of noise [4]. While it was successful in enlisting and discussing the advantages and drawbacks of

a large number of dynamic attitude estimation techniques, simulations or practical results were
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not provided.

In May 2013, through the thesis work of N. Madinehi [21], a wide variation of static as well
as dynamic attitude estimation techniques were studied. Theoretical background, supported by
simulations in MATLAB and SIMULINK provided a much clearer view of the limitations and

convenience of the algorithms under review.

With these precursors in view, there was a need to validate these results on a practical system.
A large number of attitude estimation techniques have been tested and implemented on various
models of flying and aquatic robots. However, these results cannot be used for the purpose
of a comparative study as the parameters, environments and experimental setups used vary
extensively. This thesis focuses on the implementation of a few prominent attitude estimation
techniques on a common apparatus for the purpose of an unbiased and reasonable comparison.
Attitude representations and model preliminaries are examined in Chapter 2. The choice and
setup of the experimental apparatus is elucidated in Chapter 3 and the theoretical review with

implementation and results are discussed in Chapters 4 and 5.



Chapter 2

Attitude Representations and Model

Preliminaries

Attitude parameterization is crucial to determine the motion of a rigid body in space with respect
to an inertial frame of reference. This chapter aims to summarize the commonly used attitude
representations and their relative advantages and disadvantages in section (2.1). It is a common

area of study and has been dealt with in a variety of texts (see for example [2], [22] and [23]).

One of the primary aims of this research is to establish a comparison of attitude estimation
algorithms on a quadrotor UAV. Therefore, the dynamical model of the quadrotor has been
reviewed in brief. This helps us to understand the special groups that represent the rotational
and dedicated to this aim. Since, the application is heavily reliant on inertial sensor measurements
in attitude estimation problems, the sensors are reviewed from a theoretical perspective in section

(2.3).

2.1 Attitude Formalisms

In order to describe a rotation, two frames of reference, namely the inertial and body-fixed frame
of reference, are used. The inertial frame of reference is considered to be stationary and is rigidly

attached to a certain location on earth, the sun or a star. For the purpose of our research, this



CHAPTER 2. ATTITUDE REPRESENTATIONS AND MODEL PRELIMINARIES 8

framme of reference was chosen to have its origin at latitude 48.42 North, longitude 89.26 West
at an altitude of 211m from sea level. The second frame of reference, as the name suggests, is

attached to the center of mass of the rigid body under consideration.

Several existing methods are available to represent the orientation of a rigid body and relat-
ing inertial and non-inertial coordinates. Each of these methods has a number of advantages
and disadvantages, making them useful depending on the application they are used for. The
rotation matrix and the unit-quaternion are constrained parameterizations with redundant ele-
ments. Euler angles, Rodrigues parameters and modified Rodrigues parameters are examples of

unconstrained minimal parameterizations.

For the purpose of this thesis, we summarize the commonly used attitude representations: Direc-
tion Cosine Matrix, Euler Angles and Unit Quaternions. The notations used in this thesis denote
7 as the inertial (fixed) frame and B as the body-attached frame. The orientation (attitude) of

a rigid body is defined as the orientation of frame B with respect to frame 7.

2.1.1 Direction Cosine Matrix

The Direction Cosine Matrix (DCM), also known as rotation matrix, is possibly the most natural
way of describing the attitude of a body. It can be described as a matrix that must be multiplied
to a vector in the inertial frame in order to convert it to the body frame. For example, let az
be a vector expressed in the inertial frame Z and ag be the vector projection of az in the body
frame B. Then,

ap = RT(II (21)

where R is the rotation matrix describing the orientation of frame B with respect to frame 7.
Mathematically, DCM belongs to the Lic group SO(3), Special Orthogonal group of dimension
3.

SO(3) = {R € R*|RTR = RR" = I3,3.det(R) = 1} (2.2)
The product of two rotation matrices belonging to SO(3), is also a rotation matrix belonging
to SO(3). A special case of this property is where the rotation matrix R is multiplied by its

transpose R7 or inverse R™! resulting in the identity matrix /. This identity matrix represents a
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null rotation or a condition where the two frames of reference are coincident. Another definition
of rotation matrix R, describing the orientation of frame 7 with respect to frame B, can also be

found in the literature. In this case one has
ap = I{GI <23)
Note that the rotation matrix is non-singular and unique representation of the orientation.

2.1.2 Euler Angles

The Euler angles were introduced by Leonhard Euler to describe the orientation of a rigid body.
To describe such an orientation in 3-dimensional Euclidean space, three parameters were required.
Many such three-dimensional attitude parameterizations have been presented over the vears (refer
to [24] and [2]), but Euler angles have been the most popular. However, similar to the other

parameterizations, it can be shown that it cannot be both non-singular and unique.

In common terminology, the Euler angles [¢. 0, 4] are known as roll, pitch and yaw of the rigid
body, where ¢, 6 and ¥ define a positive rotation about x, y and z axes respectively. The rotation
matrix can be defined in terms of three consecutive rotations about the given axes in the specifie

order of rotation. The order of rotations in this case is z — y — .

R = R.($)R,(0)R.(¢)

[ cy —si 0 cd 0 s6 1 0 O

= s cp 0 0 10 0 co —so

0 0 1 —s60 0 cf 0 s¢ co (2.4)
cBcr  sOsopcy) — syed  sBeocy) + siso

= sy sOspsy + cpep  sbcosy — crsy

—s0 s cOco

where s and ¢ denote the sine and cosine of the respective angles.

The extraction of the Euler angles from the rotation matrix, results in a singularity at § = +7/2.
There is no unique solution for yaw and roll at this singular configuration. Therefore. we can say

that Euler angles formalism is not a global parameterization of the attitude. However, it is easier
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to imagine the orientation of a rigid body when the values of roll, pitch and yaw are provided.

The DCM and quaternion representation fail to provide such insight to the actual orientation.

2.1.3 Unit Quaternion

Another globally non-singular representation of the attitude consists of using four-dimensional

vectors @, called unit-quaternion, evolving in the three-sphere §*, embedded in R, §* = {Q ¢

R QTQ = 1}.

A unit-quaternion Q = (go.¢%)7 is composed of a scalar component ¢, € R and a vector com-
ponent ¢ € R* such that g2 + ¢*¢ = 1. A rotation matrix R describing a rotation by an angle
6 about the unit-vector k& € R?, can be represented by the unit-quaternion ) or —@ such that
qo = cos(0/2) and ¢ = sin(¢/2)k. Note that the mapping from SO(3) to S? is not a one-to-one
mapping as there are two unit quaternion that represent the rotation matrix R. The rotation

matrix can be constructed from the unit quaternion by using Rodrigues formula
R(Q) = I3+25(q)% — 2qS(q)
@+ a -4 —af 2043 + 2192 —2¢0q2 + 2q1G3
= | 2@+ 200 -+ a3 — @ 200a + 2023
2q0q2 + 2q1q3 —2q0q1 + 29243 43 —G7 — 43 + @
where S (z) is the skew-symmetric matrix associated with x € R3. The skew-symmetric matrix

can be defined as

0 —x3 2
Sx)=1 a3 0 —x (2.6)
—ry T 0

with z = [z, 79, 23]7 € R3. Given a rotation matrix R and two vectors z,y € R* we have the
following useful properties: S(x)y = —S(y)e = x y, S(x)e =0, S(2)S(y) = yaT — («Ty) I3 and

S(Rx) = RS(z)RT, where x denotes the vector cross product [25].

If the unit quaternion is described by a rotation angle § and a rotation axis k, then the trans-

formation to rotation matrix is given by

R(8,k) = 15 — sin(0)S(k) + (1 — cos(0))S(k)? (2.7)
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To preserve the definition of a quaternion, quaternion multiplication is much different from linear
algebra employed for rotation matrices. As with rotation matrices, quaternion multiplication
can be used to combine two or more quaternions to describe the overall attitude of a moving
body. It is also used to transform a vector from one frame to another. Let Q, = (gy.,.q,) and

Qy = (qoy, 9y), be two unit quaternions. Then the quaternion product Q. = (qo.., ¢») is given by

T
- 40,290,y — 4Gy .
R:=0Q: 2 Qy = (2.8)
40,249y + q0.y9r + Gz X Gy
where (©) denotes the quaternion multiplication and (x) denotes the cross product. Similar to

the DCM, unit quaternion multiplication is non-commutative.

The inverse of a unit quaternion @ = (qo, ¢) is denoted by Q' = (g, —¢), where
Qe Q' =Q ' ©Q=(1,0) (2.9)

The quaternion representation ) = (1,0) is equivalent to the null rotation observed in DCM.

As discussed earlier, the unit quaternion multiplication can also be used to transform a vector
from one frame of reference to another. Let a; be a vector expressed in the inertial frame I and

ag be the vector projection of a; in the body frame B. Then,
ag= Quarc Q! (2.10)

where 7 = (0,z), z € R?

The quaternion representation has some distinet advantages over other attitude formalisms.
Its minimal representation makes it more suited for implementation on practical systems. As
opposed to the rotation matrix, which has 9 elements, the quaternion works with 4 elements to
reduce computational load. The Euler angles while computationally more efficient than the unit

quaternion representation is ineffective as it is a non-global representation.

The unit quaternion is a non-singular representation of attitude. However, despite its strong ad-
vantages, there are certain drawbacks. The quaternion representation is an over-parameterization
of the rotation space SO (3). As a result, both unit quaternions @ and —@ signify the same

rotation matrix R(Q) = R(—Q). Therefore, the unit quaternion representation lacks uniqueness.



CHAPTER 2. ATTITUDE REPRESENTATIONS AND MODEL PRELIMINARIES 12

Rear

Figure 2.1: Quadrotor aircraft
2.2 Quadrotor Mathematical Model

The quadrotor UAV consists of a rigid frame of four arms joined at the center. At the ends of
each arm is a rotor as shown in Figure 2.1. The motion of the quadrotor is a combination of
variations in angular velocity of individual motors. Each rotor generates an upward thrust and a
torque about its center of rotation. Each propeller produces a drag force opposite to the vehicle’s
direction of flight. If individual rotor angular velocitics arc the same, with left and right rotors
rotating clockwise and front and rear rotors counterclockwise, the angular acceleration about the
yaw axis is exactly zero.This implies that the yaw stabilizing rotor of conventional helicopters is

not needed.

Each pair of blades rotating in the same direction controls one axis for roll and pitch. Roll

and pitch action is produced by changing the relative angular velocity of the rotors with the
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same direction of rotation, without changing the overall thrust produced by the pair. Therefore,
individual angular accelerations about the pitch and roll axes can be achieved without disturbing
the yaw axis. Yaw is induced by mismatching the cumulative angular velocities of two pairs of
blades. This way, fixed pitch blades can maneuver the quadrotor in all dimensions. Translational

acceleration is achieved by maintaining a non-zero pitch or roll angle.

Let T = {e,, €y, €.} denote an inertial frame, and B = {F,, F,, E.} denote a frame rigidly
attached to the aircraft as shown in Figure 2.1. Then the dynamical model of a quadrotor as

described in [26] and [27] is given by

p = v (2.11)
1
v = ge, — —TRe, (2.12)
m
R = RS(Q) (2.13)
IO = —Qx[;Q—G,+7, (2.14)
Lw, = 7n—-0Q; 1€1,2,3,4 (2.15)
4 4
T o= SI=bY e (2.16)
=1 i=1
4 «
Ga = > L(Qxe) (1) (2.17)
i=1
Qi = hkw} (2.18)

The notations used in equations 2.11 to 2.18 are defined in Table 2.1. Equation (2.13) can be

re-written in quaternion representation as,

- 1 0
Q=-Q6 (2.19)
2 W
and as Euler angles representation,
q5 = witwysinoptanf + wycosotan @
0 = wyCOSQ — wsysino (2.20)

Y = wosingsech + wscossect
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Notation | Represents

m mass of airframe

g acceleration due to gravity

e, (0,0,1)" unit vector in /

» position of the origin of the body fixed frame B with respect to [

v linear velocity vector of the origin of B

T total thrust generated by the four motors

R orientation of the airframe

S(x) skew symmetric operator as given by Equation (2.6)

Q angular velocity of the airframe in the body-fixed frame

Iy symmetric positive-definite constant inertia matrix of the airframe with
respect to the frame B whose origin is at the center of mass

X vector cross product

G, gyroscopic torques due to the combination of the rotation of the airframe and
the four rotors

Ty airframe torques generated by the rotors

W angular velocity of motor ¢ (direction does not change)

T torque produced by motor ¢

Qi reactive torque generated in free air by rotor i due to rotor drag

k positive proportionality constant that relates reactive torque its
respective angular velocity

b positive proportionality constant that relates total thrust to the sum of
angular velocity

fi lift generated by rotor ¢ in free air

Table 2.1: Notations used
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2.3 Inertial Sensors and Measurements

As mentioned in earlier sections, inertial sensors used individually are not reliable for attitude
reconustruction. The three types of sensors conunonly used for attitude estimation are gyroscopes,
accelerometers and magnetometers. The accelerometers ideally provide the linear acceleration
of the rigid body in the body-fixed frame of reference B. The magnetometers measure the
surrounding magnetic field in the body frame. The gyroscopes measure the angular velocity in
the body frame. Tri-axial sensors are generally used for measurements on all the three orthogonal

axes.

This section discusses the characteristics of inertial sensors, considering possible sources of biases
and uncertainties in measurements by these type of sensors. Due to the heavy reliance of attitude
estimations techniques on inertial sensors, it is necessary to understand the theoretical aspect of

the nature of operation of inertial sensors. These issues have been addressed in [28] and [29)].

2.3.1 Gyroscope

MENMIS gyroscopes are based on the Coriolis effect. This can be observed as a deflection of
moving objects when they are viewed with respect to a rotating frame of reference. In MENIS
gyroscopes two vertically driven vibrating masses form the core for each axis of observation.
When the sensor is rotated, the Coriolis phenomena triggers the masses in opposite directions.
This leads to an orthogonal vibration that can be sensed by a capacitive pickoff. The resulting
signal is then amplified, demodulated and filtered to produce a measurement that is proportional

to the angular rate.

The gyroscope output w,, can be modeled as,
Win = @ + by + ny, (2.21)
where w is the exact svstem bodyv-referenced angular velocity. affected by the constant sensor

bias b, and white noise n,,.

Apart from a constant sensor bias and white noise, the gvro readings are also contaminated with

bias drift. which takes effect at lower frequencies, and self heating of the device to produce faulty
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readings.

The gyroscope signals